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Abstract—Energy efficiency is a primary concern for wireless
sensor networks (WSNs). One of its most energy-intensive pro-
cesses is the radio communication. This work uses a predictor
combined with a Kalman filter (KF) to reduce the communication
energy cost for cluster-based WSNs. The technique, called PKF, is
suitable for typical WSN applications with adjustable data quality
and tens of picojoule computation cost. However, it is challenging
to precisely quantify its underlying process from a mathematical
point of view. Through an in-depth mathematical analysis, we for-
mulate the tradeoff between energy efficiency and reconstruction
quality of PKF. One of our prominent results for that is the explicit
expression for the covariance of the doubly truncated multivari-
ate normal distribution; it improves the previous methods and
has generality. The validity and accuracy of the analysis are ver-
ified with both artificial and real signals. The simulation results,
using real temperature values, demonstrate the efficiency of PKF:
without additional data degradation, it reduces the communica-
tion cost by more than 88%. Compared to previous works based
on KF, PKF requires less computational effort while improving the
reconstruction quality; compared with the techniques without KF,
the advantages of PKF are even more significant. It reduces the
transmission rate of them by at least 29%. Besides, it can be inte-
grated into network level techniques to further extend the whole
network lifetime.

Index Terms—Wireless sensor networks (WSNs), energy con-
servation, data compression, Kalman filter, doubly truncated
multivariate normal distribution.

I. INTRODUCTION

W IRELESS sensor networks (WSNs) have gained a lot
of attention from the research and industrial commu-

nities in the past decades. In almost any application of WSNs,
energy efficiency is a primary concern. As widely recognized,
one of the most energy-intensive processes of a sensor node is
the wireless communication [1]. In a classical architecture for
instance, a single bit transmission can consume over 1000 times
more energy than a single 32-bit computation [1]. In addition
to the energy consumption of data packets transmission, sig-
nificant energy is also required by overhead activities, such as
radio start-up, channel accessing, control packets, turnaround,
idle listening, overhearing, and collision as analyzed in [2].
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Thus, most of the WSN research focuses on developing energy
efficient schemes for reducing the communication cost.

Data compression is very attractive due to the inherent
existence of spatial and temporal correlations in the physi-
cal phenomena [3]. The related algorithms can be classified
into two categories: distributed compression approach and local
compression approach. The distributed approaches are usually
applied in dense WSNs and require the cooperation of the nodes
[4] [5], whereas the local data compression schemes are rela-
tively independent of the network density and can be combined
with distributed operations. They are performed at each local
node to compress either the packet size or the transmission rate.

The existing algorithms for packet size compression typically
refer to dictionary-based compression [6], [7] or predictive cod-
ing [8]. They usually suffer from the growing dictionary or the
latency problems depending on the specific techniques. Even if
these techniques are able to compress the data size with a high
compression ratio, they are incapable of reducing overheads of
each transaction which can dominate the energy consumption
in some cases [2]. In contrast, the schemes for transmission
rate compression can decrease the total communication energy
cost during the transaction [9], [10], [11], and are therefore
preferred.

The communication between nodes can be compressed with
the help of sampling theories [9], [12], [13]. The traditional
method is sample-then-compress. For example, a greedy piece-
wise linear approximation algorithm, PLAMLiS, is proposed
in [9]. Each node stores the latest sampling values until its
buffer is full and calculates the line segments approximating the
original time series. The transmission rate is reduced by only
transmitting the end points of every line segment. Similarly,
a N -samples signal is firstly collected in transform coding
[12] and then approximated by K -sparse representation. The
signal is represented in a basis expansion to be sparse using
the transform theory, e.g., wavelet transform, Fourier trans-
form, etc. The K largest coefficients and the corresponding
locations are encoded and transmitted. These methods are time-
consuming and cause extra delay to the network. Whereas, a
novel sensing theory, compressive sensing (CS) [13], achieves
sample-with-compress. It promises a reconstruction of a sparse
signal by using a sampling rate significantly below the Nyquist
rate. The sparser the signal is, the less sampling rate CS
requires. However, in addition to the complexity of the recon-
struction algorithm, the quality of the reconstructed signals
may be unable to satisfy the accuracy requirements, since
the signals in typical WSN application are only approximated
sparse [14].
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Alternatively, the communication can be skipped using pre-
diction; common choices are time series models [15], [16], such
as Moving Average (MA), Auto-Regressive (AR) and Auto-
Regressive Moving Average (ARMA) models. It is simpler and
has a good data quality in many practical cases [17]. For exam-
ple, a low order AR model is built in PAQ [15] at each node
to predict local readings. Nodes transmit these local models to
a sink node, by which it predicts their values. When needed,
nodes send information about outliers and model updates to
the sink. Unlike [15], the method presented in [18] models the
physical phenomenon as an AR model plus a linear trend during
a time interval of a few hours rather than during the full history.
It detects the variations in the data distribution to guarantee the
accuracy of the system model. When the model is not accu-
rate enough, a model update phase is triggered. Besides single
model schemes, an adaptive multi-model selection mechanism
is presented in [16], where all nodes save a set of models. At
a given instant only one of them is used for data prediction. If
the error between sensed value and prediction is higher than the
allowed threshold, the current model is switched to the one sat-
isfying the requested accuracy and minimizing the cost of the
update. These approaches achieve communication energy cost
reduction. However, they can only supply approximations of the
raw measurements. When the measurements are corrupted by
noise, the predictions using these schemes are poor and unable
to reflect the true state of the monitoring environment.

A sophisticated approach using dual Kalman Filters, called
DKF is proposed in [11], where the system model is constructed
in accordance with a Kalman Filter (KF). The sensor node
firstly performs a KF to filter out noise. The cluster head runs
a KF for each leaf node to predict node’s future data and the
leaf node simultaneously executes the same KF to guarantee
the prediction quality. An advantage of this technique is the
use of KF. Because of the manageable complexity and mem-
ory requirement of the KF, it is widely used in WSNs, such
as target tracking [19], outlier detection [20], [21]. In addition,
KF-based data fusion is one of the most significant approaches
to overcome sensor failures and spatial coverage problems [22],
[23]. These various applications make KF an ideal candidate
for an hardware accelerator and encourage its use also for data
compression.

