
1556-6013 (c) 2016 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.

This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication. Citation information: DOI 10.1109/TIFS.2016.2582562, IEEE
Transactions on Information Forensics and Security

1

Scaling up Class-Specific Kernel Discriminant
Analysis for large-scale Face Verification

Alexandros Iosifidis, Senior Member, IEEE, and Moncef Gabbouj, Fellow, IEEE

Abstract—In this paper, a novel approximate solution of the
criterion used in non-linear class-specific discriminant subspace
learning is proposed. We build on the Class-Specific Kernel
Spectral Regression method which is a two-step process formed
by an eigenanalysis step and a kernel regression step. Based on
the structure of the intra-class and out-of-class scatter matrices,
we provide a fast solution for the first step. For the second step,
we propose the use of approximate kernel space definitions. We
analytically show that the adoption of randomized and class-
specific kernels have the effect of regularization and Nyström-
based approximation, respectively. We evaluate the proposed
approach in face verification problems and compare it with
existing approaches. Experimental results show the effectiveness
and efficiency of the proposed Approximate Class-Specific Kernel
Spectral Regression method, since it can provide satisfactory
performance and scale well with the size of the data.

Index Terms—Class-Specific Kernel Discriminant Analysis,
Approximation, Nonlinear Subspace Learning, Kernel Regres-
sion.

I. INTRODUCTION

Face recognition and verification problems have attracted
the attention of the research community for more than two
decades due to their importance in many real-world appli-
cations, including security, human-computer interaction and
human behaviour analysis for assisted living [1], [2], [3], [4].
The problems of face recognition and face verification are
conceptually different. On the one hand, face recognition is
a multi-class problem where the objective is to recognize the
identity of a person (through the analysis of a facial image
depicting him/her) from a pool of K known person identities.
Face verification, on the other hand, is a binary problem where
the objective is to verify whether a facial image depicts a
person of interest (i.e. the client). In the latter case, the number
of persons belonging to the impostor class is unknown.

One research track that has been shown to achieve excel-
lent performance in these two problems exploits the power
of subspace learning techniques. The most well-known and
commonly employed subspace learning technique is Principal
Component Analysis (PCA) [5]. PCA defines a subspace for
data projection that preserves most of the available informa-
tion, in the sense of minimal l2 norm-based reconstruction
error. However, being an unsupervised technique, PCA does
not exploit discriminative information encoded in the class
labels of the training data and, thus, its discrimination power
is limited. Linear Discriminant Analysis (LDA) [5], [6], [7],
[8], [9], [10] is perhaps the most well studied discriminant
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subspace learning method finding applications in many multi-
class problems, including face, facial expression, person and
activity recognition [11], [12], [13], [14], [15], [16], [17], [18]
among others.

A property of LDA that limits its application in verification
problems is the fact that the maximal dimensionality of the
learnt subspace is restricted by the number of classes K
forming the problem at hand, since the rank of the between-
class scatter matrix is at most equal to K − 1. A direct
consequence of this is that in binary (two-class) problems, the
subspace learned by LDA is formed by only one dimension,
which might not be the optimal choice for class discrimination.
In order to overcome this limitation of LDA, class-specific
approaches have been proposed [19], [20], [21], [22], [23].
Class-specific subspace learning techniques determine an op-
timal subspace that highlights the discrimination of one class
(noted as client class hereafter) from all other possibilities
(i.e. data not belonging to the client class, forming the so-
called impostor class). Moreover, by appropriately defining
the intra-class and out-of-class scatter matrices, the maximal
dimensionality of the learnt subspace is restricted by the
number of client samples. This in turn leads to better class
discrimination and better performance [20], [23].

In order to determine nonlinear data projections (which have
been found to outperform linear ones with a large extend
in face recognition and verification problems), both multi-
class and class-specific subspace learning techniques can be
extended to their nonlinear counterparts by exploiting the well-
known kernel trick [24], [25], [26], [27]. Kernel versions
of subspace learning techniques require the calculation of
the kernel matrix K ∈ RN×N , where N is the training
set cardinality, expressing pairwise dot-products of the train-
ing data representations in the kernel space, and the eigen-
decomposition of the corresponding scatter matrices which
are expressed as functions of K. For large-scale problems the
application of standard kernel versions of subspace learning
techniques becomes computationally intractable. This is due
to the fact that the time complexity of the required eigen-
decomposition step is of the order of O(N3) [23]. Recently,
several algorithms of reduced computational complexity for
nonlinear versions of multi-class discriminant analysis tech-
niques have been proposed, see e.g. [28], [29]. However, only
a few recent studies focused on reducing the complexity of
nonlinear class-specific discriminant learning, e.g. [30].

In this paper, we revisit the Class-Specific Kernel Spectral
Regression (CS-KSR) method [22], [23], which is a class-
specific extension of the Kernel Spectral Regression proposed
for multi-class discriminant learning [28]. CS-KSR approaches
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the class-specific nonlinear subspace learning problem by
applying a two-step process, i.e. i) a generalized eigenanalysis
process applied on the in-class and out-of-class scatter matri-
ces expressed in the kernel space, and ii) a kernel regression
process. This approach has been shown to provide similar (or
even better) performance when compared to the orignal Class-
Specific Kernel Discriminant Analysis (CS-KDA) approach.
We show that, based on the structure of the intra-class and out-
of-class scatter matrices, the first computation step is trivial
and can be solved by applying a much simpler and faster
process involving only the class labels of the training data.
Subsequently, we employ three approximate kernel space def-
initions, i.e. prototype-based kernels [31], randomized kernels
[32] and class-specific kernels [30], in order to further speed
up the overall process. The result of these two processing
steps forms the proposed Approximate Class-Specific Kernel
Spectral Regression (ACS-KSR) method. Moreover, we an-
alytically show that the exploitation of a randomized kernel
has the effect of regularization in the overall solution and that
the exploitation of a class-specific kernel is directly connected
with Nyström-based kernel approximation, where the basis of
the approximation is determined by the samples forming the
client class.

We evaluate the proposed method in medium- and large-
scale face verification problems, where it is shown that it can
scale well with respect to the cardinality of the training set,
while achieving satisfactory performance. Comparisons with
related methods show the effectiveness and efficiency of the
proposed technique.

The main contributions of the paper are:

• The exploitation of intra-class and out-of-class scatter
matrices structure in order to speed up the CS-KSR
optimization process.

• The exploitation of approximate kernel space definitions
in order to further speed up the CS-KSR optimization
process.

• An analysis showing that the exploitation of randomized
kernel has the effect of regularization in the CS-KSR
solution.

• An analysis showing that the exploitation of class-specific
kernel is directly connected with Nyström-based approxi-
mation for kernel-based class-specific nonlinear subspace
learning.

