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Super-Resolution of Dynamic Scenes
using Sampling Rate Diversity
Faisal Salem and Andrew E. Yagle

Abstract—In earlier work [1], we proposed a super-resolution
(SR) method that required the availability of two low resolution
(LR) sequences corresponding to two different sampling rates,
where images from one sequence were used as a basis to represent
the polyphase components (PPCs) of the high resolution (HR)
image, while the other LR sequence provided the reference
LR image (to be super-resolved). The (simple) algorithm implemented by [1] is only applicable when the scene is static. In
this work, we recast our approach to SR as a two-stage examplebased algorithm to process ‘dynamic’ scenes. We employ feature
selection to create, from the LR frames, local LR dictionaries to
represent PPCs of HR patches. To enforce sparsity, we implement
Gaussian generative models as an efficient alternative to L1-norm
minimization. Estimation errors are further reduced using what
we refer to as the ‘anchors’, which are based on the relationship
between PPCs corresponding to different sampling rates. In the
second stage, we revert to simple single frame SR (applied to
each frame), using HR dictionaries extracted from the superresolved sequence of the previous stage. The second stage is thus
a reiteration of the sparsity coding scheme, using only one LR
sequence, and without involving PPCs. The ability of the modified
algorithm to super-resolve challenging LR sequences reintroduces
sampling rate diversity as a prerequisite of robust multiframe SR.
Index Terms—Feature selection, Gaussian generative model,
low-resolution dictionary, polyphase components, sampling rate
diversity, sparsity coding, spatiotemporal similarity, superresolution.