We have proposed in [24] an energy efficient communication
cost reduction scheme, PKF (prediction combined with KF),
for cluster-based WSNs. It replaces the pair of KFs for predic-
tion executed in both leaf node and cluster head in DKF [11]
by a pair of KF-based predictors1, which reduces the computa-
tion complexity. Unlike traditional compression techniques that
aim at reducing the transmission packet size, PKF decreases
the transmission rate to save the overall communication energy
including overheads of each transaction. Compared with the
prediction approaches using time series models, our KF-based
predictor uses a full-fledged system model with hidden states
that provides more accurate predictions. The reduction of the
transmission rate leads to a decrease in the reconstruction qual-
ity. To minimize this degradation, PKF uses a KF in the leaf
node that reduces the noise of the sensing data, and allows

1Note that we only require a KF-based predictor, not the complete KF.

the reconstructed signal to be even more precise than the raw
measurements.

This work extends our previous PKF scheme, and provides
three major contributions:

a) It studies the reconstruction quality and energy efficiency
of PKF precisely. The quality of the reconstructed signal and
communication cost reduction of it are measured using real
temperature datasets and compared to other techniques, i.e.
DKF [11], PAQ [15], PLAMLiS [9] and CS [13]. Its computa-
tion energy cost is estimated by gate-level simulations to obtain
the profits of communication energy.

b) It provides an in-depth mathematical analysis of PKF. We
formulate the trade-off between transmission rate and recon-
struction quality with the aid of multivariate normal (MVN)
distribution; and further, we reduce its computation complexity
by an approximated calculation. The trade-off is controlled by
a single parameter. The users can simply assign an appropriate
value to this parameter to balance their requirements on data
quality and energy consumption. By using both artificial and
real signals, we verify the validity and accuracy of the analysis.
In addition, the analysis is helpful to understand the underlying
process of prediction-based schemes.

c) Besides, to the best of our knowledge, this is the first work
that shows how to use the Hessian matrix of the probability
density function (PDF) of a MVN distribution to calculate the
covariance of the doubly truncated MVN distribution and the
code can be realized in Matlab. This contribution is important
for WSNs, but also for other domains, e.g., statistic, economics,
etc.

The rest of this paper is organized as follows. Section II
introduces the process of the KF and the related errors in the
system. The previous proposed PKF scheme is reviewed in
Section III, and the thorough mathematical analysis is provided
in Section IV. In the next section, the validity and accuracy of
the analysis are demonstrated, meanwhile, the performance of
PKF is estimated. Finally, Section VI summarizes our work and
presents future research directions.

II. KALMAN FILTER AND THE RELATED ERRORS

The internal state of a linear dynamic system can be esti-
mated by a series of observations even if they are corrupted
by noise using a KF. A KF combines the estimate from the
previous time step with the current noisy measurement to pro-
duce an improved estimate of the current state. It is a recursive
algorithm that produces the minimum mean square error of the
estimation for a system with Gaussian noise. In this section, we
review shortly the two phases of the KF and the estimated errors
in the process to help understand the mathematical derivations.
For the sake of notational simplicity, we assume a time invari-
ant system2. The interested reader is referred to [25] for a more
detailed explanation.

In the framework of KF, the true state xk of the system at time
k is assumed to evolve from the state at time (k − 1).

xk = Axk−1 + Buk + wk (1)

2Note, however, that our PKF scheme is suitable to operate with both time
variant and invariant systems as discussed in Section III.
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where A is the transition matrix; B is the control-input matrix;
uk is the control input vector; wk ∼ N (0, Q) accounts for the
inexactitudes of the model and has covariance Q. The obser-
vation zk of the true state at time k is mapped from xk by the
observation matrix H and corrupted with a zero mean white
Gaussian noise vk .

zk = H xk + vk (2)

where vk ∼ N (0, R) has the covariance R.
The process of the KF can be separated into two steps: pre-

dict and update. In the predict phase, the state estimate of the
previous time step x̂k−1 is used to generate an a priori estimate
of the current state x̂−k .

x̂−k = Ax̂k−1 + Buk (3)

Let ê−k = x̂−k − xk denote the error between this a priori esti-
mate and the true state. The uncertainty of this prediction is
measured by the covariance of the error. It is calculated by:

P−k = E{ê−k ê−T
k } = APk−1 AT + Q (4)

where Pk−1 is the a posteriori covariance of the last time step.
It will be discussed in more detail later in this section

In the update phase, the current measurement zk is incor-
porated into the a priori prediction to produce an improved a
posteriori state estimate x̂k . For convenience, we call it optimal
value in the following. The basic idea behind this phase is to use
a weighted average, with more weight Kk being given to the a
priori estimate with higher certainty. The weight, also known
as Kalman gain, satisfies:

Kk = P−k H T (H P−k H T + R)
−1

(5)

The updated estimate of the system lies between the pre-
dicted and measured state, and is given by:

x̂k = x̂−k + Kk(zk − H x̂−k ) (6)

Let êk = x̂k − xk denote the error of this optimal estimate.
Its covariance indicates the uncertainty of the final estimate,
which is:

Pk = E{êk êT
k } = (I − Kk H)P−k (7)

Typically, after several steps the KF enters a steady state,
where the Kalman gain and the covariance converge to constant
values: Kk→∞ = K , P−k→∞ = P−, Pk→∞ = P . Then only (3)
and (6) are needed to predict the future state.

III. PROPOSED APPROACH: PKF

In this section, we describe our PKF scheme. As shown in
Fig. 1, we assume that sensor nodes have already formed sets of
clusters, according to a certain clustering algorithm, e.g., [26].
The leaf nodes are in charge of collecting information about
surrounding environment and transmitting the data packets to
the cluster heads.

Fig. 1. A cluster-based WSN.

The main idea behind PKF is to suppress the communica-
tion between a leaf node and its cluster head at a time step,
if the cluster head is able to predict the current data of the
leaf node with a tolerable error using the previous received
data.

