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Abstract—In this paper, we address the challenging problem of
multiple source localization in wireless sensor networks (WSN).
We develop an efficient statistical algorithm, based on the novel
application of sequential Monte Carlo (SMC) sampler method-
ology, that is able to deal with an unknown number of sources
given quantized data obtained at the fusion center from different
sensors with imperfect wireless channels. We also derive the
posterior Cramér–Rao bound (PCRB) of the source location esti-
mate. The PCRB is used to analyze the accuracy of the proposed
SMC sampler algorithm and the impact that quantization has
on the accuracy of location estimates of the sources. Extensive
experiments show the benefits of the proposed scheme in terms
of the accuracy of the estimation method that is required for
model selection (i.e., the number of sources) and the estimation of
the source characteristics compared to the classical importance
sampling method.
Index Terms—Wireless sensor networks, localization, mul-

tiple sources, quantized data, Sequential Monte Carlo sampler,
Bayesian inference.

I. INTRODUCTION

W IRELESS sensor networks (WSN) are composed
of a large number of low-cost, low-power, densely

distributed, and possibly heterogeneous sensors. WSN increas-
ingly attract considerable research attention due to the large
number of applications, such as environmental monitoring [1],
weather forecasts [2]–[5], surveillance [6], [7], health care
[8], structural safety and building monitoring [9] and home
automation [5], [10]. We consider WSN which consist of a set
of spatially distributed sensors that may have limited resources,
such as energy and communication bandwidth. These sensors
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monitor a spatial physical phenomenon containing some de-
sired attribute (e.g., pressure, temperature, concentrations of
substance, sound intensity, radiation levels, pollution concen-
trations, seismic activity etc.) and regularly communicate their
observations to a Fusion Centre (FC) in a wireless manner (for
example, as in [11]–[17]). The FC collects these observations
and fuses them in order to reconstruct the signal of interest,
based on which effective management actions are made [10].
In this paper, we study the source localization problem which

is one important problem that arises in WSN, see for instance
the overviews in [18] and [19].

A. Existing Works on Source Localization From WSN
A number of works have addressed different aspects of this

source localization problem. For instance in a distributed sensor
localization problem the work of [18] studied the problem of
sensor localizations and the accuracy of such estimation in
ad-hoc WSN based on measurements and statistical model
design for WSN measurements such as time of arrival, angle of
arrival and received signal strength. The observations utilized
to make this inference typically come from a WSN in which
there is typically a large number of inexpensive sensors that
are densely deployed in a region of interest (ROI). Generally,
this makes it possible to accurately perform energy based target
localization. Signal intensity measurements are very convenient
and economical to localize a target, since no additional sensor
functionalities and measurement features, such as direction of
arrival (DOA) or time-delay of arrival (TDOA), are required.
Such energy-based methods, based on the fact that the

intensity (energy) of the signal attenuates as a function of
distance from the source, have been proposed and developed
in [20]–[26]. More precisely, [21] developed a least-square
method to perform the task of localization for a single source
based on the energy ratios between sensors. This was then
extended under a Maximum likelihood (ML) based framework
for multiple source localizations in [22]. In this second work,
the proposed method uses acoustic signal energy measurements
taken at individual sensors to estimate the locations of multiple
acoustic sources. By assuming that the number of acoustic
sources is known in advance, their estimation approach in-
volved a combination of a multiresolution search algorithm and
the use of the expectation-maximization (EM) algorithm.
However, in both [21], [22], analog measurements from

sensors are required to estimate the source location. For a
typical WSN with limited resources (energy and bandwidth),
it is important to limit the communication with the network.
Therefore, it is often desirable that only binary or multiple
bit quantized data be transmitted from local sensors to the
fusion center (processing node). Motivated by such constraints,
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several papers have more recently proposed source localization
techniques using only quantized data [24]–[26]. In [24], a ML
based approach has been proposed by using multi-bit ( -bit)
sensor measurements transmitted to the fusion center. In [26],
the authors have also developed for the same problem an
alternative solution based on an importance sampler which was
utilized to approximate the posterior distribution of the single
source given the quantized data. However, in both works, per-
fect communication channels between sensors and the fusion
center are assumed. Usually, in a target localization scenario,
a large number of sensors are deployed in some area where
a line-of-sight between sensors and the FC cannot be always
guaranteed. In [25], an extension of the ML-based approach
previously derived in [24] has been proposed in order to in-
corporate the imperfect nature of the wireless communication
channels.

B. Contribution
In this paper, we generalize previous source localization

works by proposing a localization algorithm for an unknown
number of sources given some quantized data obtained at the
fusion center from different sensors with imperfect wireless
channels. The statistical approach we derive is based on the
recent and efficient sampling framework known as Sequential
Monte Carlo Samplers (SMC Samplers) [27], [28], and is able
to estimate jointly the unknown number of sources as well as
their associated parameters (locations and transmitted powers)
by providing all the information included in the approximated
posterior distribution. In addition, we also derive the PCRB
which provides a theoretical performance limit for the Bayesian
estimator of the locations as well as the transmitted powers of
the sources. We demonstrate that the proposed framework
provides significant improvement over classical importance
sampling type methods that have been used for a single source
context in [26] and adapted here for multiple sources.

II. PROBLEM FORMULATION

In this section we first present the system model, and then
develop the Bayesian framework for jointly estimating the un-
known number of sources as well as their locations and trans-
mitted powers.