I. I NTRODUCTION
UPER-RESOLUTION (SR) methods can be classified
under two main categories: multiframe super-resolution
(MFSR) and single-frame super-resolution (SFSR). As the
name suggests, SFSR requires only a single LR image to
estimate its HR version. It has attracted much attention after
adopting the signal sparsity solution model (see for example,
[2]–[17]), where patches of the HR image are estimated by
finding their (sparse) representations in terms of a database of
multiple (external) example HR images.
MFSR methods estimate a high-resolution (HR) image (or
a set of HR images) from a diverse set of low-resolution (LR)
images. The nature of such LR diversity is what determines
the applicability of any given MFSR method.
The reconstruction-based MFSR techniques assume that
relative scene motion is what gives rise to LR image diversity.
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The most challenging aspect of these classical methods is the
necessity of accurate estimation of motion patterns (the optical
flow [18]). The majority of such methods restrictively assume
that the relative scene motion is translational [19], [20]. Some
researchers offer more generalizations by incorporating rotational, affine and projective motion [20]–[22] in their model.
Recently, Liu and Sun [23] proposed an adaptive motion
estimation solution, but it remains sensitive to non-smooth
motion and strong aliasing (aliasing is the main challenge in
motion estimation [22], [23], and it can be severe, even at
a relatively high sampling rate, if the underlying signal has
significant high frequency content).
To avoid the need for (explicit) motion estimation altogether,
the authors of the MFSR methods of [24], [25] implement
image self-similarity tools, where spatiotemporal similarity
between neighboring pixels is relied upon to estimate the
missing pixels.
With the basic assumption that the scene is static, in our
previous MFSR work [1], we proposed adding a secondary
(lower resolution) sensor, leading to sampling rate diversity,
which allowed the abandonement of the reconstruction-based
approach to SR by reformulating the SR problem as a signal
representation problem. This makes our previously proposed
SR setup applicable in certain complex imaging conditions,
where, for instance, the idea of harnessing detail from distortions can materialize in situations that require imaging through
the turbulent atmosphere. Put succinctly, the defining feature
of the method proposed in [1] is the interpretation of the LR
diversity as a LR basis to represent the polyphase components
(PPCs)1 of the HR image, which is an idea that can be
employed with the help of a secondary sensor.
A general sequence of LR images, however, need not
correspond to a static scene. In particular, a video of a dynamic
scene, where objects in the scene evolve and change with time,
cannot be handled by our previous simple algorithm. Our goal
in this paper is to extend the ability of sampling rate diversity
to address dynamic video super-resolution (DVSR) by drawing
upon lessons learned from example-based solutions. In the
following, we elaborate on the characteristics of current work
in light of our previous MFSR work [1] and example-based
SFSR in general.
1 A PPC of an image is a shifted and decimated version of it. For a
decimation factor of I, an image can be decomposed into I 2 PPCs. The
first PPC is obtained by starting with the first pixel in the first row of the
image, and then decimating (vertically, and horizontally) by I. Decimating,
starting with the second pixel in the first row, we get the second PPC, and so
forth.
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1) Our previous work: The first major contribution of [1]
was to establish the fact that when the target scene is ‘static’,
and multiple LR versions of it are available due to ‘linear’
transforms (e.g. random vibrations), then a ‘few’ such LR
frames can form a basis that spans the (unknown) PPCs of the
HR image of the scene. Specifically, we established that the
dimensionality of said basis (number of required LR frames)
is completely independent of the dimensionality of the PPCs
it seeks to represent. The second contribution was the introduction of the sampling rate diversity idea to implement the
relationships governing PPCs, corresponding to two different
decimation factors, into providing ‘partial measurements’ of
the (unknown) PPCs to be represented by said basis. The
small dimensionality of the basis (irrespective of the size of the
PPCs) enabled us to solve a highly overdetermined problem
to seek the representations of the PPCs.
2) Current challenge: When the scene is dynamic, the
first contribution of [1] does not apply. Specifically, if we
use a basis consisting of a few LR frames (of a dynamic
scene) and apply the simple solution of [1], a super-resolved
frame (obtained by interlacing its estimated PPCs) would
not be different from simple image interpolation. The reason
for this failure of [1] is that the few LR frames we use to
represent the (highly correlated) PPCs cannot represent the
discriminative details differentiating the PPCs from each other.
This is because the level of correlation between the set of LR
frames (of a dynamic scene) and the set of PPCs (of a HR
frame) would be lower than the high level of inter-correlation
among the PPCs themselves.
3) Stage I. Example-based MFSR: Thinking in terms of
example-based solutions, however, the LR frames can at least
be viewed as excellent example images of ‘a PPC’ of a
given frame. Therefore, we still use the idea of sampling rate
diversity from [1], but we apply the general tools of examplebased SR to address our unique challenge.
4) Patch-wise processing: Even in the context of examplebased solutions, however, a careful examination of the challenge would reveal that the high correlation between ‘any
two PPCs’ (of a given ‘frame’) makes the LR frames (of a
dynamic scene), compared to a complete set of PPCs (of a
frame), look more like outlier images, rather than excellent
example images. In other words, the LR frames would make
excellent example images to represent each PPC well enough
(individually), but since the ultimate goal is to interlace the
set of estimated PPCs to get the HR frame, the discriminative
features of the PPCs must also be well represented. Therefore,
instead of trying to estimate the PPCs of an entire frame at
once, we estimate the PPCs of patches of a frame. This would
reinstate the set of LR frames as a valuable ‘reservoir’ of
potentially excellent example LR image patches.
5) Spatiotemporally local dictionaries and feature selection: Because of our unique challenge, for each individual
patch we create its own dictionary to represent its PPCs, using
feature selection. Specifically, after first extracting patches
from the LR video within a certain spatiotemporal neighborhood of the current patch, the (already small) dimensionality of
the resulting dictionary must be further reduced while avoiding
dictionary training (feature extraction). In particular, a trained