• The proposal of a novel approximate solution of the cri-
terion used for class-specific nonlinear subspace learning
which is able to scale well with the size of the training
set.

The remainder of the paper is structured as follows. In
Section II we briefly describe the face verification problem
and introduce notations that will be used throughout the rest
of the paper. The criterion used for class-specific subspace
learning and the solutions given by CS-KDA and CS-KSR are
described in Section III. Our analysis is described in detail in
Section IV. Experiments conducted in order to illustrate the
efficiency and effectiveness of the proposed ACS-KSR method
are provided in Section V. Finally, conclusions are drawn in
Section VI.

II. PROBLEM STATEMENT

Let us denote by U a database formed by N facial images.
Let us assume that C of the facial images belong to the
client class, i.e. they depict the person of interest, while
the remaining I = N − C facial images belong to the
impostor class. Let us also assume that all facial images in
U have been pre-processed and represented by facial vectors
xi ∈ RD, i = 1, . . . , N . Facial vectors are followed by binary
labels li ∈ {+1,−1} denoting whether the facial vector xi

belongs to the client (+1) or impostor (−1) class. Given the
client and impostor facial vectors, a verification system learns
a class-specific model for the client person.

In the test phase, a new facial image (not included in the
training set) is introduced to the verification system and the
system should decide whether this facial image depicts the
client person, or not. This is achieved by introducing the facial
image representation to the learnt model and verifying whether
it fulfils some criteria, like a bounded Euclidean distance
from the mean client facial image vector in the discriminant
subspace.

III. THEORETICAL BACKGROUND

In order to nonlinearly map xi ∈ RD to its d-dimensional
image yi ∈ Rd we follow the standard kernel approach. That
is, we map the input space RD to the kernel space F using a
nonlinear function ϕ(·), i.e. ϕ(xi) ∈ F . In F , we determine a
linear projection:

yi = WTϕ(xi), (1)

where W ∈ R|F|×d. In practice, since data representations
ϕ(xi) in F cannot be directly computed, the so-called kernel
tick is exploited [24], [25], [27]. That is, the multiplication in
(1) is inherently computed using dot products in F . To do so,
the so-called kernel function κ(·, ·) expressing dot products
between training data in F , i.e. κ(xi,xj) = ϕ(xi)

Tϕ(xj), is
employed. Dot products between all training vectors are stored
to the so-called kernel matrix K ∈ RN×N . Each column of
K contains dot products between a training vector and the
entire training set, i.e. ki = ϕ(xi)

Tϕ(xj), j = 1, . . . , N . Let
us denote by Φ = [ϕ(x1), . . . , ϕ(xN )] ∈ R|F|×N a matrix
containing the data representations in F . Then, the kernel
matrix can be defined as K = ΦTΦ.

By exploiting the Representer Theorem, the data projection
matrix W can be expressed as a linear combination of the
training data in F , i.e.:

W =
N∑
i=1

ϕ(xi)a
T
i = ΦA, (2)

where A ∈ RN×d. By using (2), the data representations in
Rd are given by:

yi = ATΦTϕ(xi) = ATki. (3)

In class-specific discriminant subspace learning [20], the
objective is to determine data representations yi ∈ Rd in a
feature space where the client class is as compact as possible,
while the impostor class is spread far away as much as possible
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from the client class. This can be mathematically expressed as
a maximization problem optimizing the following criterion:

J (W) =
DI

DC
, (4)

where DI is the distance of the impostor vectors from the
client class mean vector m = 1

C

∑
i,li=1 yi and DC is the

distance of the client vectors from m. Using (1) and expressing
the client mean vector as m = WTmϕ, where mϕ ∈ R|F| is
the client class mean expressed in F , we have:

DI =
∑

i,li=−1

∥WTϕ(xi)−WTmϕ∥22, (5)

DC =
∑
i,li=1

∥WTϕ(xi)−WTmϕ∥22. (6)

For the calculation of W, J (W) in (4) is expressed as:

J (W) =
Tr

(
WTSIW

)
Tr (WTSCW)

, (7)

where Tr(·) is the trace operator. SI ∈ R|F|×|F| and SC ∈
R|F|×|F| are the out-of-class and in-class scatter matrices in
F :

SI =
∑

i,li=−1

(ϕ(xi)−mϕ) (ϕ(xi)−mϕ)
T (8)

and
SC =

∑
i,li=1

(ϕ(xi)−mϕ) (ϕ(xi)−mϕ)
T
. (9)

By substituting (2) in (8) and (9), (7) can be expressed as a
function of A as follows:

J (A) =
Tr

(
ATMIA

)
Tr (ATMCA)

, (10)

where MI ∈ RN×N and MC ∈ RN×N are given by:

MI = KIK
T
I − 1

C
KI1I1

T
I K

T
C

− 1

C
KC1C1

T
I K

T
I +

1

C2
KC1C1

T
CK

T
C (11)

and
MC = KC

(
I− 1

C
1C1

T
C

)
KT

C , (12)

where 1I ∈ RI and 1C ∈ RC are vectors of ones. KI ∈ RN×I

and KC ∈ RN×C are matrices formed by the columns of
K corresponding to the impostor and client data, respectively
[23]. The solution of (10) is given by applying eigenanalysis to
the matrix M = M−1

C MI [33]. Since the rank of M is at most
C−1, the dimensionality of the learnt space d is restricted by
the number of samples forming the positive class (or by the
dimensionality of the input space D), i.e. d ≤ min(C−1, D).

A Spectral Regression-based solution of (7) has been re-
cently proposed in [22], [23]. Let us denote by w an eigen-
vector of the problem SIw = λSCw with eigenvalue λ. w can
be expressed as a linear combination of the training data in F ,
i.e., w = Φa. By setting Ka = t, this eigenanalysis problem
can be transformed to the following equivalent problem PIt =
λPCt, where PI = eIe

T
I − 1

C eIe
T
C − 1

C eCe
T
I + 1

C2 eCe
T
C and

PC = (1 − 2
C + 1

C2 )eCe
T
C . eC ∈ RN is a vector having

elements eC,i = 1 if li = 1 and eC,i = 0 if li = −1. eI ∈ RN

is a vector having elements eI,i = 1 if li = −1 and eI,i = 0
if li = 1.

The solution PIt = λPCt is obtained by applying eigen-
analysis to the matrix P = P−1

I PC . Since PI is singular, the
following regularized eigenanalysis problem is solved:

(PI + rI)t = λPCt (13)

and eigenanalysis is applied to the regularized matrix P̃ =
(PI + rI)−1PC , where r is a small positive value1, is solved.