A. Wireless Sensor Network System Model
As illustrated in Fig. 1, we are interested in localizing an

unknown number of targets in a wireless sensor environment
where homogeneous and low-cost wireless sensors are utilized.
All the sensors report to a fusion center which then performs
the estimation of the target locations based on local sensor ob-
servations. Sensors can be deployed in any manner since our
approach is capable of handling any kind of deployment as long
as the location information for each sensor is available at the
fusion center.
Each target is assumed to be a source that follows the power

attenuation model. We thus use a signal attenuation model to
represent the observed power that is emitted by each target [24].
This signal attenuation model is based on the fact that an omni-
directional point source emits signals that attenuate at a rate in-
versely proportional to the distance from the source, for instance
a traveling wave that may be propagating through ground sur-
face or an acoustic pressure wave traveling through free-space
medium.

Fig. 1. Example of two targets in a grid deployed sensor field.

In this work, as in [22], we will further assume that the inten-
sities of the sources will be linearly superimposed without
any interaction between them. The received signal amplitude at
the -th sensor is thus given by

(1)

where themeasurement noise term, , is modeled as an additive
white Gaussian noise (AWGN), i.e., which rep-
resents the cumulative effects of sensor background noise and
the modeling error of signal parameters (the Gaussian assump-
tion is generally admitted since the central limit theorem could
be applied on a processed signal resulting on the average of the
samples received during a time period). The true signal ampli-
tude from all the targets is defined as [22]:

(2)

where denotes the -th source signal power at a reference
distance . The signal decay (or path-loss exponent) is ap-
proximately 2 when the detection distance is less than 1 km
[21]. In this work, this signal decay parameter is assumed to
be known. In practice, this parameter can be estimated using for
example the method proposed in [29] from measurements ob-
tained by the transmission of information between the sensors.
This feature can easily be accommodated in our framework and
will therefore not be considered further as a focus for our devel-
opments. Finally corresponds to the distance between the
-th sensor and the -th target:

(3)

where and are the coordinates of the -th
sensor and the -th target, respectively. In this work, we assume
that sensor noises as well as wireless links between the sensors
and the fusion center are independent across sensors, and that
is known (although it is not required for our proposed approach
to work—this could be indeed embedded in the parameters to
be inferred).
As illustrated in Fig. 2, at each sensor, the received signal is

quantized before being sent to the fusion center. Quantization
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Fig. 2. Illustration of the system model.

is done locally at the sensors in order to decrease the communi-
cation bandwidth on the sensors thereby reducing energy con-
sumption. The data is quantized using an -bit quantizer

which takes values from 0 to so that
is the number of quantization levels. The quantizer of the -th
sensor transforms its input to its output through a mapping:

such that

...
...

(4)

with and . Let
denote all the source

locations and their associated transmitted powers. Under
Gaussian assumption of the measurement noise, the probability
that takes a specific value is:

(5)

where is the complementary distribution function of the
Gaussian distribution defined as:

(6)

Finally, the quantized observations are transmitted to the fusion
center through an imperfect channel which may introduce trans-
mission errors. Let denote the observations
collected at the fusion center via independent channels from the

sensors. As in [11], [25], [30], the probability of a received
observation taking a specific value , given the targets’ pa-
rameters, , can be written as:

(7)

where represents the transition probabilities
of the wireless channel between the -th sensor and the fusion
center, see [11], [25], [30].
Since sensor noises and wireless links are assumed to be in-

dependent, the likelihood function at the fusion center can be
written as:

(8)

Concerning the prior information related to the parameters of
interest , we use in this work:

(9)

where

(10)

with set as the center of the ROI and
is the covariance matrix which is very coarse so that its 99%
confidence region covers the entire ROI. corresponds
to the inverse gamma distribution with and being the shape
and the scale parameter, respectively. Note that the proposed
inference algorithm does not require the prior distributions to
be Gaussian and inverse-gamma and will work with other prior
distribution choices as required for a given application.

B. Multiple Source Localization in a Bayesian Framework
In this work, we are interested in estimating the unknown

number of sources as well as their parameters (locations and
transmitted powers). This problem can therefore be seen as a
joint model selection and parameter estimation task. We have
a collection of competing models
where the model index corresponds in our case to the number
of sources in the ROI (with being the maximum number)
and it is assumed that one of these model configurations de-
noted by generates the observations obtained at the fusion
center. Associated with each model, there is a vector of param-
eters , where denotes the parameter space of the
model . The objective is to identify the true model as well as
to estimate the parameters, ,
associated with this model.
Bayesian inference proceeds from a prior distribution over

the collection of models, , a prior distribution for the pa-
rameters of each model, and the likelihood under
each model . In order to solve this joint model
selection and parameter estimation under this Bayesian frame-
work, we first employ a Maximum A-Posterior (MAP) model
selection rule and therefore provides a parameter estimate under
the selected model. Following the model selection step is the in-
ference step of the model parameters which can then be deduced
from the posterior distribution associated with the model ,
i.e., . This procedure is summarized as follows:
1) Model selection:

(11)

2) Model parameters estimation via Bayes rule:

(12)
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Fig. 3. General diagram of the proposed Bayesian solution.

Deriving the expressions in (11)–(12) involves calculating the
evidence of the -th model

(13)

Unfortunately, owing to the highly nonlinear observation func-
tion of the parameters of interest in (1)–(2), the integral in (13)
is intractable. As a result, , both the evi-
dence and the posterior distribution of the parameters

are intractable. As summarized in Fig. 3, we pro-
pose in this work to use SMC sampler in order to have an accu-
rate approximation of both quantities.