Since the observations of the leaf nodes are usually corrupted
by noise, each node is required to firstly execute a KF to fil-
ter out noise and produce Kalman-optimal values. In order to
reduce the communication energy cost, the cluster head uses a
simple predictor, Pk f , to predict the Kalman-optimal values of
a leaf node. To guarantee the prediction quality, the leaf node
synchronously runs this predictor to follow the prediction of the
cluster head and compare the forecasts with its optimal value. If
the prediction error exceeds a given threshold, the current opti-
mal value is transmitted to the cluster head. Unlike DKF [11]
where the cluster head and leaf node run a pair of complete KFs
for prediction, only a pair of simplified predictors are executed
in PKF. Note that this predictor is equivalent to a k-step ahead
Kalman predictor.

We assume that the model parameters are known by both the
leaf node and the cluster head3. Taking cluster 1 in Fig. 1 as
an example, node a is a leaf node and node b is the cluster
head. Node a firstly performs a KF to reduce the measurement
noise and obtain the optimal values, x̂k , using (3)–(7). Based
on the a priori estimate model (3) of the KF, the predictor Pk f

implemented by head b is:

x̃k = Ax̃k−1 + Buk (8)

Giving an initial value, x̃0, the predictor can work recur-
sively. The prediction error, denoted as εk = H(x̃k − x̂k), is
measured by the difference between the predicted observa-
tion, z̃k = H x̃k , and the a posteriori estimated observation,
ẑk = H x̂k . Obviously, the prediction error accumulates if the
previous estimate of the cluster head b is unreliable. To guaran-
tee the prediction quality, the error is calculated by node a by
synchronously executing the same predictor. When it exceeds
a given threshold τ , the optimal value, x̂k , is transmitted to
head b. The current prediction, x̃k , of both node a and head

3The parameters can be obtained offline using historical data for a specific
application or calculated dynamically with an approach similar to [18].
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Fig. 2. The block diagram of PKF.

b are replaced by x̂k . Thus, the final reconstructed value of the
cluster head b is z̄k = H x̄k , where

x̄k =
{

x̃k, εk ≤ τ

x̂k, εk > τ
(9)

The threshold τ depends on the requirement of a specific appli-
cation. Observe that this scheme guarantees a maximum-error
bound.

The block diagram of PKF is shown in Fig. 2. Accordingly,
Algorithm 1 and Algorithm 2 depict the process of PKF per-
formed by the leaf node and the cluster head, respectively. Note
that Algorithm 2 is executed by the cluster head for each leaf
node.

Algorithm 1. PKF algorithm of the leaf node

1: Initialize x̂0, P̂0 and x̃0
2: for each zk do
3: Calculate x̂k using (3)–(7)
4: x̃k ← Ax̃k−1 + Buk

5: εk ← H(x̃k − x̂k)

6: if εk > τ then
7: Send x̂k

8: x̃k ← x̂k

9: end if
10: end for

Algorithm 2. PKF algorithm of the cluster head

1: Initialize x̃0
2: for each prediction time do
3: if update x̂k is available then
4: x̄k ← x̂k

5: x̃k ← x̄k

6: else
7: x̃k ← Ax̃k−1 + Buk

8: x̄k ← x̃k

9: end if
10: z̄k = H x̄k

11: end for

Although the system parameters in the algorithms, e.g., A,
B and H , are denoted to be time invariant, the process of PKF

remains similar for time variant systems. For time invariant sys-
tems, these parameters can be found offline by analyzing the
historical data as done in Section V, while for time variant sys-
tems, they can be updated using offline or online methods. For
example, we can obtain the evolutions of these parameters as
functions of time offline using historical data and store these
functions in leaf node and cluster head to update their mod-
els in time. The model update process can also be done online
using an approach similar to [18]. When the transmission rate
is higher than an expected value, the update phase is triggered
in the cluster head. The analyzed parameters are transmitted to
the leaf node to synchronize the model. The precise schemas to
find the optimal online modeling method are beyond the scope
of this paper.

IV. MATHEMATICAL ANALYSIS OF PKF

In PKF, the value of the threshold τ affects not only the com-
munication energy cost but also the reconstruction accuracy.
As the threshold increases, the node needs to transmit fewer
packets, whereas the reconstruction quality decreases. In the
following, we aim to quantify mathematically the relationship
between those quantities to evaluate the performance of PKF.
For the sake of conciseness, we assume a time invariant system.

A. Threshold vs. transmission rate

Let us start the analysis after a transmission, so that x̃0 = x̂0
and the prediction error is zero. The kth-step ahead prediction,
x̃k = Ak x̂0 evolves from the optimal value with a random error
εk = H(x̃k − x̂k), where εk is distributed normally with zero
mean and covariance σ 2

k , i.e., εk ∼ (0, σ 2
k ). The vector of k ran-

dom variables, vεk = [ε1, ε2, . . . εk]T ∈ R
k, satisfies a MVN

distribution [27] with zero mean and covariance Sk. The calcu-
lation of σ 2

k and Sk are derived in Appendix A by assuming that
the KF enters the steady state. The probability density function
(PDF) of vεk is:

ϕk(vεk) = 1√
(2π)k |Sk|

exp

(
−1

2
vεT

k S−1
k vεk

)

Let N ∈ Z+ denote the maximum step that the cluster pre-
dicts. The process of PKF can be described by a Markov chain
with N states as shown in Fig. 3. The state k (k ∈ Z+) reflects
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Fig. 3. N -states Markov Chain description for the N -steps ahead prediction
process of PKF.

that the kth-step ahead predictions satisfy the accuracy require-
ments. The probability to be in this state is denoted as pk .
The state 0 represents that the prediction of the cluster head
is replaced by the optimal value received from the leaf node.
The probability to be in state 0, p0, is equal to the transmission
rate of the leaf node. Our first goal is to obtain the equation of
p0 as a function of the threshold τ .