2

dictionary is designed to efficiently represent the majority
of input atoms (patches), which would greatly diminish its
representative power if many input atoms were outliers (bad
example images) with respect to the signals we want to represent (the PPCs). For this reason, we adopt feature selection
for dimensionality reduction to produce very small, highly
sparsifying dictionaries. The small size of the dictionaries also
allows us to use Gaussian generative models (GGM) [26],
instead of L1-norm minimization, for a conveniently linear
sparsity coding solution.
6) Further regularization using the anchors: Instead of
estimating the representation of the each PPC, individually,
we jointly estimate them by enforcing the fact that PPCs are
all part of the same HR image (patch). To achieve this, we
introduce solution ‘anchors’, which are additional (unknown)
PPCs that correspond to a different decimation factor. The
details of this (outwardly counterintuitive) idea are discussed
in Section III-C.
7) Overlapping patches and joint post-processing: In
example-based solutions, overlapping patches are estimated to
reduce the blocking effect associated with patch-wise processing. We estimate overlapping patches of a given frame mainly
to obtain multiple estimates of it which we then jointly median
filter and deblur to reduce estimation errors.
8) Stage II. A SFSR-based iteration: In the first stage of
the solution, we work with PPCs to profit from the LR frames,
which provide example patches (for the PPCs of a HR patch).
However, due to PPC challenges (when the scene is dynamic),
the finest (low energy) details can be lost. In comparison, even
the simplest SFSR solution offers the advantage of seeking
the representation of a HR patch directly (without working
with PPCs). The disadvantage of a SFSR solution, however,
is its reliance on an external (generic) database of images to
create a representative dictionary. Therefore, if we provide the
excellent (compared to generic) example frames from stage I,
then we can benefit from the advantages of SFSR (in light of
the downside of PPCs) in an iteration of the solution (which
we call stage II), to salvage some of the lost fine details.
The rest of this paper is organized as follows. In Section II,
we briefly review the SR framework proposed in [1] as well
as highlight the crux of the sparsity coding experience as it
pertains to the solution presented in this paper. Details of the
first and second stages of the proposed DVSR algorithm are
presented in Section III and Section IV, respectively. Section
V contains the experimental results, and the paper is concluded
in Section VI.
II. R EVIEW OF R ELATED W ORK
A. MFSR using a Bi-Sensor Camera
Suppose we have a sensor with the smallest possible pixels,
each with pixel size Pv × Ph , but we need images with higher
resolution, by a factor of I, in both directions. According to
[1], if we build (another) secondary sensor with a different
(larger) pixel size of JI Pv × JI Ph , where J = I + 1, and use
a beam splitter to divert half of the light to it, while capturing
multiple images of a scene, then we can get super-resolved
images with I 2 more pixels than what was captured by the first
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Fig. 1.
An illustration of the property of sampling rate diversity: the
relationship between PPCs corresponding to different decimation factors
(I = 2 and J = I + 1 = 3). (a) HR image, u. The (gray) highlighted pixels
represent the SPPC shown in (b). (c) 1st PPPC (shared pixels are highlighted
in blue). d) 2nd PPPC (shared pixels are highlighted in red). (e) 3rd PPPC
(shared pixels are highlighted in yellow). (f) 4th PPPC (shared pixels are
highlighted in green).

(higher resolution) primary sensor. This framework for superresolution is, at its heart, based on the relationship between
PPCs of an image corresponding to different decimation
factors. The following is an illustration of this relationship,
which is referred to as the property of sampling rate diversity
[1].
Let u be an image of size 12 × 12, as shown in Fig. 1
(a). Let υ̃m∗ (Fig. 1 (b)) denote the image containing all
the highlighted pixels in Fig. 1 (a), which is the 5th PPC
corresponding to decimation factor, J = 3. Fig. 1 (c)–(f)
show the 4 PPCs corresponding to decimating u by I = 2.
Henceforth, we refer to a PPC corresponding to ↓ J as
a secondary PPC (SPPC), whereas, a primary PPC (PPPC)
corresponds to ↓ I, where J = I +1. Because I and J are two
consecutive integers, any SPPC shares with any PPPC, 1/I 2 J 2
of the original image pixels [1], which are the highlighted
pixels in Fig. 1 (c)–(f), in this example. In plain words, when
the HR image u is unknown to us, and all we have is only
one of its SPPCs, a reference SPPC (RSPPC), then we already
know a decimated version of each PPPC, which is a fact that
can be taken advantage of within a bi-sensor setup, as we