III. PROPOSED BAYESIAN ALGORITHM TO MULTIPLE SOURCE
LOCALIZATION IN WSN

In this section we first introduce the general principle of SMC
samplers, then develop the SMC sampler for multiple source lo-
calization, and finally we derive the point estimate for the pa-
rameters of interest.

A. General Principle of SMC Samplers
Sequential Monte Carlo (SMC) methods are a class of sam-

pling algorithms which combine importance sampling and re-
sampling. They have been primarily used as “particle filters” to
solve optimal filtering problems; see, for example, [31] and [32]
for recent reviews. In this context, SMC methods/particle filters
have enjoyed wide-spread use in various applications (tracking,
computer vision, digital communications) due to the fact that
they provide a simple way of approximating complex filtering
distribution sequentially in time. However in [27], [28], there
have been a range of developments to create a general frame-
work that allows SMC to be used to simulate from a single and

static target distribution, thus becoming an interesting alterna-
tive to standard MCMC methods as well as to population-based
MCMC algorithms. Finally, let us note that there exists a few
other SMC methods appropriate for static inference such as an-
nealed importance sampling [33], the sequential particle filter of
[34] and population Monte Carlo [35] but all of these methods
can be regarded as a special case of the SMC sampler frame-
work.
The SMC sampler is based on two main ideas:
a) Rather than sampling directly the complex distribution of

interest, a sequence of intermediate target distributions,
, is designed, that transitions smoothly from a

simpler distribution to the one of interest through it-
erations. In Bayesian inference problems, the target dis-
tribution is the posterior 1, thus a natural
choice for such a sequence of intermediate distributions
is to select the following [33]

(14)

where is a non-decreasing temperature schedule
with and and corre-
sponds to the unnormalized target distribution (i.e.,

) and is
the normalization constant. We initially target the prior
distribution which is generally easy to sample
directly from and then introduce the effect of the likeli-
hood gradually in order to obtain at the end, , the
complex posterior distribution of interest
as target distribution.

b) The idea is to transform this problem in the standard SMC
filtering framework, where the sequence of target distri-
butions on the path-space, denoted by , which
admits as marginals, is defined on the product
space, i.e., . This
novel sequence of joint target distributions is defined
as follows:

(15)

where

(16)

1For simplicity, we drop, in this Section III.A, the index related to the model
index on .
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in which the artificial kernels introduced are
called backward Markov kernels since de-
notes the probability density of moving back from to
. By using such a sequence of extended target distribu-

tions based on the introduction of backward ker-
nels , sequential importance sampling can thus
be utilized in the same manner as standard SMC filtering
algorithms.

Within this framework, one may then work with the con-
structed sequence of distributions, , under the standard SMC
algorithm [36]. In summary, the SMC sampler algorithm there-
fore involves three stages:
1) Mutation:, where the particles are moved from to

via a mutation kernel also called forward
kernel which is a probability density function of given

;
2) Correction:, where the particles are reweighted with re-

spect to via the incremental importance weight (20); and
3) Selection:, where according to some measure of particle

diversity, such as effective sample size, the weighted par-
ticles may be resampled in order to reduce the variability
of the importance weights.

In more detail, suppose that at time , we have a set of
weighted particles that approximates
via the empirical measure

(17)

where denotes the normalized importance weights, such

that . These particles are first propagated to

the next distribution using aMarkov kernel to ob-
tain the set of particles . Importance Sampling (IS)
is then used to correct for the discrepancy between the sampling
distribution defined as

(18)

and . In this case the new expression for the unnormal-
ized importance weights is given by

(19)

where , termed the (unnormalized) incremental weights, are
calculated as,

(20)

However, as in the particle filter, since the discrepancy between
the target distribution and the proposal increases with , the
variance of the unnormalized importance weights tends there-
fore to increase as well, leading to a degeneracy of the particle
approximation. A common criterion used in practice to check

this problem is the effective sample size which can be com-
puted by:

(21)

where are the normalized
importance weights. If the degeneracy is too high, i.e., the

is below a prespecified threshold, , then a resampling
step is performed. The particles with low weights are discarded
whereas particles with high weights are duplicated. After
resampling, the particles are equally weighted. To sum up the
algorithm proceeds as shown in Algorithm 1.

Algorithm 1: Generic SMC Sampler Algorithm
1: Initialize particle system
2: Sample and compute

and do resampling if

3: for do
4: Mutation: for each : Sample

where is a invariant Markov
kernel.

5: Computation of the weights: for each

6: Normalization of the weights: for each

7: Selection: if then Resample
8: end for

Let us mention two interesting estimates from SMC samplers.
First, since admits as marginals by construction, for any

, the SMC sampler provides an estimate of this
distribution

(22)

and an estimate of any expectations of some integrable function
with respect to this distribution by

(23)

Secondly, the estimated ratio of normalizing constants
is given by

(24)
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Consequently, the estimate of is

(25)

If the resampling scheme used is unbiased, then (25) is also
unbiased whatever the number of particles used [37].
To conclude this section, let us summarize the advantages of