The transition probability that the cluster head
moves from state (k − 1) to state k, pk|k−1 = Pr(|εk |
≤ τ ||εk−1| ≤ τ, · · · , |ε1| ≤ τ), is a conditional prob-
ability related with the prediction error εk and the
desired threshold τ . For conciseness, we define
Rk(τ ) = {

εi = vεk(i) ∈ R
k : |εi | ≤ τ, i = 1 · · · k}

as the
region of k-dimensional space that each variable, εi , lies
within the interval of the threshold [−τ τ ]. The cumulative
distribution function (CDF) of vεk over this region is given by:

�k(τ ) =
∫

Rk(τ )

ϕk(vεk)dvεk (10)

When k = 0, �0(τ ) = 1. Then pk|k−1 can be formulated as

pk|k−1 = Pr (|εk | ≤ τ |vεk−1 ∈ Rk−1(τ))

= Pr (vεk ∈ Rk(τ ))

Pr (vεk−1 ∈ Rk−1(τ))

= �k(τ )/�k−1(τ ) (11)

If |εk | is larger than the threshold, the communication is trig-
gered; this event has a probability 1− pk|k−1. The transition
matrix of this Markov process is:

P N|N−1 =

⎛
⎜⎜⎜⎜⎝

1− p1|0 p1|0 · · · 0 0 · · ·
...

...
. . .

...
...

. . .

1− pk|k−1 0 · · · pk|k−1 0 · · ·
...

...
. . .

...
...

. . .

⎞
⎟⎟⎟⎟⎠

The final probability in each state is denoted as a vector
P N = [p0, p1, · · · , pN ]. Because of the steady-state equation,
P N P N|N−1 = P N , and (11) we obtain that,

pk = pk−1 pk|k−1 = p0

k∏
i=1

pi |i−1 = p0�k(τ ) (12)

Since
N∑

k=0
pk = p0

(
1+

N∑
k=1

�k(τ )

)
= 1, the transmission

probability p0 is:

p0 = 1

1+
N∑

k=1
�k(τ )

(13)

B. Threshold vs. Reconstruction Accuracy

We estimate the reconstruction accuracy by the total covari-
ance of reconstruction errors of N states, ¯̄σ 2

N .
The reconstruction errors produced by k states, vεk|vεk ∈

Rk(τ ), have a truncated MVN distribution with density func-
tion [28]:

fk(vεk) = ϕk(vεk)

�k(τ )
(14)

The variable εk |vεk ∈ Rk(τ ) is the reconstruction errors gener-
ated in state k. Its covariance, σ̄ 2

k , is calculated by:

σ̄ 2
k =

∫
Rk(τ )

ε2
k ϕk(vεk)dvεk

�k(τ )

= �k(τ )/�k(τ ) (15)

where

�k(τ ) =
∫

Rk(τ )

ε2
k ϕk(vεk)dvεk (16)

According to the law of total probability [29], ¯̄σ 2
N is the sum-

mation of pk σ̄
2
k generated in each state k (k ∈ Z+). Combining

(12) and (15), we obtain that:

¯̄σ 2
N =

N∑
k=1

pk σ̄
2
k =

N∑
k=1

p0�k(τ )�k(τ )/�k(τ )

= p0

N∑
k=1

�k(τ ) (17)

As k increases, it is hard to obtain �k(τ ). Although in [30],
they use moment generation to calculate this truncated covari-
ance, the formula is hard to use. To the best of our knowledge,
this is the first work that shows how to use the Hessian matrix
[31] of the PDF of MVN to obtain the doubly truncated covari-
ance and the code can be realized in Matlab. The detailed
derivation is presented in Appendix B.

In practical scenarios, the threshold is much smaller than the
standard deviation of the prediction errors in each state4, i.e.,
τ � σk . The complexity for computing ¯̄σ 2

N can be reduced.
The distribution of the error in state k can be approximated
as a uniform distribution: u (εk |vεk ∈ Rk(τ )) = 1

2τ
. Then the

covariance, σ̄ 2
k in (15), can be approximated as:

σ̄ 2
k ≈

∫ τ

−τ

ε2
k

1

2τ
dεk = τ 2

3
(18)

4Before truncated, the prediction error in state k is actually εk |vεk−1 ∈
Rk−1(τ). It can be approximated as the kth-step ahead prediction error εk ∼
(0, σ 2

k ) when τ is small.
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TABLE I
THE NOISE PARAMETERS OF THREE ARTIFICIAL SYSTEMS

The total covariance of reconstruction errors of N states in (17)
is close to:

¯̄σ 2
N ≈

τ 2

3

N∑
k=1

pk = τ 2

3
(1− p0) (19)

As the threshold τ increases, the error due to the approximation
increases.

V. SIMULATION RESULTS

In this section, we first generate artificial systems using
Matlab to prove the validity and accuracy of our mathematical
analysis. Then by using two kinds of real temperature datasets
taken from typical WSN scenarios, we evaluate the robustness
of the mathematical analysis by comparing the results of the
analysis with the experimental measurements. Further on, we
evaluate the performance of PKF including the energy effi-
ciency and the reconstruction quality with simulations. In order
to demonstrate the performance superiority of PKF, we com-
pare it with DFK [11], PAQ [15], PLAMLiS [9] and CS [13]. To
the best of our knowledge, DKF is the best work using KF for
transmission rate compression, whereas PAQ, PLAMLiS and
CS are the popular techniques without KF to achieve this aim
as mentioned in Section I.

A. Validation of the Mathematical Analysis Using Artificial
Systems

We generate three kinds of systems with different noise
levels to cover different applications (see Table I) and the
pseudo-random values of the noise are drawn from the standard
normal distribution: system 1 with low level noise, system 2
with medium level noise and system 3 with high level noise.
They have the same number of samples, 216, and the same
parameters, A = 0.9, B = 0, H = 1 (see (1) and (2)).

After running PKF, along with the threshold increases, the
transmission rate dramatically decreases as shown in Fig. 4a,
4b and 4c; the covariance of reconstruction errors increases
as shown in Fig. 4d, 4e and 4f, which indicates the decrease
of the reconstruction quality. The mathematical analyses using
(13) and (17) precisely follow the experimental measured
transmission rate and the covariance for these three systems.
As expected, the approximated covariance of reconstruction
errors using (19) becomes inaccurate as the threshold increases.
Taking system 1 for example, when τ = 1.1σ1, the inaccuracy
is 3.19% compared to the experimental measurements.