explain next.
The primary sensor is assigned the job of generating a
basis of LR images to represent the PPPCs of the HR image
that corresponds to the LR image captured by the secondary
sensor, whose job is to provide the decimated versions of
these PPPCs. Put differently, since both the primary and the
secondary sensors are ‘looking’ at the same scene, while
capturing multiple frames of it, then we can estimate multiple
HR frames using each image captured by the secondary sensor
as a RSPPC, to provide the decimated versions of the PPPCs
of each corresponding HR frame. These partial measurements
are used to find representations of each PPPC in terms of
the LR basis captured by the primary sensor. Ultimately,
therefore, we seek to super-resolve the secondary sequence of
LR images; the primary LR images are only there to provide
a representative basis. In [1], we explain that a very small
number of diverse primary LR images (in the order of I 2
images) can fully represent the PPPCs if the scene is static and
the LR image diversity is attributed to global (or even local)
LSI transformations. For example, using the proposed bisensor camera to shoot, in video mode, a static scene through
the turbulent atmosphere, would produce two videos from
which a super-resolved video of the atmospherically distorted
scene can be computed. In what follows, we briefly review
how each HR frame
√
√ is estimated.
Let uk ∈ RIJ P ×IJ P denote the kth HR frame
√ corre√
sponding to the kth secondary LR frame, ỹ k ∈ RI √P ×I √P ,
captured by the
sensor, and let υnk ∈ RJ P ×J P
√ secondary
√
I P ×I P
k
and υ̃m ∈ R
denote the nth PPPC and the mth SPPC
of the kth HR frame, respectively, then, owing to the property
of sampling rate diversity (illustrated in Fig. 1), for any
and
√ n√
k
m, there exists a decimated PPC (DPPC), υn,j
∈ R P× P ,
obtained by
υnk by J, that coincides with a DPPC,
√ decimating
√
k
P× P
k
υ̃m,i ∈ R
by I, for
, corresponding to decimating υ̃m
j = τ (m, n) and i = ρ (m, n), where τ (.) and ρ (.), are 1-1
mapping functions [1] identifying the DPPC common to the
nth PPPC and the mth SPPC, respectively. Therefore, if we
3
k
assign ỹ k the role of the RSPPC2 , υ̃m
∗ , we have
DjJ υ kn = υ kn,j = υ̃ km∗ ,i = DiI υ̃ km∗ = DiI ỹ k ,

(1)

for n = 1, · · · , I 2 , i = ρ (m∗ , n) and j = τ (m∗ , n), where
DjJ is the shifting and ↓ J decimating matrix that gives the
jth DPPC of the nth PPPC. Similarly, DiI is the shifting and
↓ I matrix that extracts the ith DPPC from the RSPPC.
Now, let Y be the matrix containing, as its columns, diverse
primary LR frames that satisfy the (restrictive) condition of
linearity [1], then Y can be used to represent the PPPCs, i.e.
υ kn = Y xkn for n = 1, · · · , I 2 ,

(2)

where xkn is the representation of υ kn in terms of Y . Combining
 k J2
the kth HR frame can be decomposed into J 2 SPPCs, υ̃m
,
m=1
there is a degree of freedom in choosing which SPPC would play the role
of the RSPPC. Choosing the middle SPPC, i.e. m = m∗ = dJ 2 /2e, as
reference generally gives favorable results [1].
3 In this paper, underlined symbols denote (column) vectors. Also, if
s is a two-dimensional (2D) signal, its vector form, s, is obtained by
lexicographically reordering the elements of s.
2 Since
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(1) and (2), we can obtain an estimate, x̂kn , by solving
min DjJ Y xkn − DiI ỹ k
xk
n