SMC samplers over traditional and population-based MCMC
methods. First, both the sampling step and the computation of
the weights of particles within the SMC sampler can be easily
parallelized. Then, unlike MCMC, SMC methods do not re-
quire any burn-in period, do not face the sometimes contentious
issue of diagnosing convergence of a Markov chain. Indeed,
MCMC algorithms generate samples from the correct distribu-
tion only once the Markov chain has reached its ergodic regime,
i.e., run for sufficient time that it reaches a stationary target dis-
tribution. Unlike the MCMC class of algorithm, in the SMC
sampler framework, one has a very nice feature that samples
from the target distribution can be obtained within one itera-
tion only, however the number of sequences in the SMC sam-
pler schedule, i.e., iterations chosen by the user, will affect the
variance of the final estimate. As more iterations is selected by
the user, the algorithm naturally improves by reducing the vari-
ance of the ultimate estimation. This is naturally seen to occur
since by increasing the number of iterations in the SMC sampler
schedule, the discrepancy between two successive target distri-
butions reduces, improving the sampler performance and as a
consequence also the estimation accuracy. Then, as discussed in
[38], compared to population-based MCMC methods, the SMC
sampler is a richer class of method since there is substantially
more freedom in specifying the mutation kernels in SMC: ker-
nels do not need to be reversible or even Markov (and hence
time adaptive). Finally, unlike MCMC, SMC samplers provide
an unbiased estimate of the normalizing constant of the poste-
rior distribution which will be one of the quantities of interest
in the inference problem tackled in this paper related to finding
the number of targets that are present in the ROI.

B. Proposed SMC Samplers for Bayesian Multiple Source
Localization
Since the evidence of the model corresponds to the nor-

malizing constant of the posterior distribution of the parameters
associated with this model, i.e.:

(26)

we propose to use the following procedure:
1) For each model : approximate the

conditional parameter posterior distribution
as well as the marginal likelihood using
SMC sampler algorithms in parallel (one for each model

) using (22) and (25), respectively.
2) Perform the MAP Model selection rule:

(27)

with corresponds to the unbiased estimate ob-
tained from the -th SMC sampler.

3) Provide a parameter estimate under the selected model,
e.g., the minimum mean square (MMSE) estimate, using
the empirical approximation of the posterior distribution

given by the -th SMC sampler.
Let us now describe in more details the different choices

required in the design of each SMC sampler: the appropriate
sequence of distributions , the choice of both the
mutation kernel and the backward mutation kernel

.
1) Sequence of Distributions : An annealing procedure

which progressively introduces the effect of the likelihood func-
tion is chosen as the sequence of intermediate target distribu-
tions, i.e., for the -th SMC sampler dealing with model :

(28)

where is a non-decreasing temperature schedule with
and . Let us note that the iterations of the

algorithm are performed on the same observation, .
The question that arises is how to choose this non-decreasing

temperature schedule . Several statistical ap-
proaches have been proposed in order to automatically obtain
such a schedule via the optimization of some criteria, which are
known as on-line schemes. [39] proposed an adaptive selection
method based on controlling the rate of the effective sample
size , defined in (21). This scheme thus provides an au-
tomatic method to obtain the tempering schedule such that the

decays in a regular predefined way. However, one major
drawback of such an approach is that the of the current
sample weights corresponds to some empirical measure of the
accumulated discrepancy between the proposal and the target
distribution since the last resampling time. As a consequence,
it does not really represent the dissimilarity between each pair
of successive distributions unless resampling is conducted after
every iteration.
In order to handle this problem, [40] proposed a slight mod-

ification of the , named the conditional , by
considering how good an importance sampling proposal
would be for the estimation of expectation under . At the
-th iteration, this quantity is defined as follows:

(29)

In this work, this proposed in [40] will be used in all
the SMC samplers that are run in parallel for each model
in order to have an automatic specification of their individual
temperature scheduling process and thus the number of itera-
tions does not required to be specified prior to the simulation.
Owing to the on-line nature of this -based strategy, the
total number of iterations performed by each sampler will be
different and thus denoted by for the SMC sampler run-
ning under the model .
2) Sequence of Mutation Kernels : The performance of

SMC sampler depends heavily upon the selection of the tran-
sition kernels and the auxiliary backward kernels

. There are many possible choices for which
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have been discussed in [27], [28]. In this study, we propose to
employ MCMC kernels of invariant distribution for .
This is an attractive strategy since we can use the vast literature
on the design of efficient MCMC algorithms to build effective
and efficient importance distributions [41].
More precisely, in this work, since we are interested in a com-

plex model with potentially high-dimensional and multimodal
posterior distribution, a series Metropolis-within-Gibbs kernels
with local moves [41] will be employed in order to succes-
sively move the sub-blocks of the state of interest,

. In this work, the sub-block corre-
sponds to the parameters associated to one target, i.e.,

for . A random walk pro-
posal distribution is used for each sub-block with a multivariate
Gaussian distribution as proposal at the -th iteration of the for-
ward kernel:

(30)

in which is a Gaussian random variable with zero mean and
3 3 covariance matrix . The Metropolis within Gibbs used
in the implementation of the SMC sampler in this paper is sum-
marized in Algorithm 2.

Algorithm 2: Metropolis-within-Gibbs Kernel for
the -th particle
1: Initialization Set
2: for do
3: for do
4: Sample
5: Compute the Acceptance ratio:

with
and

6: Sample random variate from
7: if then
8:
9: else
10:
11: end if
12: end for
13: end for
14: Set the new particle value at time as

3) Sequence of Backward Kernels : The backward
kernel is arbitrary—we note that it has been proven that
the SMC sampler will still provide asymptotically (as number
of particles ) consistent estimates whatever the choice
of kernel is [27], [28]. However as discussed in [28], it should
be optimized with respect to mutation kernel to obtain
good performance as this choice will affect the variance of
the importance weights. In [27], [28], it was established that
the backward kernel which minimizes the variance of the
unnormalized importance weights, , is given by

(31)