Due to the limitation of Matlab functions, the maximum
state, N , is set to 25 in (17). As the threshold increases, there
exists more than 25 states. This makes that the analysis of

the transmission rate is slightly larger and the covariance of
the reconstruction errors is slightly smaller than the experi-
mental measurements. However, it does not significantly affect
the accuracy of the analysis, since the probability in state k is
smaller and smaller as k increases. For example, even when the
maximum state is 75 in system 1, the inaccuracy of the analysis
caused by our truncation are 2.89% and 0.29% for the transmis-
sion rate and the covariance with respect to the experimental
measured values, respectively.

Combining the results of transmission rate and reconstruc-
tion quality, we obtain the trade-offs between them as shown
in Fig. 4g, 4h and 4i. It is reasonable that the node needs to
spend more energy on communication for better reconstruction
quality.

B. Robustness of the Mathematical Analysis Using Real Data

For these evaluations, we use two temperature datasets:
dataset 1, 1024 values in singlehop−indoor−moteid1 and
dataset 2, 3600 values in singlehop−indoor−moteid2 pre-
sented in [32]. The data is collected at intervals of 5 seconds
from a simple single-hop WSN deployment using TelosB
motes.

In order to find the effect of the underling system mod-
els on the quality of the PKF approach, we establish two
different models for each dataset without control inputs: PKF-
constant and PKF-linear. In the constant model, there is only
one stochastic variable in the state space, whereas in the linear
model, the temperature value is considered to vary with a veloc-
ity v̇k . By using Matlab system identification toolbox to fit the
first 1024 measurements of each dataset, the system parameters
for each model are listed in Table II.

The comparisons between the mathematical analysis and the
experimental measurements are depicted in Fig. 5 and Fig. 6
using dataset 1 and dataset 2, respectively. The analyses fol-
low the measured results with reasonable variances, which are
caused by the uncertainty of the system models.

C. The Performance of PKF Using Real Data

We measure the performance of PKF upon two metrics: data
quality of reconstructions and energy efficiency. The quality
of the reconstructed signal of PKF is evaluated by the covari-
ance of the errors with respect to the optimal values which
are assumed to be the real state here. It is compared with
DKF [11], PAQ [15], PLAMLiS [9] and CS [13] approaches
using the aforementioned two temperature datasets in Matlab.
The energy efficiency of PKF is measured by the profit that
the communication cost it conserves subtracts the computation
cost it consumes. The comparisons of these five approaches are
conducted to measure and illustrate the superiority of PKF in
reducing communication cost as well. Then the computation
energy cost of PKF is estimated by gate-level simulations to
obtain the real gain.

1) The Comparisons of Reconstruction Quality and
Transmission Rate Reduction: In order to provide fair
comparisons, the required parameters for each approach are
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Fig. 4. Experimental results demonstrating the validity and accuracy for the mathematical analysis using three different artificial systems.

initialized to be consistent with PKF. The system parameters
of the DKF [11] approach are optimized by Matlab as well.
According to the process of DKF, each leaf node performs two
KFs, where the first KF has the same function as the one in
PKF, to reduce noise. Here, we let it have the same parameters
as PKF-linear. The second KF (KF2) uses the optimal values
generated by the first one as its measurements input. The
optimized parameters are listed in Table II. One-order AR
model is built in PAQ [15], since PKF only uses the data of the
last time step. For PLAMLiS [9], we assume the size of buffer
is enough to store all values of dataset2. In order to implement
CS [13], we exploit the discrete cosine transform (DCT) as
the representation basis, �, for these two datasets, which
can sparsify the original signals sufficiently. An independent

and identically distributed (i.i.d.) Gaussian matrix is used for
random projection, �, which is incoherent with �. The signal
is reconstructed by 	1 minimization method [34].

The trade-offs between transmission rate and reconstruc-
tion quality of these five approaches are depicted in Fig. 7.
As the number of transmission decreases, the quality of
the reconstructed signal degrades. The transmission rates of
these approaches gradually converge to a similar value but
with different speed5. PKF-linear outperforms PKF-constant.

5Here we only present the performance of CS with similar reconstruction
quality as other techniques. The transmission rate of CS converges to 10% when
the covariance of reconstruction errors is larger than 0.001◦C2.
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TABLE II
OPTIMIZED SYSTEM PARAMETERS FOR PKF-CONSTANT, PKF-LINEAR AND DKF [11] USING TWO KINDS OF REAL

TEMPERATURE DATASETS (NOTE:MATLAB MATRIX NOTATION)

Fig. 5. Estimation of the robustness of the mathematical analysis using dataset 1.
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Fig. 6. Estimation of the robustness of the mathematical analysis using dataset 2.

It indicates that the performance of PKF relies on the accuracy
of the system model, which is a common issue for the model-
based techniques. The more accurate the model is, the better
performance PKF achieves.

Compared with other techniques, PKF-linear conserves more
energy with the same reconstruction quality. It is interesting to
compare the quality with the sensor noise before KF filtering.
Without data degradation, it only needs 11.11% and 11.91%
transmission rate for dataset 1 and dataset 2, which in turn
saves the rate of DKF by 23.11% and 13.93%, respectively.
The KF promises the optimal estimate for a linear system.
One more KF is unable to further improve the estimate accu-
racy, which means the a posteriori estimate of the second
KF should be the same as the first one. However, since the

update phase of the second KF in DKF is not executed at every
time step, its a posteriori estimate is no longer optimal. Thus,
using these suboptimal values for N steps ahead predictions
in DKF achieves worse reconstruction quality than using the
optimal values in PKF. Compared with the techniques with-
out KF, the advantages of PKF are even more significant. It
decreases the transmission rate of PAQ by 37.98% and 29.08%
for dataset 1 and dataset 2, respectively. To achieve the same
quality as the raw measurements, PLAMLiS and CS require
2.14 and 6.60 times as much transmission as PKF for dataset
1; and 2.06 and 6.56 times for dataset 2, respectively. These
comparisons prove that our KF-based predictor can improve
the reconstruction accuracy by using the full-fledged system
model.
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Fig. 7. Performance comparisons of PKF, DKF [11], PAQ [15], PLAMLiS [9], CS [13] using two real temperature datasets.