2
2

,

(3)

for n = 1, · · · , I 2 , i = ρ (m∗ , n) and j = τ (m∗ , n). An
estimate of the kth HR frame is then
 obtained by simply
interlacing estimates of its PPPCs, υ̂ kn = Y x̂kn (Fig. 2 is
an illustration of this simple solution procedure). Note that
because any image captured by a camera would be noisy and
blurred (at least because of camera blur), the kth HR frame,
uk , we set out to estimate, is the distorted (blurry and noisy)
version of the original (static) HR scene, u◦ (recall that in
our solution model, the reference image, ỹ k , is viewed as
a decimated version of uk ). Therefore, post-processing, that
includes sharpening, is a required step. Refer to [1] for details.
B. Sparsity Coding for SFSR
SFSR attempts to carry out the monumental task of estimating the original HR image, u◦ , from a single LR version of
it, y. This severely underdetermined problem calls for using a
priori known information on the HR image. One such image
prior is the sparsity of the HR image representation, x, in
terms of some dictionary (basis). To benefit from such a prior,
the original problem needs to be reformulated as a sparsity
coding problem (i.e. solving for x rather than solving for
u◦ directly). Also, for lower complexity, the HR image is

L
divided into smaller L patches, ul◦ l=1 , corresponding to L
 L
patches of the LR image, y l l=1 . The most straightforward
formulation of the sparsity coding problem [3], [6] thus
involves estimating a set of representations, xl , of ul◦
in terms of a (sparsifying) dictionary by solving
min DHcam Bxl − y l
xl

2
2

+ λ1 xl

1

for l = 1, · · · , L, (4)

where D is the decimation matrix, with decimation factor I,
Hcam represents the camera blur (due to optics and sensor
blur), λ1 is the sparsity regularization constant, and B is a
dictionary, derived from a (huge) database of example HR
image patches extracted from generic high quality images.
According to compressive sensing (CS) theory, if a signal is
sparse in some basis, and a few samples of it are acquired
via random projections, then they can be enough for accurate
recovery of the signal, in its entirety, under certain conditions

[27]. In the matter of SFSR, however, the available measurements (the pixels of the LR image), are acquired by uniform
sampling of the HR image, and, therefore, the theoretical
recovery guarantees of CS do not necessarily apply, yet it
has been empirically proven that recasting4 SFSR as a CS
problem (4) can give good results, depending in large part on
the (sparsifying) dictionary [3], [6].
Another approach to sparsity coding entails working with a
pair of HR and LR dictionaries to represent a HR image patch
[2], [4], [5], [7]–[17]. The key idea is to seek the (sparse)
representation, xlLR , of a LR image patch in terms of the LR
dictionary (akin to basis pursuit (BP) [29]), which in turn is
used to find the representation, xl , of the corresponding HR
patch in terms of the HR dictionary (e.g., in [2], [4], [5], it is
assumed that xl = xlLR ). In this paper, we only consider the
sparse representation viewpoint (4) of [3], [6].
Regardless of which sparsity coding approach is adopted for
SFSR, successful recovery of the HR image heavily depends
on the dictionaries. In particular, the choice (or the design)
of the dictionary must be made with utmost care such that it
contains the smallest possible total number of dictionary atoms
(the smallest possible dictionary is desired). This, by itself,
makes sparsity coding problem less underdetermined (since
there would be fewer unknowns to solve for). Furthermore,
the dictionary must be created such that only a few atoms
correspond to significant representation weights, i.e. most
elements of xl should be zero (or near zero), thus augmenting
the worth of the sparsity penalty term.
A dictionary can be made smaller via feature extraction
(dictionary training or learning), feature selection (subspace
selection) [30], or a combination of both. Additional image
priors (besides sparsity) can also be exploited for a better solution. In [3], the authors make major improvements essentially
by employing k-means clustering (based on high frequency
components) for dictionary dimensionality reduction, followed
by simple principal component analysis (PCA) training, thus
creating local, small, and more relevant sub dictionaries to
represent image patches. Another important contribution is
the (additional) use of self-similarity priors for a more stable
solution. In a similar fashion, the authors of [5] also train
local dictionaries after clustering that relies on the geometric
orientation of the example image patches. They also use a
self-similarity prior to further constrain the solution space.
Nevertheless, the authors of [31] show that solely relying
on self-similarity priors gives superior SFSR performance
compared to solutions based on dictionaries trained from
generic databases of example images. The results of [31]
can thus be used as evidence of the shortcomings of the
sparsity prior when the database of images is generic. In
certain applications, however, it is possible to create special
dictionaries that are more amenable to dimensionality reduction (and more sparsifying) for enhanced recovery of the HR
image. For instance, dictionaries generated from a database of
faces are more helpful in recovering HR facial images [2]. In
[7], the authors use high quality medical image databases for
4 Sparse coding, based on partial data, has proved very useful in the field
of face recognition [28] as well, despite the structured data loss pattern.
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medical image SR. The authors of [8] propose super-resolving
an image of a landmark by collecting a database of images
of said landmark. Naturally, special databases are not useful
in super-resolving generic images, but what if we can devise
a method whereby, for any arbitrary image we want to superresolve, we can collect, in an unsupervised fashion, a database
of highly relevant example images? Such a method would be
the Holy Grail of example-based SR, and, in essence, our work
is an attempt at emulating this ideal case.
C. Bi-Sensor-Based MFSR vs. SFSR
Similar to problem (4), the MFSR method proposed in [1] is
also a signal representation based solution (3). In both cases,
we seek signal representation in terms of a dictionary using
partial data, and the difference lies in:

I2
1) the signals we want to represent, i.e. PPPCs, υ n n=1 ,

L
of a HR image, u, vs. HR patches, ul◦ l=1 ,
 I I2
 l L
2) the partial data used, Di ỹ i=1 vs. y l=1 , and
3) the size (number of atoms) and relevance of the dictionary, where Y is generated by the primary LR sensor,
while B is derived from a set of generic HR images.
These differences make problem (3) highly overdetermined
and thus no special image priors, like the sparsity prior, are
needed. In particular, the bi-sensor setup derives its strength
from the fact that only I 2 highly correlated signals, i.e. the
I2
PPPC, {υ n }n=1 , need to be estimated and thus they belong
to a subspace of much smaller dimensionality. This, coupled
with the fact that in certain applications, LR images of a static
scene can be viewed as linear mixtures of the scene’s PPCs,
makes the (very small) basis, Y , an excellent candidate to
represent them [1].
But what happens when the scene is dynamic? Unfortunately, applying our previous simple solution (3) so superresolve a dynamic sequence of images gives results not far
from simple image interpolation, because a basis consisting
of LR frames (of a dynamic) scene fails to capture the
discrimanative features of PPCs that differentiate them from
each other.
Borrowing insight from example-based methods, we upgrade our previous solution to the level of an example-based
MFSR algorithm, as shall become apparent in the next section.
III. DVSR S TAGE I: E XAMPLE -BASED MFSR
A. Image Patches and Gaussian Generative Models
Instead of estimating the representations of the PPPCs
of
the entire kth √
HR frame,
we divide it into L patches,
 k,`
√
L
IJ p×IJ p
u
∈
R
,
corresponding
to L patches of
`=1
the
current
(kth)
secondary
LR
image
used
as reference,
 k,` L
√
√
I p×I p
ỹ
∈
R
,
and
we
estimate
the
representa`=1
tions of the PPPCs of the `th patch in the kth HR frame,
 k,` I 2
√
√
υn n=1 ∈ RJ p×J p , by solving
I k,`
min DjJ Ψk,` xk,`
n − Di ỹ
xk,`
n
2

∗

2
2

,

the primary LR images (Section III-B) to represent the PPPCs
k,` k,`
of the the `th patch in the kth frame, i.e., υ̂ k,`
x̂n
n = Ψ
2

I
for n = 1, · · · , I 2 . Although thus far xk,`
are
estimated
n
n=1
independently from each other, it is more convenient to rewrite
(5) as
2

I
X

k,`
J
k,` k,`
I
Dm
xn − Dm
min
∗ ,n Ψ
∗ ,n ỹ
}
{xk,`
n
n=1

2
2

,

(6)