However, it is typically impossible to use these optimal ker-
nels as they rely on marginal distributions which do
not admit any closed form expression, especially if an MCMC
kernel is used as which has a -invariant distribution.
Thus we can either choose to approximate or choose ker-
nels so that the importance weights are easily calculated
or have a familiar form. If an MCMC kernel is used as forward
mutation kernel, so that is -invariant, the following
is typically employed

(32)

since it generally represents a good approximation of the op-
timal backward kernel, especially as the discrepancy between
and decreases, which we note can be achieved by the user
specifying the number of iterations of the SMC Sampler. Addi-
tionally, with this choice, the unnormalized incremental weights
becomes

(33)

where is defined in (8). Expression (33) is re-
markably easy to compute and valid regardless of the MCMC
kernel adopted. Note that is the step length of the
cooling schedule of the likelihood at time for the -th sam-
pler. As this step becomes larger, the discrepancy between
and increases, leading to an increase in the variance of
the importance sampling approximation. Thus, it is important
to construct a smooth sequence of distributions
by judicious choice of an associated real sequence
as discussed in the previous section.
Let us remark that when such backward kernel is used, the

unnormalized incremental weights in (33) at time does not de-
pend on the particle value at time but just on the previous par-
ticle set. It is known that in such cases that the particles
should be sampled after the weights have been com-
puted and after the particle approximation has
possibly been resampled [27], [28].
Based on this discussion regarding the different choices, the

SMC sampler used in this paper is summarized in Algorithm 3.
Let us remark that with the definition of the incremental impor-
tance weights in (33), the automatic cooling procedure based
on the at the -th iteration for the -th sampler consists
in finding such that:

(34)

where is a predefined threshold. Owing to the
continuity of this function with respect to , one can use
a simple bisection method to solve this non-linear root search
equation for which the number of iterations required to achieve
a certain tolerance level is given by [42] according to:

(35)
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As expected, the number of iterations will decrease as be-
comes closer to 1 since the size of the search interval decreases,
i.e., . For example, only 10 iterations of the
bisection method is required at the first SMC sampler iteration
to achieve a tolerance level of .
Overall, the computation cost of the proposed -th sampler is

therefore of

where denotes the complexity of the automatic cooling
schedule (Line 5—Algo 3) and represents the cost
of evaluating the un-normalized posterior distribution, i.e.,

and . At each iteration of the MH-within
Gibs algorithm (Line 4 of Algo 2), only the characteris-
tics of one source is sampled, so its complexity is indeed

. As discussed previously, by requiring only a few
iterations to converge, the computational cost of performing
the -based optimization scheme is very low and is com-
pletely negligible compared to the other steps of the algorithm
so the complexity of the proposed filter is approximately

Algorithm 3: -th SMC Sampler Algorithm targeting the
posterior distribution
1: Initialize particle system (set and )
2: Sample and set
3: while do
4:
5: Automatic Cooling procedure: Use a bisection method

to find such that and set
if otherwise

6: Computation of the weights: for each

Normalization of the weights :

7: Selection: if then Resample
8: Mutation: for each : Sample

where is a
invariant Markov kernel described in more details in
Algo. 2.

9: end while
10: Set
11: Output:
12: Unbiased approximation of the marginal

likelihood :

13: Empirical approximation of the posterior
distribution

C. Point Estimate for the Parameters of Interest
Once the model has been selected using the MAP criterion

described in (27), the MMSE estimate of the parameters for the
-th model is obtained using (23):

(36)

where denotes the last iteration of the -th SMC sampler,
since in this last iteration, the system of weighted particles rep-
resents an empirical approximation of the target posterior dis-
tribution, i.e.:

(37)

Unfortunately, owing to the non-identifiability of the target
label in the likelihood and to the same prior for each target, the
posterior distribution will be multimodal (as it will be illustrated
in Fig. 6). The posterior is indeed invariant under the permuta-
tions of source parameters, i.e.,

(38)

where denotes any permutation for which the poste-
rior is invariant and is the set of these permutations.
In such a case, the MMSE estimate would lead to very poor

performance if selected as a point estimate of the source pa-
rameters. The problem of having a Monte-Carlo algorithm that
approximates such a multimodal target posterior, which is in-
variant under permutation, is known in the literature as the label
switching problem [43].
There exists many algorithms that have been proposed in

order to deal with this label switching problem in the class of
Monte-Carlo algorithms. A recent and detailed review of these
techniques can be found in [44]. Here, we are interested in only
post-processing technique in order to extract an accurate point-
estimate of the state of interest from our particle approximation
of the posterior distribution. One of the most commonly used
relabeling algorithms is the one proposed in [43].
Let us denote the unweighted set of particles obtained at the

last iteration of the SMC sampler that targets the posterior dis-
tribution of the selected model by . In the
algorithm proposed in [43], one performs inference tasks (e.g.,
point estimation) as usual but with the relabeled samples, de-
fined as:

(39)

where
(40)

and is a user-defined cost-function, which is generally
chosen as:

(41)

with

(42)

(43)
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The Gaussian cost function in (41) imposes the idea that one
wants a relabeled sample to be the most Gaussian possible
among its permutations , in order for to
look as unimodal as possible.
However, this technique is particularly costly since it

involves a combinatorial optimization over , which is
unfeasible in practice: here the posterior is defined on and
is the group formed by the permutations of elements,

has cardinality . As a consequence, in this work, we use
the online version of this algorithm proposed in [45] and having
a final cost of . To avoid the use of the resampling in
order to get this set of unweighted particles, , we propose an
adaptation of this algorithm, described in Algo. 4, in order to
be able to use directly the set of weighted particles provided by
the SMC sampler.