In CS-KSR, A is obtained by applying the following two-
step process:

• Solution of the eigenproblem (13). This process leads to
the determination of a matrix T = [t1, . . . , td], where
tk is the eigenvector corresponding to the k-th largest
eigenvalue.

• Calculation of the matrix A = [a1, . . . ,ad], where
Kak = tk. In the case where K is non-singular, the
vectors ak are given by ak = K−1tk. Otherwise, ak
can be calculated by solving the following set of linear
equations:

(K+ δI)ak = tk, (14)

where δ ≥ 0 is a regularization parameter. Thus, ak is
given by ak = (K+ δI)−1tk.

IV. PROPOSED APPROXIMATE CLASS-SPECIFIC KERNEL
SPECTRAL REGRESSION METHOD

In this Section, we provide our analysis and describe the
proposed Approximate Class-Specific Kernel Spectral Regres-
sion (ACS-KSR) method. We start by providing an analysis
of the eigenanalysis problem (13) in the following subsection.
We show that an equivalent solution can be given by applying
a much faster process. This has been shown in [22] for the
case where the positive class is formed by only one sample,
thus leading to a feature space of one dimension. We extend
the analysis in [22] for the general case.

A. Eigenanalysis step

Here we show that by exploiting the structure of matrices
PI and PC , the solution of the eigenproblem (13) can be
obtained by applying a much faster process. Based on the
definition of matrices PI and PC we can observe that they
are block matrices having the following form:

PC =

[
(1− 2

C + 1
C2 )1C1

T
C 0

0 0

]
(15)

and

PI + rI =

[
1
C21C1

T
C + rI − 1

C1C1
T
I

− 1
C1I1

T
C 1I1

T
I + rI

]
. (16)

1r is a regularization parameter usually taking values equal to 0.01 or
0.001.
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Let us define the following matrices:

P11
C = (1− 2

C
+

1

C2
)1C1

T
C (17)

P11
I =

1

C2
1C1

T
C + rI (18)

P12
I = − 1

C
1C1

T
I (19)

P21
I = − 1

C
1I1

T
C (20)

P22
I = 1I1

T
I + rI. (21)

Using (18)-(21), the following matrices can be defined:

C1 = P11
I −P12

I (P22
I )−1P21

I (22)
C2 = P22

I −P21
I (P11

I )−1P12
I (23)

Then, we have:

(PI + rI)−1 =

[
C−1

1 −(P11
I )−1P12

I C−1
2

−C−1
2 P21

I (P11
I )−1 C−1

2

]
(24)

and

P̃ =

[
C−1

1 P11
C 0

−C−1
2 P21

I (P11
I )−1P11

C 0

]
=

[
P̃1 0

P̃2 0

]
. (25)

P̃ is a block matrix and each of its non-zero blocks is a
constant matrix, i.e. P̃1 = p11C1

T
C and P̃2 = p21I1

T
C . Such

a matrix has a dominant eigenvector (corresponding to the
largest eigenvalue) of the form t1 = [t1,C1

T
C , t1,I1

T
I ]

T , where
t1,C and t1,I are scalars satisfying Ct21,C + It21,I = 1 [34].
The remaining eigenvectors can be determined by applying
an orthogonalization technique, e.g. the GramSchmidt process.
Here we should note that the case where t1,C = t1,I = 1/

√
N

(i.e. the vector 1√
N
1N ) also corresponds to an eigenvector of

P̃, but it is useless since it maps all the training data to the
same point. Therefore, we pick the vector 1

N 1N as our first
eigenvector, we use an orthogonalization technique in order
to define the remaining eigenvectors and then we remove it.
This process is algorithmically illustrated in Pseudocode 1.
As can be seen, this process employs only the training labels
li, i = 1, . . . , N and, thus, it is independent of the training
data.

Pseudocode 1: Calculation of T
1: procedure T = TARGETS CALCULATION(l, d)
2:
3: N = length(l);
4: T = rand(2, d+ 1); Z = zeros(N, d+ 1);
5: f1 = find(l == 1); f2 = find(l == −1);
6: Z(f1, :) = repmat(T (1, :), length(f1), 1);
7: Z(f2, :) = repmat(T (2, :), length(f2), 1);
8: Z(:, 1) = ones(N, 1)/

√
N ;

9: Q = qr(Z); Q(:, 1) = []; T = QT

After the determination of the target vectors tk, k = 1, . . . , d
stored in matrix T, we proceed with the kernel regression step
of CS-KSR. Here we should note that the above process can be
directly used within the CS-KSR method in order to accelerate
its operation. In the following, we employ three approximate

kernel regression schemes in order to further speedup the
learning process. The adoption of such approximate kernel
regression schemes leads to an important reduction on memory
requirements, which allows us to apply the proposed ACS-
KSR method in large-scale verification problems.

B. Kernel Regression step

In order to determine the projection vectors A =
[a1, . . . ,ad], CS-KSR solves the following kernel regression
problem:

W∗ = argmin ∥WTΦ−T∥22 (26)

and the projection vectors in A are obtained by expressing W
as a linear combination of the training data representations in
the kernel space, i.e. W = ΦA. In order to accelerate the
kernel regression step, we follow a different approach. That
is, we solve the kernel regression problem in (26) and express
matrix W as a linear combination of a set of R (R < N )
reference vectors Ψ ∈ R|F|×R, i.e. W = ΨA. Then, (26)
can be expressed as a function of A as follows:

A∗ = argmin ∥ATΨTΦ−T∥22
= argmin ∥AT K̃−T∥22, (27)

where we replaced ΨTΦ with K̃. K̃ ∈ RR×N is a reduced
kernel expressing the training data representations in a kernel
space defined on the reference data Ψ. A similar approach has
been previously used to approximate kernel SVM and ELM
solutions [32], [35]. It is worth noting here that by using the
training data representations in F as reference vectors (i.e. by
setting Ψ = Φ) the two problems (26) and (27) are equivalent.

By determining the saddle point of (27) with respect to A,
we obtain:

A =
(
K̃K̃T

)−1

K̃TT . (28)

Here we can observe that matrix K̃K̃T is always non-singular
and, thus, regularization is not required (as opposite to (14)).

To determine the reference vectors Ψ we employ the
following three choices:

• Random kernel: the reduced kernel space can be deter-
mined by randomly selecting R training vectors xi. That
is, the matrix K̃ will be a sub-matrix of the original kernel
matrix K, where only those R rows corresponding to the
selected training vectors are kept. This approach corre-
sponds to the use of a randomized kernel space, which has
been proposed for reducing the complexity of the kernel
SVM classifier [32]. In Appendix A, we analytically show
that this choice has the effect of regularization in the
solution of the standard kernel regression model. In the
following, we refer to this variant of the proposed method
by using the suffix (rtds) standing for random training
data selection.