TABLE III
GATE-LEVEL ESTIMATIONS OF THE COMPUTATION ENERGY COST AND

EXECUTION TIME WHEN A LEAF NODE PROCESSES A 18 BITS

MEASUREMENT USING PKF AND DKF [11], RESPECTIVELY.
(1 CYCLE = 1.29 NS)

2) Gate-level Estimation of the Computation Energy Cost:
The computation energy cost of PKF is measured by the algo-
rithm in the leaf node. It is compared with DKF [11], which
has the suboptimal performance among these five approaches.
The comparison results reflect the difference of the prediction
mechanisms: a simple predictor in PKF and a complete KF
in DKF.

We perform gate-level simulations for these two schemes
using a dedicated hardware implementation. The syntheses
are obtained by Synopsys design compiler using a TSMC
65 nm low power technology. The clock frequency is 775 MHz
(1 cycle = 1.29 ns) and the data path length is assumed to be
18 bits for a typical WSN application. The running cycles and
energy consumption of a leaf node are reported in Table III.
PKF-constant only requires 15 cycles and 30.57 pJ computa-
tion cost. Although PKF-linear consumes more time (31 cycles)
and energy (82.28 pJ) than PKF-constant, compared to DKF
[11], it is faster and more energy efficient. It reduces the exe-
cution time and the computation energy cost for the leaf node
by approx. 1.87 and 3.17 times respectively, since PKF-linear
uses a simple predictor to replace the second KF in DKF [11].
The computation energy cost reduction for the cluster head is
more significant, since it is a function of the number of the leaf
nodes.

Besides, it is worthy to compare the energy consumption
of computation and communication. According to [33], the
energy consumption by sending a single bit is 0.4 μJ. Thus, the
node needs to spend 7.2 μJ on every transmission with 18 bits

information. It is five orders of magnitude more expensive than
the PKF computation. Consequently, the computation cost of
PKF can be neglected.

VI. CONCLUSION AND FUTURE WORK

This work extends our previous PKF (prediction combined
with Kalman filter) scheme [24] with a detailed mathemati-
cal analysis and precise estimation of its energy efficiency and
reconstruction quality.

The trade-off between energy efficiency and reconstruction
quality of PKF is studied by an in depth mathematical analysis.
It is helpful to understand the underlying process of prediction-
based compression schemes. The transmission rate is formu-
lated as a function of the cumulative distribution function
(CDF) of the MVN. The final covariance of the reconstruction
errors is obtained by calculating the covariance of the doubly
truncated MVN distribution. An explicit expression for this cal-
culation improves the traditional methods using moments and
has generality. Besides, the complexity for the final covariance
calculation is further reduced by an approximated computation.
The distribution of the errors in each state is approximated as a
uniform distribution, since the threshold is usually smaller than
the standard deviation of the prediction errors of each state in
practical applications. By using both artificial and real signals
in Matlab, we verify the validity and accuracy of the analysis.
The results of the mathematical analysis including transmission
rate and reconstruction accuracy follow the experimental mea-
surements precisely. As expected, the approximated covariance
becomes less accurate as the threshold increases. In this case,
when the threshold equals 1.1σ1 (σ1 is the covariance of the
first-step ahead prediction errors), the inaccuracy due to the
approximation for an artificial system is 3.19%.

In addition, the performance of PKF is precisely studied
including energy efficiency and reconstruction quality. PKF is
feasible for typical WSN applications: it only requires tens of
nanoseconds execution time and picojoule computation cost as
estimated at gate-level. The simulation results with two kinds



HUANG et al.: ANALYSIS OF PKF: A COMMUNICATION COST REDUCTION SCHEME FOR WIRELESS SENSOR NETWORKS 853

of real temperature datasets demonstrate the efficiency of PKF.
As the reconstruction quality slightly decreases, the communi-
cation cost is significantly reduced. Without data degradation,
PKF is able to reduce the communication cost by more than
88%. Compared to the previous works based on KFs, PKF
reduces the complexity while improving the reconstruction
quality. The running time and the computation energy cost of
a leaf node are reduced by 1.87 and 3.17 times, respectively.
The reductions in the cluster head are more significant, since it
is a function of the number of the leaf nodes. It outperforms the
communication cost reduction of DKF [11] by 23.11% with-
out sacrificing data accuracy. Compared with the techniques
without KF, i.e., PAQ [15], PLAMLiS [9] and CS [13], the
advantages of PKF are even more significant. It decreases the
transmission rate of PAQ by 37.98% and 29.08% for dataset 1
and dataset 2, respectively. To achieve the same quality as the
raw measurements, PLAMLiS and CS require at least 2 and 6
times as much transmission as PKF. These comparisons prove
that our KF-based predictor can improve the reconstruction
accuracy by using the full-fledged system model.

PKF takes full advantage of the temporal correlation. It can
be integrated into spatial compression schemes and schedul-
ing mechanisms to further reduce the energy cost and extend
the whole network lifetime. These aspects are currently being
investigated.

APPENDIX A

In this appendix, we aim to obtain the covariance of εk , σ 2
k ,

and the covariance of the error vector vεk = [ε1, ε2, · · · , εk]T ,
Sk. For the sake of conciseness, the KF is assumed to enter the
steady state.

Let ẽk = x̃k − xk represent the error of the prediction value
using (8) with respect to the true state. Combining the definition
of the error êk = x̂k − xk and εk = H(x̃k − x̂k),

εk = H
[−1 1

] [
êk ẽk

]T = H
[−1 1

]
eek (20)

where eek =
[
êk ẽk

]T . Thus, the covariance of εk can be
obtained by firstly calculating the covariance of eek .