Algorithm 4: Online post-processing relabeling algorithm
1: Input: Set of weighted particles from the last iteration of

the SMC sampler
2: Sort the particle by descending order of their associated

weights
3: Set and and initialize

4: for do
5: Find

6: Set

7: Set for
and compute:

8: end for
9: Use the relabeled collection of weighted particles

to compute point estimate,
e.g., MMSE:

IV. POSTERIOR CRAMÉR-RAO BOUND FOR MULTIPLE
SOURCE LOCALIZATION

In this section, we derive the posterior Cramér-Rao bound
(PCRB) as an estimation benchmark for the parameters. We will
thus assume in this setting that we condition on the number of
sources. This PCRB will thus provide a theoretical performance
limit for the Bayesian estimator of the locations as well as the
transmitted powers of the sources given the observations, ,
obtained at the fusion center. Let us remark that in [25], the au-
thors have derived the Cramér-Rao bound for the single source
problem with quantized data and imperfect channel between the
sensors and the fusion center. Here, we propose to generalize
this result by considering as a random variable (Bayesian

framework which leads to the posterior CRB) and composed
of multiple sources.
Indeed, the PCRB gives a lower bound for the error covari-

ance matrix [46]:

(44)

where is the Fisher information matrix (FIM)

(45)

where is the second derivative operator and
is the gradient operator with respect to .
Using the fact that

, the expression of the FIM in (45)
can be expressed as:

(46)

where represents the a priori information and is the “stan-
dard” FIM (used in the derivation of the CRB) averaged over the
prior of the different location and power of the sources:

(47)

As demonstrated in the Appendix, this standard FIM is defined
for this problem as follows:

(48)

with the gradient operator given by:

(49)

Using (7), the gradient term in (48) is expressed as:

(50)

in which for produces:
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and

(51)

Although an analytical expression for has been derived,
in order to obtain involved in the computation of the FIM
defined in (46), we need to resort to some numerical techniques
for the approximation of the integral that defines this quantity in
(47). The procedure we use is a simpleMonte-Carlo integration:
1) Draw realization of the state from the prior:

.
2) Approximate the quantity of interest by:

(52)

Finally, the second term representing the a priori in-
formation in (46) is a matrix defined as

with —Proof: See
the Appendix.

V. NUMERICAL SIMULATIONS

In all the experiments, we consider a signal decay exponent
and a reference distance as and respectively.
The ROI is a 100 m 100 m field in which 100 sensors are
deployed in a grid where the location of each sensor is assumed
to be known. The thresholds of the -bit quantizer defined in
(4) are the same for each sensor and are equally spaced between

and . Concerning
the transition probabilities of the wireless channel between the
sensors and the fusion center, we use the following definition
for the numerical simulations:

with

The hyper-parameters in the prior distribution of the trans-
mitted power of each source defined in (10) are and

. An uniform distribution is used as the prior over
the collection of models, i.e., we have

(with ). All the results have been
obtained by using in the MWG (summarized in
Algo. 2) used in the SMC sampler as forward kernel. In order to
illustrate the benefit of using the SMC sampler, we have adapted
to the problem considered in this paper the importance sampler
(IS) that has been proposed for a single source localization in
[26]. For each model , this IS algorithm simply consists in
sampling particles from the prior distribution in (10) and in
assigning to each of these particles an weights which is propor-
tional to the likelihood on the same measurement set given in
(8), thus having a complexity of . In
order to have a fair comparison between both algorithms (i.e.,
same computational cost), the number of particles used in the
IS algorithm for is set to , with

the total number of SMC iterations averaged over multiple
runs for the configuration under study. All the required Matlab
codes to perform these simulations are available at http://pages-
perso.telecom-lille.fr/septier/software.html.

Fig. 4. Comparison of the variance of both the log evidence, ,
estimator in (a) and MMSE estimator in (b) provided by the proposed SMC
sampler and the IS algorithm—The parameter of the adaptive cooling schedule
is set as leading to the following average number of iterations

and for both
or (Number of quantization levels: and
).

Fig. 5. Evolution of the variance of the estimators of both the log evidence and
the MMSE provided by the IS and the SMC for model . For the SMC, the
results have been obtained with particles by varying the thus
leading to a different average number of iterations, . (Number of quantization
levels: and ).

A. Accuracy of the Estimators
We first study the robustness and the accuracy of the estima-

tors of the two main quantities of interest: model posterior prob-
abilities and the MMSE of the parameters under each model. In
order to perform this analysis, both schemes have been run 100
times on the same realization of observations from a scenario
with 4 sources. From the theory, we know that both IS and SMC
algorithms provides, whatever the number of particles used, an
unbiased estimate of which corresponds as dis-
cussed in (11) to the only unknown quantity in the model pos-
terior distribution. However, as depicted in Fig. 4(a), the vari-
ance of the estimator of this quantity obtained from these two
algorithms is significantly different. If both algorithms perform
similarly for one source, the SMC sampler outperforms signif-
icantly the IS algorithm as the number of sources increases.
The same remark holds for the variance of the MMSE esti-
mator shown in Fig. 4(b) which is quite remarkable since the
MMSE with the SMC sampler is only computed with parti-
cles instead of with the IS. The same remarks
hold even for an increasing number of particles as illustrated
in Fig. 5. To understand these results, we present in Table I the
effective sample size (ESS), defined in (21) which represents
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TABLE I
COMPARISON OF THE AVERAGE EFFECTIVE SAMPLE SIZE DEFINED IN (21) AND
SCALED BY THE NUMBER OF PARTICLES FOR BOTH SMC WITH AND