• Class-specific kernel: the reduced kernel space can be
determined by selecting the R = C training vectors
belonging to the client class. That is, the matrix K̃
will be the sub-matrix of the original kernel matrix K,
where only those C rows corresponding to the client
training vectors are kept. This approach corresponds to
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TABLE I: Time and memory complexities of CS-KSR and ACS-KSR methods.

Dataset Time Memory
CS-KSR O( 406 N3 + (D + d)N2) 4N2 + dN +DN
ACS-KSR O((C2 + (d+D)R)N +R3 + dR2 − 1

3C
3) (d+R)N +DN

ACS-KSR (pv) O((C2 + (d+D + kD)R)N +R3 + dR2 − 1
3C

3) (d+R)N + (N +R)D

the use of class-specific kernel space, which has been
proposed in our previous work [30]. In Appendix B, we
analytically show that this approach is closely connected
to the Nyström-based kernel matrix approximation when
the approximation reference data are the client vectors.
In the following, we refer to this variant of the proposed
method by using the suffix (csks) standing for class-
specific kernel space.

• Prototype-based kernel: the reduced kernel space can
be determined by using as reference vectors prototype
vectors, obtained by e.g. applying K-Means clustering
(with R centroids) on the training vectors xi. Let us
define as pi ∈ RD, i = 1, . . . , R the prototype vectors.
Then, matrix K̃ will have values [K̃]ij = κ(pi,xj). This
approach has also been used in SVM-based classification
[31] where it was shown to achieve good performance.
In the following, we refer to this variant of the proposed
method by using the suffix (pv) standing for prototype
vectors.

C. The ACS-KSR method

Combining the processing steps described in subsections
IV-A and IV-B, the proposed method is obtained. ACS-KSR
is algorithmically illustrated in Pseudocode 2.

Pseudocode 2: The proposed ACS-KSR

1: procedure A = ACSKSR(K̃, l, d)
2:
3: % Calculate the target vectors
4: T = targets calculation (l, d);
5:
6: % Calculate A
7: [R, p] = chol(K̃K̃T );
8: A = R \ (RT \ K̃) ∗TT ;

D. Time and Memory complexity

Here we compare the time and memory complexities of the
proposed ACS-KSR method with those of the standard CS-
KSR technique [22], [23]. The time complexity of CS-KSR is
as follows [36]:

• Kernel matrix calculation having a time complexity of
O(DN2).

• Calculation of the matrix P = P−1
I PC having time

complexity of O(2N3).
• Eigenanalysis of P having a time complexity of O( 92N

3).
• Calculation of A through (14), which has a time com-

plexity of O( 16N
3 + dN2).

Thus, the time complexity of CS-CSR is equal to O( 406 N3 +
(D + d)N2).

The time complexity of ACS-KSR is as follows:
• Calculation of T having a time complexity of O(C2N −

1
3C

3).
• Calculation of K̃ having a time complexity of O(DRN).
• Calculation of A through (28) having a time complexity

of O(R3 + dRN + dR2).
Thus, the time complexity of ACS-KSR is equal to O((C2 +
(d + D)R)N + R3 + dR2 − 1

3C
3). In the case where the

reference vectors are determined by applying K-Means, an
additional complexity of the order of O(kRND) is required
for clustering the training vectors. As has been shown in [37],
[31] a small number of K-Means iterations, e.g. k = 5,
is sufficient for the determination of a reasonably good set
of prototype vectors and, thus, this term does not contribute
significantly to the time complexity of this processing step.
In all our experiments, we used the same value (k = 5) for
prototype vector determination.

Comparing the time complexities of the two methods, we
can see that the one of CS-KSR is a cubic function of the
training data size N . On the other hand, the time complexity of
ACS-KSR is a linear function of N , while it is a cubic function
of the reference data size R and the number of client samples
C. This means that, using a relatively small value for R, the
time complexity of ACS-KSR can be much lower than the
time complexity of CS-KSR. In the case where the number of
client samples is high, an additional important computational
complexity is added, however, in most verification problems
we expect that the number of client samples is much lower
than the number of training samples.

In terms of memory, CS-KSR requires the storage of four
N × N matrices and one N × d matrix, while ACS-KSR
requires the storage of one R × N matrix and one N × d
matrix. In the case where the reference vectors are determined
by applying K-Means a matrix of R ×D dimensions is also
required. All methods require the storage of the training data
in a D × N matrix. The time and memory complexities of
CS-KSR and ACS-KSR are summarized in Table I. Thus, the
memory complexity of CS-KSR is a quadratic function of the
training data size N , while the one of ACS-KSR scales linearly
with respect to N .

V. EXPERIMENTS

In this section, we present experiments conducted in order
to evaluate the performance of the proposed ACS-KSR method
in face verification problems. We have employed three facial
image datasets to this end, namely the AR [38], a combination
of the Public Figures Face and Labeled Face in the Wild
(PubFig+LFW) [39], and the YouTube Faces [40] datasets.
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A description of the datasets is provided in subsection V-A.
Information related to the cardinality of the datasets, training-
test partitions and data dimensionality is provided in Table II.
Experimental results are given in subsection V-B. In all our
experiments, we have employed the RBF kernel function:

K(xi,xj) = exp
(
− ∥xi − xj∥22

2σ2

)
, (29)

where the value of the Gaussian scale σ is set equal to
the mean Euclidean distance between the training vectors
xi, which corresponds to the natural scaling value of each
dataset. All experiments have been conducted on a 24-core,
2.5GHz workstation with 96GB RAM, using single floating
point precision and a MATLAB implementation.

A. Datasets description

The AR dataset [38] consists of over 4000 facial images
depicting 70 male and 56 female faces. In our experiments we
have used the preprocessed (cropped) facial images provided
by the database, depicting 100 persons (50 males and 50
females) having a frontal facial pose, exhibiting several facial
expressions (e.g. anger, smiling and screaming), in different
illumination source directions (left and/or right) and with
some occlusions (e.g. sun glasses and scarf). Each person was
recorded in two sessions, separated by two weeks. Sample
images of the dataset are illustrated in Figure 1.

Fig. 1: Facial images depicting a person from the AR dataset.

The PubFig+LFW dataset [39] has been created by combin-
ing the Public Figures (PubFig) [41] and the Labeled Faces in
the Wild (LFW) [42] datasets, in order to mimic a web-scale
face recognition scenario of finding specific celebrities while
ignoring all other faces. Five dataset partitions depicting 200
persons of PubFig with a random 75%/25% train/test split
are provided. All faces of the LFW dataset (except from the
facial images depicting the 138 overlapping person ID classes)
were added as distractors, thus, converting the closed-universe
face recognition problem of the PubFig dataset to an open-
universe one. Sample facial images from PubFig+LFW dataset
are illustrated in Figure 2.