Initially, ẽ0 = ê0 and ee0 =
[
ê0 ê0

]T . From (1), (2), (3), (6)
and (8) the errors, êk and ẽk , can be formulated in a recursive
way:

êk = αAêk−1 − αwk + K vk

= (αA)k ê0 +
k∑

m=1

(αA)k−m(−αwm + K vm)

ẽk = Aẽk−1 − wk = Akê0 −
k∑

m=1

Ak−mwm (21)

where α = (1− K H). Thus,

eek = βeek−1 + Cwwk + Cvvk

= βkee0 +
k∑

m=1

βk−m (Cwwm + Cvvm)

where β =
[
αA 0
0 A

]
, Cw =

[−α −1
]T and Cv =

[
K 0

]T .

From (4) and (7), the covariance of êk is Pk =
(αA)k P(Ak)T +∑k

m=1(αA)k−mαQ(Ak−m)T = P . Let us
denote the covariance of ẽk and the covariance between these
two errors as P̃k and P̈k respectively. From (21), we can obtain
that:

P̃k = E{ẽk ẽT
k } = AP̃k−1 AT + Q

= Ak P(Ak)T +
k∑

m=1

Ak−m Q(Ak−m)T

= Ak P(Ak)T +
k−1∑
m=0

Am Q(Am)T

P̈k = E{êk ẽT
k } = αAP̈k−1 AT + αQ

= (αA)k P(Ak)T +
k∑

m=1

(αA)k−mαQ(Ak−m)T

= Pk = P

Then, the covariance of eek is:

Peek = E
{

eek eeT
k

}
= E

{[
êk ẽk

]T [
êT

k ẽT
k

]}
=

[
Pk P̈k

P̈k P̃k

]
=

[
P P
P P̃k

]

Combining (20), the covariance of εk is:

σ 2
k = H

[−1 1
]

Peek

[−1 1
]T

H T

= H(P̃k − P)H T

= Hθk H T

where θk = P̃k − P = Ak P(Ak)T − P +∑k−1
m=1 Am Q(Am)T

The covariance of k-steps ahead prediction errors is Sk.
The diagonal elements of the matrix are σ 2

1 , σ 2
2 , · · · , σ 2

k . The
covariance of the errors in different steps is calculated by the
following equation (when j > i):

E
{
ε jε

T
i

}
= E

{
H

[−1 1
] (

β j−i eei + f (w, v, i, j)
)

eeT
i

[−1 1
]T

H T
}

= E
{

H
[−1 1

]
β j−i Peei

[−1 1
]T

H T
}

= H A j−iθi H T

where f (w, v, i, j) =∑ j
m=i+1 β j−m (Cwwm + Cvvm). It is

independent of eei .
Thus, the symmetrical covariance matrix of Sk is:

Sk =
⎛
⎜⎝

Hθ1 H T · · · Hθ1(Ak−1)T H T

...
. . .

...

H Ak−1θ1 H T · · · Hθk H T

⎞
⎟⎠

�
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APPENDIX B

In this appendix, we calculate the covariance matrix of
the doubly truncated MVN distribution, S̄k , by using the
Hessian matrix of the PDF of the MVN, to obtain �k(τ ) =∫

Rk(τ )
ε2

k ϕk(vεk)dvεk.
The covariance matrix of the doubly truncated MVN distri-

bution truncated over the region Rk(τ ) is:

S̄k =
∫

Rk(τ )
vεkvεT

k ϕk(vεk)dvεk

�k(τ )

Obviously, �k(τ ) is the (k, k) entry of S̄k , i.e.,

�k(τ ) = S̄k(k, k) (22)

Thus, the problem to obtain �k(τ ) can be solved by calculat-
ing S̄k . According to [31], the Hessian matrix of ϕk(vεk) is
given by:

Hk(ϕ) = (S−1
k vεkvεT

k S−1
k − S−1

k )ϕk(vεk) (23)

It is easy to obtain vεkvεT
k ϕk(vεk) = Sk Hk(ϕ)Sk +

ϕk(vεk)Sk by multiplying both sides of the equation by Sk
twice. Then integrating the result over the region Rk(τ ), we
obtain that:∫

Rk(τ )

vεkvεT
k ϕk(vεk)dvεk =

∫
Rk(τ )

Sk Hk(ϕ)Skdvεk

+
∫

Rk(τ )

ϕk(vεk)Skdvεk (24)

Thus, S̄k can be formulated as a function of Hk(ϕ):

S̄k =
∫

Rk(τ )
Sk Hk(ϕ)Sk dvεk +

∫
Rk(τ )

ϕk(vεk)Sk dvεk

�k(τ )

= Skξ k Sk

�k(τ )
+ Sk (25)

where ξ k =
∫

Rk(τ )
Hk(ϕ)dvεk. It is a k × k matrix.

In (25), only ξ k is unknown. We calculate it in two steps: first
the diagonal elements and then the off-diagonal elements.

The i th diagonal element of ξ k is ξ k(i, i) and holds:

ξ k(i, i) =
∫

Rk(τ )

∂2ϕk(vεk)

∂2εi
dvεk

=
∫

Rk−1(τ )

∂ϕk(vεk−i , εi )

∂εi

∣∣∣∣
τ

εi=−τ

dvεk−i

= 2
∫

Rk−1(τ )

∂ϕk(vεk−i , εi = τ)

∂τ
dvεk−i

where vεk−i denotes the elimination of εi from vεk.

To obtain
∂ϕk (vεk−i ,εi=τ)

∂τ
, we first calculate ∂ϕk (vεk)

∂εi
. The

gradient of ϕk(vεk), denoted by �ϕk(vεk) is given by:

∇ϕk(vεk) =
[

∂ϕk (vεk)
∂ε1

,
∂ϕk (vεk)

∂ε2
, · · · , ∂ϕk (vεk)

∂εk

]
= −vεT

k S−1
k ϕk(vεk) (26)

For computation convenience, vεk and Sk are rearranged into
(vεk−i , εi ) and �k respectively. The rearranged covariance
matrix �k as shown in Fig. 8a follows:

�k =
[
�11 �12
�21 �22

]

where �11 is constructed by dropping the row and column of
the i th element in Sk; �12 = Sk( j, i), j �= i . It is the column of
the i th element except its row in Sk; �21 = �12

T = Sk(i, j),
j �= i ; �22 = Sk(i, i). It is the row and the column of the i th
element in Sk.