IS ALGORITHMS FOR THE DIFFERENT MODELS

the number of particles that will really contribute to the final
estimator. We can see from these ESS results that the IS algo-
rithm completely collapses when the dimension of the model
(i.e., the number of sources in the ROI) increases. As an ex-
ample, for the model , only 6–7 particles over the

will really contribute to the MMSE
estimator by having a non-negligible importance weights. Con-
versely, the ESS from the SMC sampler is quite stable with the
dimension of the model. All these results clearly illustrate the
significant gain provided by the proposed SMC sampler and
thus the benefit of gradually introducing the likelihood infor-
mation through the successive iterations of the algorithm.
Let us now illustrate with a 2 targets scenario, the label

switching problem discussed in Section III.C and the impor-
tance of having a relabeling algorithm in order to provide a
point estimate. In Fig. 6, we present the marginal posterior
distribution obtained with the proposed SMC sampler. We can
first remark that the algorithm is clearly able to capture the mul-
timodality of each marginal. However, if the MMSE is directly
computed from this approximation, the estimated -coordinate
for both targets will be approximately 50 instead of 55 and
45. The proposed relabeling algorithm described in Algo. 4
allows to isolate both modes by finding the best permutations
for all particles. The MMSE estimate by taking the particle
system after relabeling will therefore provide an accurate point
estimate close to the truth. Moreover from the estimates of
the posterior distribution in this figure, we can remark that the
algorithm is able to detect that there are 2 targets in the scene.
Let us now illustrate with Fig. 7, the challenging problem of

having two targets of interest that are placed very close to each
other ([50, 49] and [50, 51]). We remark that from the model
posterior probabilities that the algorithm is able to provide the
uncertainty arising from this scenario between the model with
1 and 2 targets. As a comparison for this example, the IS pro-
vides an estimate of equal to 0.99 which is there-
fore less satisfactory than the results obtained from the SMC
sampler. The ability of the algorithm to distinguish two close
targets is clearly a function of many parameters of the sensor
network: distance between sensors, variance of the observation
noise, number of quantization levels as well as the quality of the
wireless channel between the sensors and the fusion center. The
approximation of the posterior marginal distributions obtained
from the SMC sampler under model are both unimodal
owing to the relatively small distance between the 2 sources.
Once again in this case, we can see the benefit of using the rela-
beling algorithm for computing the finalMMSE point estimator.
Next, we compare the performances of the proposed algo-

rithm when 4 sources are in the ROI. In order to obtain the fol-
lowing results, 100 realizations of the four sources and asso-
ciated observations have been drawn from the prior and likeli-
hood defined in Section II.A. Table II illustrates the ability of

Fig. 6. Illustration of the relabeling and the model posterior obtained with the
proposed SMC sampler ( and ) in a scenario with two
targets located at [50, 45] and [50, 55] (Number of quantization levels:

and ).(a) Posterior marginal before relabeling, (b) Posterior
marginal after relabeling, (c) Model Posterior.

Fig. 7. Illustration of the relabeling and the model posterior obtained with the
proposed SMC sampler ( and ) in a scenario with two
close targets located at [50, 49] and [50, 51] (Number of quantization levels:

and ). (a) Posterior marginal before relabeling,
(b) Posterior marginal after relabeling, (c) Model Posterior.

the proposed to detect the correct number of targets. The cor-
rect number of target (i.e., Model ) is chosen more often
with the proposed SMC sampler than the IS algorithm over the
100 scenarios. Even if both provides an unbiased estimate of the
evidence of each model, the significant lower variance of the
estimator provided by the SMC sampler, illustrated previously
in Fig. 4, leads to a more efficient and accurate model decision
step.

B. Localization Performance and PCRB
In Fig. 8 the performance of the proposed SMC sampler (and

the IS algorithm) in term of the mean squared error between
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TABLE II
COMPARISON OF THE NUMBER OF TIMES THAT EACH MODEL HAS BEEN

SELECTED FROM THE ESTIMATED MODEL POSTERIOR PROBABILITIES GIVEN
BY BOTH THE PROPOSED SMC SAMPLER THE IS ALGORITHM UNDER 100
REALIZATIONS ( AND )

Fig. 8. Evolution of the mean squared error for the source locations as a func-
tion of the number of quantization levels with two different values of the mea-
surement noise ( and — ) (a) ,
(b) .

point estimate of the algorithm and the true location of
the four sources:

(53)

with and
represents the estimated (by using

the relabeling algorithm) and the true location of the four
targets, respectively. We also plot the associated PCRB that we
have derived in Section IV. In order to obtain the results we
use 100 realizations (of the different source characteristics and
associated observations). The results depicted in Figs. 8 and
10 clearly demonstrate the good localization performance of
the proposed algorithm and the significant gain compared to
the IS algorithm which completely fails to localize four targets.
As expected, the accuracy on the localization improves with
the increase of either the number of sensors or the number
of quantization levels as well as with the decrease of the
measurement noise variance. Table III shows that the proposed
algorithm is clearly able to detect the correct number of
sources. Let us remark that the method does not seem to be
prone to any overfitting even if we used a uniform prior for
the model which does not favor simpler models. The reason
is that the regularization to avoid this overfitting problem is
already embedded in the marginal likelihood through the prior
distribution of the source parameters, i.e.,

The performance related to the estimation of the transmitted
power showed in Fig. 9 leads to the same conclusion. The pro-
posed SMC sampler outperforms the IS algorithm andmoreover
is very close to the PCRB for .
In Fig. 11, the impact of the probability of correctly transmit-

ting the quantization level from the sensor to the fusion center
is studied. The gain in terms of MSE between the proposed

Fig. 9. Evolution of the mean squared error for the transmitted power of the
sources as a function of the number of quantization levels with two different
values of the measurement noise: (solid lines) and (dashed
lines) ( and — ).