The Youtube Faces dataset [40] consists of 621126 facial
images depicting 1595 persons. All images have been down-
loaded from YouTube. In our experiments we have employed
the facial images depicting persons in at least 500 images,
resulting to a dataset of 370319 images and 340 classes.
Sample images from these datasets are illustrated in Figure
3.

B. Results

In our first experiment, we have applied the proposed ACS-
KSR method on the facial images of AR dataset. Since there
is no commonly used experimental protocol of this dataset for
face verification, we randomly split each ID class into two sets

Fig. 2: Facial images depicting persons from the PubFig+LFW
dataset.

Fig. 3: Facial images depicting persons from the YouTube
dataset.

(70% for training and 30% for testing) and we form a training
set and a test set of 1820 and 780 samples, respectively. Using
training samples, we determine 100 discriminant subspaces
(each for a person in the dataset). Subsequently, we map
the test samples in all discriminant subspaces and calculate
the equal error rate (ERR) metric for each face verification
problem. In order to calculate the ERR metric for each face
verification problem, we map test samples to the corresponding
discriminant subspace and we measure its similarity to the
mean client vector determined using the client vectors as
si = ∥yi−m∥−1

2 . The similarity values of all test samples are
sorted in a descending order, and the ERR metric is calculated.
We measure the performance of the method by calculating the
mean ERR over all face verification problems. In order to
eliminate randomness related to the training-test partition, we
apply the above-described process five times and report the
mean performance and the corresponding standard deviation.
In order to obtain facial image representations, we re-scaled
the original facial images to 40× 30-pixel images, which are
subsequently vectorized in order to obtain 1200-dimensional
facial vectors.

In our first experiment, we have tested the performance of
the proposed method for discriminant space dimensionalities
equal to d = {1, 2, 3, 4, 5, 10} and reference vector set
cardinalities R = {50, 100, 250, 500, 1000, N}. In Table III
we provide the performance obtained by using a reference
vector cardinality equal to R = N . In this Table, we also
provide the performance of Support Vector Machine (SVM),
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TABLE II: Facial image datasets information.

Dataset Dimensionality (D) # of classes (C) # of data # of training data (N ) # of test data
AR 1200 100 2600 1820 780
PubFig+LFW 1536 200 47189 35469 11720
YTFaces 1770 340 370319 259223 111096

Least Mean Squares regression (LMS), Linear Discriminant
Analysis (LDA), Class-Specific LDA (CS-LDA), Kernel Dis-
criminant Analysis (KDA), Kernel Spectral Regression (KSR),
Class-Specific KDA (CS-KDA) and Class-Specific KSR (CS-
KSR). As can be seen, the proposed method is both efficient
and effective. When compared to the CS-KSR solution, ACS-
KSR requires lower training time. Since the regression step
of both methods is the same, the difference in time lies
in the eigenanalysis step (as detailed in Section IV-A). A
comparison of all class-specific approaches with respect to the
discriminant space dimensionality d is illustrated in Figure 4.
As can be seen, all methods achieve their best performance
for a discriminant space dimensionality d > 1. In addition,
it can be seen that the proposed method provides similar
performance for d ≥ 4. The performance of the proposed
method for various reference vector set cardinalities R is
illustrated in Figures 5 and 6 for the ACS-KSR (rtds) and
ACS-KSR (pv) variants, respectively. The performance of both
variants converges for values R ≥ 500.

TABLE III: Performance (mean ERR %) and training time per
class (seconds) on AR dataset.

Method Performance Training Time
SVM 0.76±0.01 0.2±0.01
LMS 2.98±1.27 0.11±0.01
LDA 3.32±0.66 (d=1) 0.57±0.01
CS-LDA 8.47±0.76 (d=10) 1.52±0.04
KDA 1.86±0.75 (d=1) 1.04±0.01
KSR 2.71±0.65 (d=1) 0.69±0.01
CS-KDA 1.34±0.42 (d=2) 1.06±0.05
CS-KSR 0.79±0.12 (d=10) 0.97±0.02
ACS-KSR 0.79±0.12 (d=10) 0.2±0.02

Given that all three variants of the proposed ACS-KSR
method exploit the same target vectors (obtained by applying
the process described in subsection IV-A), we expect that
differences that may occur by applying them on the same
data will be due to the different approximate solutions of
the kernel regression step, as described in subsection IV-B.
The use of class-specific kernel space for approximate kernel
regression, leads to an error rate equal to 27.26±1.16, which is
higher when compared to random data selection and prototype-
based kernel choices. This can be explained by the fact that
the number of reference vectors in this case is much smaller
(approximately 1% of the size of the problem). Another reason
might be related to our analysis in Appendix B, stating that
the exploitation of class-specific kernels is directly connected
to the Nyström-based kernel matrix approximation, where the
reference vectors of the approximation are the client class
vectors. This choice might lead to insufficient kernel matrix
approximation, especially in face verification problems, where
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Fig. 4: Performance of class-specific approaches for different
values of d (R = N ).
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Fig. 5: Performance of ACS-KSR (rtds) for different reference
vector set cardinalities (R).

the client class is expected to be unimodal. Random data
selection and prototype vector-based approximate solutions
lead to a better performance, since, on the one hand, random
data selection has the effect of regularization (Appendix A)
while, on the other hand, by using prototype vectors for
kernel space definition, we expect that our input space will
be sufficiently sampled [31]. Obviously, when an exact kernel
regression solution is calculated, the latter two variants of the
proposed method provide the same performance.

In our second experiment, we applied the proposed method
on the PubFig+LFW dataset, where we used the standard
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TABLE IV: Performance (mean ERR %) on PubFig+LFW dataset for approximate solutions of the proposed method using
different number of reference vectors.

Method R=500 R=1000 R=1500 R=2000 R=2500
ACS-KSR (rtds) 14.36±0.14 (d=5) 12.48±0.36 (d=5) 16.39±0.8 (d=5) 11.14±0.66 (d=5) 15.43±1.47 (d=5)
ACS-KSR (pv) 14.69±0.16 (d=5) 15.47±0.53 (d=5) 17.08±0.58 (d=5) 13.65±0.26 (d=5) 11.49±0.82 (d=5)

TABLE V: Training time per class (seconds) on PubFig+LFW dataset for approximate solutions of the proposed method using
different number of reference vectors.