By multiplying both sides of the rearranged gradient equa-
tion (26) by �k, we obtain that[

∂ϕk (vεk)
∂vεk−i

∂ϕk (vεk)
∂εi

]
�k = −[vεk−i εi ]ϕk(vεk)

Then, extracting the second column of the equation,
∂ϕk (vεk)
∂vεk−i

�12 + ∂ϕk (vεk)
∂εi

�22 = −εiϕk(vεk), the formula for
∂ϕk (vεk)

∂εi
is:

∂ϕk(vεk)

∂εi
= −

(
εiϕk(vεk)+ ∂ϕk(vεk)

∂vεk−i

�12

)
�−1

22

Thus,

ξ k(i, i) = 2
∫

Rk−1(τ )

∂ϕk(vεk−i , εi = τ)

∂τ
dvεk−i

= −2
∫

Rk−1(τ )

τϕk(vεk−i , εi = τ)�−1
22 dvεk−i

− 2
∫

Rk−1(τ )

∂ϕk(vεk−i , εi = τ)

∂vεk−i

�12�
−1
22 dvεk−i

= −2τ F+i (τ )�−1
22

− 2
(

F++i, j (τ )− F+−i, j (τ )
)

j �=i
�12�

−1
22 (27)

where F+i (τ ) = ∫
Rk−1(τ )

ϕk(vεk−i , εi = τ)dvεk−i is the CDF

of ϕk(vεk) when εi = τ ; F++i, j (τ ) = ∫
Rk−2(τ )

ϕk(vεk−i, j , εi =
τ, ε j = τ)dvεk−i, j is the CDF of ϕk(vεk) when εi = τ and
ε j = τ , where vεk−i, j denotes the elimination of εi and ε j from
vεk; F+−i, j (τ ) = ∫

Rk−2(τ )
ϕk(vεk−i, j , εi = τ, ε j = −τ)dvεk−i, j

is the CDF of ϕk(vεk) when εi = τ and ε j = −τ ;
F+i (τ ), F++i, j (τ ) and F+−i, j (τ ) can be obtained by the con-

ditional MVN distribution. According to Bayes’s theorem,
ϕk(vεk−i , εi = τ) = ϕk−1(vεk−i |εi = τ)ϕ1(εi = τ). The dis-
tribution of vεk−i conditional on εi = τ (see Fig. 8a) satisfies
a MVN with mean value μτ and covariance matrix �̃k−1,
i.e., (vεk−i |εi = τ) ∼ N (μτ, �̃k−1), where μ = �12�

−1
22 is a

constant, and �̃k−1 = �11 −�12�
−1
22 �21. The CDF of the

conditional distribution of these k − 1 variables is denoted as
�k−1(μτ). Thus,

F+i (τ ) =
∫

Rk−1(τ )

ϕk−1(vεk−i |εi = τ)ϕ1(εi = τ)dvεk−i

= �k−1(μτ)ϕ1(τ ) (28)
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Fig. 8. Example of rearranged �k , when vε4 = [ε1, ε2, ε3, ε4]T . (a) The rearranged �4 when i = 3; (b) Two independent MVN distributions of vε2 = (ε1, ε2)T

and vε1 = ε4 when i = 3; (c) The rearranged �4 when i = 3 and j = 4.

This expression can be easily obtained by Matlab using
standard functions. When 1 < i < k, the complexity of this
equation can be reduced even further. One example with k = 4
and i = 3 is depicted in Fig. 8b. The distribution of the first
i − 1 variables in vεk, vεi−1 = [ε1, · · · , εi−1]T , and the last
k − i variables, vεk−i = [εi+1, · · · , εk]T conditional on εi =
τ are independent. They have MVN distributions and satisfy
N (μ1τ, �̃i−1) and N (μ′1τ, �̃k−i ), respectively (see Fig. 8b),
where

μ1τ = �12�
−1
22 τ �̃i−1 = �11 − �12�

−1
22 �21

μ′1τ = �12′�−1
22 τ �̃k−i = �11′ − �12′�−1

22 �21′

Thus, the calculation of F+i (τ ) can be reduced from a (k − 1)

dimensional integral to the multiplication of one (i − 1) and
one (k − i) dimensional integral, namely,

F+i (τ ) = �i−1(μ1τ)�k−i (μ
′
1τ)ϕ1(τ ) (29)

Similarly, the formula for F++i, j (τ ) and F+−i, j (τ ) can be
simplified with the conditional distribution. The distribu-
tion of vεk−i, j conditional on εi = τ and ε j = τ satisfies
N (μ2[τ, τ ], �̃k−2). The calculation of μ2 and �̃k−2 is simi-
lar to that of μ and �̃k−1 but using different �11, �12 and �22
to take the j th column and row into account (see Fig. 8c). The
simplified formulas are:

F++i, j (τ ) = �k−2

(
μ2[τ, τ ]T

)
ϕ2(τ, τ ) (30)

F+−i, j (τ ) = �k−2

(
μ2[τ,−τ ]T

)
ϕ2(τ,−τ) (31)

Depending on the position of i and j , the complexity of these
two formulas can be reduced similar to F+i (τ ). For the sake of
conciseness, the detailed discussion is not presented here.

Next, we calculate the (i, j) entry of ξ k. It can be obtained
by:

ξ k(i, k) =
∫

Rk(τ )

∂ϕk(vεk)

∂εi∂ε j
dvεk

=
∫

Rk−1(τ )

∂ϕ(vεk−i , εi = τ)

∂ε j
dvεk−i

−
∫

Rk−1(τ )

∂ϕ(vεk−i , εi = −τ)

∂ε j
dvεk−i

= 2
(

F++i, j (τ )− F+−i, j (τ )
)

(32)

After calculating ξ k using (27) and (32), we can obtain S̄k

and �k(τ ) using (25) and (22). �
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