Fig. 10. Evolution of the mean squared error for the source locations as a func-
tion of the number of sensors in the ROI with two different values of the mea-
surement noise (Number of quantization levels: and —

and ). (a) , (b) .

TABLE III
COMPARISON OF THE NUMBER OF TIMES THAT THE TRUE MODEL HAS
BEEN SELECTED FROM THE ESTIMATED MODEL POSTERIOR PROBABILITIES
GIVEN BY BOTH THE PROPOSED SMC SAMPLER AND THE IS ALGORITHM
UNDER 100 REALIZATIONS AS A FUNCTION OF (A) THE NUMBER OF
QUANTIZATION LEVELS AND (B) THE NUMBER OF SENSORS
( AND ) (A) , (B)

SMC sampler and the IS algorithm becomes significantly larger
as the channel probability . Concerning the model selec-
tion in the same setting, both algorithms provides similar results
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Fig. 11. Evolution of the mean squared error for the source locations as a func-
tion of the channel probability, defined in Section Vwith two different values
of the measurement noise: (solid lines) and (dashed lines)
(Number of quantization levels: and sensors—
and ).

Fig. 12. Evolution of the mean squared error for the source locations as a func-
tion of a mismatch between the true path loss exponent, , and the one
used in the inference algorithm with two different values of the measurement
noise: (solid lines) and (dashed lines) (Number of quan-
tization levels and sensors— and

).

by correctly detecting that 4 targets are in the ROI with a prob-
ability greater than 0.94 whatever .
Finally, in Figs. (12) and (13), we analyzed the performance

of the proposed algorithm when there is a mismatch between the
true path loss exponent, , and the one used in the inference
algorithm. The proposed SMC sampler allows to have a smaller
MSE regarding the position of the unknown sources around the
true value of the path loss exponent. The performance for model
selection in Fig. (13) shows that for the correct
model is correctly detected by the proposed approach. As ex-
pected, when used in the inference algorithm is smaller than
the true value, the proposed SMC algorithm (as well as the IS)
tends to underestimate the number of sources (since the signal
is less attenuated than it should be) and the contrary in the op-
posite scenario.

Fig. 13. Evolution of the number of times that the true model, , is selected
from the estimated model posterior probabilities over 100 realizations as a func-
tion of a mismatch between the true path loss exponent, , and the one used
in the inference algorithm with two different values of the measurement noise
( , Number of quantization levels and
sensors— and ).

VI. CONCLUSION

In this paper, we addressed the problem of localizing an un-
known number of energy emitting sources in wireless sensor
networks with quantized data. We provided a generalization
of recent existing works considering a single source. We pro-
posed a Bayesian solution for the joint estimation of the un-
known number of sources as well as their associated parameters
which is based on SMC sampler. Then, we derived the posterior
Cramér-Rao bound for the estimation of the characteristics of
these multiple energy emitting sources. Numerical simulations
clearly illustrated the ability of the proposed SMC sampler to
perform this challenging joint estimation. The different exper-
iments showed that the proposed scheme based on novel SMC
sampler improves quite significantly the accuracy of the esti-
mators method that are required for model selection (i.e., the
number of sources) and the estimation of the source character-
istics compared to more classical importance sampling method.
Finally, the posterior Cramér-Rao bound derived in this paper
can be used as a criterion to minimize in order to efficiently de-
sign the different parameters of the network such as the quanti-
zation levels, the sensor location, etc. As future work, we intend
to study and use more advanced sampling kernels that would
allow to incorporate in the estimation procedure other parame-
ters of interest.

APPENDIX
PROOF OF THE POSTERIOR CRAMÉR-RAO BOUND

As presented in Section IV, the Fisher information matrix
(FIM) for the posterior Cramér-Rao bound (PCRB) can be de-
composed as follows:

(54)
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where is the second derivative operator and
is the gradient operator with respect to .
In this Appendix, we derive respectively and . The

information matrix is defined as:

(55)

The first derivative of the log likelihood is given by:

(56)

Therefore, the second derivative can be written as:

(57)

To obtain (55), we now take the negative expectation of this
second derivative with respect to

(58)

The second term is equal to 0 since:

(59)

As a consequence, we finally obtain:

(60)

Using (7), the gradient term involved in this expression can be
expressed as:

(61)

with

(62)

As a consequence, since the -function is the complementary
Gaussian cumulative distribution, we can easily remark that:

(63)

Finally from the definition of in (2), we obtain, for

which completes the analytical calculation of .
Finally, we derive the a priori information matrix given by:

(64)

From the prior distributions in (9)–(10), each target’s location
and power are independent and identically distributed. will
be therefore a block diagonal matrix with information
associated to the location and the power defined respectively as:

(65)
and

(66)

Let us now derive the two moments involved in this expression.
We have, for

(67)
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The last expression is obtained from the expression of the nor-
malizing constant of an inverse-gamma distribution,

. By using the equality of the Gamma function,
, we obtain:

(68)

(69)

By plugging these expressions in (66), the prior information for
the power is given by:

(70)

leading to .
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