Method R=500 R=1000 R=1500 R=2000 R=2500
ACS-KSR (rtds) 14.51±0.11 17.53±0.95 20.28±0.09 26.13±0.11 32.76±0.21
ACS-KSR (pv) 15.15±0.15 17.76±0.93 20.67±0.25 26.52±0.13 33.46±0.15
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Fig. 6: Performance of ACS-KSR (pv) for different reference
vector set cardinalities (R).

training/test partitions provided by the database. Facial im-
ages are represented using the 1536-dimensional vectors xi

obtained by applying the representation scheme suggested
in [39]. Since the application of the standard kernel ap-
proach for this dataset is very slow, we provide results of
the approximate versions of the proposed method. We have
tested the variants of the proposed ACS-KSR method that
employ random training vectors and prototype vectors as refer-
ence vectors using different reference vector size cardinalities
R = {500, 1000, 1500, 2000, 2500} and target dimensions
d = {1, 5, 10}. We omit reporting the performance of the
ACS-KSR variant exploiting a class-specific kernel definition,
since it’s performance was inferior to that of the other two
variants. The results are provided in Table IV, while the mean
training time required to train each class-specific model is
provided in Table V.

Here we should note that, in order to speedup the training
process, we have employed the same reference vector set
for all the discriminant models calculated for the various
client classes. That is, on each experiment, we have randomly
selected a set of reference vectors for the variant of the
proposed ACS-KSR method using the random training data
selection approach and we used this set for calculating the

TABLE VI: Performance (mean ERR %) and training time per
class (seconds) on PubFig+LFW dataset for various nonlinear
classification methods.

Method Performance Training time
SVM 7.86±0.43 26.31±0.52
LMS 17.48±0.15 9.24±0.11
LDA 15.61±0.27 24.21±0.79
CS-LDA 14.69±0.34 37.58±0.85
ELM 25.81±0.91 (R=2500) 33.71±0.64
RKSVM 18.95±0.46 (R=2500) 28.96±0.52
AKELM 17.21±0.98 (R=2000) 18.84±0.94
RFR 20.62±0.84 (R=2500) 13.08±0.72
ACS-KSR (rtds) 11.14±0.66 (R=2000) 26.13±0.11
ACS-KSR (pv) 11.49±0.82 (R=2500) 33.46±0.15

kernel matrix K̃ for the calculation of all the discriminant
projections through (28). In a similar manner, we applied
K-Means only once for the variant of the proposed ACS-
KSR method using prototype vectors. In this way, the training
process can be accelerated, since the reference vectors and

matrix
(
K̃K̃T

)−1

K̃ used for the calculation of matrix A

in (28) are calculated only once. Thus, after determining the
discriminant space of the first face verification problem, for
the determination of the discriminant subspace for all other
verification problems, we need to apply the process described
in subsection IV-A for the calculation of matrix T and a matrix
multiplication.

In order to evaluate the performance of the proposed
methods, we have applied the following four approximate
classification schemes on the PubFig+LFW dataset using the
same dataset partitions: Extreme Learning Machine (ELM)
[43], Reduced Kernel Support Vector Machine (RKSVM) [32],
Approximate Kernel Extreme Learning Machine (AKELM)
[35], Random Feature Regression (RFR) [44] using the same
feature space dimensionality or reference vector set cardinality,
i.e. R = {500, 1000, 1500, 2000, 2500}. In addition, we have
tested the performance of SVM, LMS, LDA and CS-LDA.
In Table VI, we provide the best performance achieved by
each method, along with the corresponding training time. For
all algorithms we have applied the same process described
above in order to speedup the training of multiple verification
problems. As can be seen, the proposed ACS-KSR method
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TABLE VII: Performance (mean ERR %) and training time
per class (seconds) on PubFig+LFW dataset for various non-
linear discriminant analysis approaches. Methods trained on a
random subset of the training data are followed by an asterisk.

Method Performance Training time
KDA∗ 27.15±0.45 (d=1) 54.18±3.88
KSR∗ 23.5±0.58 (d=1) 4.81±0.33
CS-KDA∗ 23.48±0.42 (d=1) 95.71±1.91
CS-KSR∗ 23.36±0.47 (d=5) 28.13±0.47
ACS-KSR (rtds) 11.14±0.66 (d=10) 26.13±0.11
ACS-KSR (pv) 11.49±0.82 (d=10) 33.46±0.15

TABLE X: Performance (mean ERR %) and training time per
class (seconds) on Youtube Faces dataset for various nonlinear
classification methods.

Method Performance Training time
SVM 1.68±0.09 23.99±0.67
LMS 21.9±1.34 8.65±0.27
LDA 28.27±0.66 75.71±2.07
CS-LDA 23.62±0.77 73.49±1.38
ELM 17.08±0.57 (R=1500) 95.79±2.91
RKSVM 15.44±0.55 (R=1500) 97.59±3.13
AKELM 12.02±0.57 (R=500) 13.87±2.19
RFR 27.67±0.48 (R=2000) 114.41±0.61
ACS-KSR (rtds) 2.8±0.15 (R=2500) 47.02±7.83
ACS-KSR (pv) 2.26±0.11 (R=2500) 47.48±7.32

outperforms all the discriminant analysis-based methods, while
requiring the same training time. Here we should note that,
since approximate solutions are adopted for the kernel meth-
ods, linear methods become competitive, as they are able to
efficiently make use of the entire training set. SVM provides
the best performance, while the performance of discriminant
analysis-based methods is still inferior to the performance
provided by the proposed approximate kernel solutions.

Moreover, we compare the proposed approximate discrim-
inant learning approach with that of applying the original
methods on a subset of the training data. To this end, we
have trained the original KDA, KSR, CS-KDA and CS-KSR
methods on reduced training sets formed by 5000 (randomly
selected) training vectors and measured their performance
on the same test sets used to evaluate the performance of
the proposed method. Performance of each method and the
corresponding training times are provided in Table VII. The
proposed approximate class-specific discriminant learning ap-
proach compares favorably to the other approaches, while it
requires similar training time.

Finally, we have applied the proposed method on the
Youtube Faces dataset. We have employed the facial image
representation suggested in [40]. Specifically, the bounding
box of the face detector output has been expanded by 2.2 of its
original size and cropped from the video frame. The expanded
bounding box is resized to an image of 200 × 200 pixels.
The centered 100× 100 pixels are subsequently used in order
to obtain the facial image, which is converted to grayscale.
Facial images are then aligned by fixing the coordinates of

automatically detected facial feature points [45] and the Local
Binary Patter (LBP) description [46] is employed, leading to
a facial image representation xi of D = 1770 dimensions.

Here we should note that, in YouTube Faces dataset, recent
works have employed a pair-wise verification experimental
protocol [40], [47], [48]. Such methods build a verification
model by using image pairs followed by a label denoting
whether the to images depict the same person. Our method
tackles the verification problem described in section II and
builds a model for a client using a set of images (with negative
and positive training images). Since there is no widely adopted
experimental protocol on the YouTube Faces dataset for the
face verification problem tackled in this paper, we randomly
split each ID class in two sets (70% for training and 30%
for testing) and we form a training set and a test set of
259, 223 and 111, 096 samples, respectively. Using training
samples, we determine 340 discriminant subspaces (each for
a person in the dataset). Subsequently, we map the test samples
in all discriminant subspaces and calculate the equal error
rate (ERR) metric for each face verification problem. We
measure the performance of the method by calculating the
mean ERR over all face verification problems. In order to
eliminate randomness related to the training-test partition, we
apply the above-described process five times and report the
mean performance and the corresponding standard deviation.

We have tested the variants of the proposed ACS-KSR
method that employ random training vectors and prototype
vectors as reference vectors using different reference vector
size cardinalities R = {500, 1000, 1500, 2000, 2500} and
target dimensions d = {1, 5, 10, 25}. In order to speedup the
overall training process in the experiments on the YouTube
Faces data set, the prototype vectors used in the ACS-KSR
(pv) variant of the proposed method have been determined by
clustering a set of 5·104 randomly sampled training vectors. In
addition, we have applied the same process described above in
order to speedup the training of multiple verification problems.
The performance achieved by the proposed method is provided
in Table VIII. The corresponding (per class) training times are
provided in Table IX. In addition, we compare the performance
of the proposed method with that of SVM, LMS, LDA, CS-
LDA, ELM, RKSVM, AKELM and RFR. other linear and
nonlinear methods in Table X. Similar to the PubFig+LFW
case, the proposed method provides good performance, while
requiring similar training time with that of the competing
classifiers.

VI. CONCLUSIONS

In this paper we described a novel approximate method
for class-specific nonlinear discriminant analysis. We built
on the kernel Spectral Regression approach, where by using
class-specific intra-class and out-of-class scatters definition,
we showed that the eigenanalysis problem solved for finding
class-specific target vectors for regression can be obtained
by applying a fast vector orthogonalization process. In order
to speedup the kernel regression processing step, we have
employed approximate kernel space definitions. We showed
that the use of randomized and class-specific kernels has
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TABLE VIII: Performance (mean ERR %) on Youtube Faces dataset for approximate solutions of the proposed method using
different number of reference vectors.

Method R=500 R=1000 R=1500 R=2000 R=2500
ACS-KSR (rtds) 15.99±0.01 (d=5) 14.88±0.84 (d=5) 10.35±0.69 (d=5) 6.88±0.55 (d=10) 2.8±0.15 (d=10)
ACS-KSR (pv) 9.69±1.13 (d=5) 15.60±1.06 (d=5) 10.58±1.32 (d=5) 5.96±0.66 (d=10) 2.26±0.11 (d=10)

TABLE IX: Training time per class (seconds) on Youtube Faces dataset for approximate solutions of the proposed method
using different number of reference vectors.

Method R=500 R=1000 R=1500 R=2000 R=2500
ACS-KSR (rtds) 14.23±2.22 19.71±3.12 24.27±4.12 34.61±2.14 47.02±7.83
ACS-KSR (pv) 13.97±2.89 19.28±2.04 24.25±4.13 36.31±2.46 47.48±7.32

the effect of regularization and the Nyström-based approxi-
mation, respectively. We evaluated the proposed approach in
face verification problems and we compared its performance
with related approaches. Extensive experiments indicate that
the proposed approach can achieve satisfactory performance,
while scaling well with the size of the data.

Interesting extensions of the proposed method include: a)
the exploitation of multiple kernel types in order to determine
kernel spaces which further increase class discrimination [49],
[50], b) gradient-based iterative optimization which can be
exploited for scaling the method to even bigger datasets, which
may not fit in memory. We will investigate these possibilities
in our future research.

APPENDIX A
EFFECT OF RANDOM KERNEL IN KERNEL REGRESSION

Here we give an analysis of the effect of using a (randomly
selected) subset of the training vectors in order to determine
the reduced kernel matrix K̃ for kernel regression (28). Let
us denote by b ∈ RN an indicator vector, having elements
equal to bi = 1, if the xi is selected as a reference sample
and bi = 0 if xi is not selected. That is, ∥b∥ = R. Let us
also denote by tk the target values corresponding to the k-th
eigenvector (i.e. the k-th column of T).

The mean training error of the reduced kernel regression
model can be expressed as follows:

L(W,b) = min
wk

1

N

C∑
k=1

∥Φwk − tk∥22

= min
ak

1

N

C∑
k=1

∥K(ak ◦ b)− tk∥22

= min
ak

1

N

C∑
k=1

[
(ak ◦ b)TKK(ak ◦ b)

− 2tkKK(ak ◦ b) + tTk tk

]
(30)

The expected value of the training error can be expressed as

follows:

E[L(W,b)] = E

[
min
ak

1

N

C∑
k=1

[
(ak ◦ b)TKK(ak ◦ b)

− 2tkKK(ak ◦ b) + tTk tk

]]

≤ min
ak

1

N
E

[
C∑

k=1

[
(ak ◦ b)TKK(ak ◦ b)

− 2tkKK(ak ◦ b) + tTk tk

]]

= min
ak

1

N

[
R

N
aTk

(
R

N
KK+ βD

)
ak

− 2R

N
tTkKak + tTk tk

]
= J b

k , (31)

where β = 1− R
N and D = diag(KK). Solving for ∇ak

J b
k =

0, we obtain:

ak =

(
R

N
KK+ βD

)−1

Ktk. (32)

Substituting (32) in (31), we obtain:

J b
k =

1

N

[
tTk tk − R

N
tTkK

(
R

N
KK− N −R

N
D

)−1

Ktk

]
.

(33)
Thus, by setting b = 1N the training error of kernel regression
is equal to:

J 1
k =

1

N
tTk tk − 1

N
tTkK(KK)−1Ktk. (34)

From (34) it can be seen that, in the case where K is invertible,
kernel regression achieves zero training error. For the training
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error bound of reduced kernel regression we have:

E[L(W,b)]− L(Wout,1) =
1

N
tTk tk

− R

N2
tTkK

(
R

N
KK+

N −R

N
D

)−1

Ktk

=
1

N
tTk tk − 1

N
tTkK

(
KK+

N −R

R
D

)−1

Ktk

= 1− 1

N
tTkKK

(
KK+

1− p

p
D

)−1

tk

≤ 1− 1

N
tTkKK

(
KK+

1− p

p
I

)−1

tk

= 1− 1

N
tTkUΛ

(
Λ+

1− p

p
I

)−1

UT tk, (35)

where we have set R = pN , Λ = diag(λ1, . . . , λN ) is
a diagonal matrix containing the eigenvalues of KK (and
thus Λ = diag(l21, . . . , l

2
N ), where li is the i-th eigenvalue

of K) and U ∈ RN×N is an orthogonal matrix containing
the corresponding eigenvectors. As can be seen in (35),
the training error bound of reduced kernel regression has a
regularization form. In the case where p = 1, the training error
bound is equal to zero. For any other value of 0 < p < 1, the
training error bound is a function of p and of the eigenvalues
λi, i = 1, . . . , N . This fact can be exploited in order to
determine appropriate numbers of reference vectors R, since
for a given problem, the eigenvalues of the eigenvalues li of
K are fixed.

To illustrate the result of (35), consider the special case
where KK has its eigenvalues equal to αR = αpN . In this
case, the error bound of reduced kernel regression is equal to:

E[L(W,b)]− L(W,1) ≤ 1− αp2N

αp2N − p+ 1
. (36)

Thus, for any value ϵ > 0, the minimum value of p satisfying
E[L(W,b)]− L(W,1) ≤ ϵ is given by:

p =
(ϵ− 1) +

√
(1− ϵ)2 + 4αN(1− ϵ)

2αN
. (37)

For example, for a training error bound ϵ = 0.001, when α =
10 and N = 100000, a value of p = 0.001 should be used.

APPENDIX B
RELATION BETWEEN CLASS-SPECIFIC KERNEL AND

NYSTRÖM-BASED KERNEL APPROXIMATION

Here we provide an analysis indicating the relation between
class-specific kernel and Nyström-based kernel approximation
for the case of class-specific nonlinear projections. In order to
do this, let us assume that the training data representations in
F are centered to the mean of the client class mϕ. Then, the
(centered) out-of-class and in-class scatter matrices are given
by:

S̃I =
∑

i,li=−1

ϕ(xi)ϕ(xi)
T = ΦIΦ

T
I (38)

and
S̃C =

∑
i,li=1

ϕ(xi)ϕ(xi)
T = ΦCΦ

T
C , (39)

where ΦI ∈ R|F|×I and ΦC ∈ R|F|×C are matrices con-
taining the centered data representations of the impostor and
client class in F , respectively.

Having defined these matrices, the following (equivalent to
J in (7)) criterion can be defined:

J̃ =
Tr

(
WT S̃IW

)
Tr

(
WT S̃CW

) + 1

=
Tr

(
WT S̃IW

)
Tr

(
WT S̃CW

) +
Tr

(
WT S̃CW

)
Tr

(
WT S̃CW

)
=

Tr
(
WT S̃TW

)
Tr

(
WT S̃CW

) , (40)

where S̃T expresses the scatter of all samples from the mean
vector of client class in the discriminant space and is given
by:

S̃T =

N∑
i=1

ϕ(xi)ϕ(xi)
T = ΦTΦ

T
T . (41)

The solution of (40) is given by solving the generalized
eigenanalysis problem S̃Cv = λS̃Tv, corresponding to eige-
nanalysis to the matrix S̃ = S̃−1

T S̃C . In order to handle
the singularity of S̃T , a regularized version is adopted, i.e.
S̃ = (S̃T + rI)−1S̃C .

When a class-specific kernel is used in order to approximate
the solution of (40), we express the projection matrix W as
a linear combination of the client samples representation the
kernel space, i.e. W = ΦCA. Thus, the solution of J̃ is given
by solving the ratio trace problem:

J̃2 =
(
ATΦc(ΦΦT + rI)ΦCA

)−1(
ATΦT

CΦCΦ
T
CΦCA

)
=

(
AT (K̃K̃T + rKC)A

)−1(
ATKCKCA

)
, (42)

where KC ∈ RC×C is the kernel matrix formed by the
centered client vectors.

The solution of (42) is given by solving the generalized
eigenanalysis problem:

KCKCa = λ(K̃K̃T + rKC)a (43)

and the columns of A are the eigenvectors corresponding
to the minimal eigenvalues of the matrix Z = (K̃K̃T +
rKC)

−1(KCKC). Analysing Z, its first term can be expressed
as follows:

(K̃K̃T+rKC)
−1 =

1

r
K−1

C − 1

r2
K−1

C K̃(I+
1

r
K̃TK−1

C K̃)−1K̃TK
−1
C .

(44)
By substituting (44) in (43) we obtain:

λa =
(1
r
K−1

C − 1

r2
K−1

C K̃(I+
1

r
K̃TK−1

C K̃)−1K̃TK−1
C

)
KCKCa ⇒

λa =

(
1

r
I− 1

r2
K−1

C K̃
(
I+

1

r
K̃TK−1

C K̃
)−1

K̃T

)
KCa. (45)
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Multiplying both sides of (45) with KC we get:

λKCa =
(1
r
KC − 1

r2
K̃(I+

1

r
K̃TK−1

C K̃)−1K̃T
)
KCa.

(46)
Substituting KCa = q in (46) we obtain:

λq =
(1
r
KC − 1

r2
K̃(I+

1

r
K̃TK−1

C K̃)−1K̃T
)
q ⇒

KCq =
λ

r
K̃(I+

1

r
K̃TKCK̃

T )−1K̃Tq ⇒
λ

r
q =

(
K̃(I+

1

r
K̃TK−1

C K̃)K̃T
)−1

Kcq ⇒
Bq = µq, (47)

where µ = λ
r and B =

(
K̃(I+ 1

r K̃
TK−1

C K̃)K̃T
)−1

Kc.
The matrix B has the same eigenvalues with the matrix:

B̃ =
(
K̃TK−1

C K̃
)−1(

I+
1

r
K̃TK−1

C K̃
)
= K−1

(
I+

1

r
K
)
,

(48)
where K ∈ RN×N is the Nyström-based approximation of the
original kernel matrix K using the client vectors as reference
data. In order to show this, let us define the matrices C =
K̃, F = K−1

C and G = (I + 1
r K̃

TK−1
C K̃)−1. Then B =

(PMT )−1, where M = FC and P = CG. The matrices P
and M are symmetrizable [51]. It hods:

(PMT )−1 = UΣUT (49)
(MTP)−1 = VΣVT , (50)

where K̃ = UΛVT . Thus, the relationship between eigenvec-
tors of B and B̃ can be given by:

K̃ = UΛVT ⇒ K̃V = UΛ ⇒ U = K̃VΛ−1. (51)

and

K̃ = UΛVT ⇒ UT K̃ = ΛVT ⇒ U = K̃TUΛ−1. (52)

After solving (47) we obtain the eigenvectors qk, k =
1, . . . , d. Then, we solve for ak = K−1

C qk, k = 1, . . . , d.
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