J
J
I
I
where Dm,n
, Dj=τ
(m,n) and Dm,n , Di=ρ(m,n) .
The patch size is chosen based on a compromise between
number of measurements and ease of modeling [26], [32].
Specifically, a large patch means more measurements (larger
2 2
DiI ỹ k,` ∈ Rp ), but the smaller uk,` ∈ RpI J , and thus smaller

2
I2
PPPCs, υ k,`
∈ RpJ , the easier it is to create a smaller
n
n=1
(small N ), more representative dictionary, Ψk,` .
Depending on the patch size and the dimensionality of Ψk,` ,
problem (6) can be underdetermined (N > p), and thus a
minimization of the L1-norm of the representations would be
helpful,
2

I h
X

min
{xk,`
n } n=1

k,`
J
k,` k,`
I
Dm
xn − Dm
∗ ,n Ψ
∗ ,n ỹ

2

+ λ1 xk,`
n
2

i
.
1

(7)
The authors of [26] have shown that if we assume the signal we
want to represent is drawn from a Gaussian generative model,
with mean and covariance that are estimated using the dictionary atoms as instances of this generative model, then finding
a representation that maximizes the posterior distribution (assuming Gaussian noise) can be interpreted as solving a sparsity
coding problem, if the number of dictionary atoms is not larger
than their dimensionality. Therefore, if N ≤ pJ 2 (Ψk,` is compact) and if we assume that a PPPC hasa multivariate Gaussian
k,`
distribution, i.e., υ k,`
, C k,` with µk,` = N1 Ψk,` 1N
n ∼N µ

T
and C k,` = N1 Ψk,` − µk,` 1TN Ψk,` − µk,` 1TN
+ εIpJ 2 ,
where 1N is an N -dimensional vector with all its elements
equal to one, ε is a small number, and IpJ 2 is the identity
matrix with dimension pJ 2 , then instead of solving (7) we
can solve
I2 h
X
i
k,` 2
J
k,` k,`
I
2
k,`
min
Dm
xn − Dm
+
λ
ζ
x
,
∗ ,n Ψ
∗ ,n ỹ
n
2
{xk,`
n } n=1
(8)
where



−1
k,` T
k,`
ζ xk,`
= Ψk,` xk,`
C k,`
Ψk,` xk,`
n
n −µ
n −µ
=

C k,`

− 12

k,`
Ψk,` xk,`
n −C

− 21

µk,`

2

.
2

Again, recall that this option of linear vs. nonlinear (7)
estimation of sparse representations is only possible if the
dictionary is compact [26]. In the next subsection, we explain
the creation process of (small) dictionaries.
Please refer to Fig. S2 in the supplemental material for a
pictorial overview of the first stage of our SR process.

(5)
∗

for n = 1, · · · , I , i = ρ (m , n) and j = τ (m , n), where
2
Ψk,` ∈ RpJ ×N is a local dictionary with atoms extracted from

B. Basis Harvesting and Selection
The goal of solving (8) is to super-resolve ỹ k,` into uk,`
by representing the PPPCs of the HR patch, uk,` , in terms of
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a dictionary, Ψk,` , extracted from the primary LR frames. In
this subsection, we describe a procedure to create a small,
highly representative dictionary, to counteract the fact that
we only have partial
measurements (DPPCs) to compute the

.
representations xk,`
n
n
A preliminary dictionary can be harvested from the primary LR images based on spatiotemporal similarity between
patches.
Specifically, we first select K primary LR images,
 K 0.5K+k−1
y K=−0.5K+k , that are nearest (in time) to the current (kth)
HR image we want to estimate. Spatially overlapping patches
are then extracted from each one of these selected frames as
follows
(9)
y K,`
= R` Sd1 ,d2 y K
d ,d
1

2

for −0.5K + k ≤ K ≤ 0.5K + k − 1, −d ≤ d1 , d2 ≤ d,
where K and d are user-defined parameters, Sd1 ,d2 represents
the shifting operator that shifts by d1 and d2 pixels in the hor`
izontal and the vertical direction, respectively, and
 K,`R extracts
the `th patch of the shifted frame. The set y d ,d K,d ,d
1 2
1 2
thus contains K(2d + 1)2 example LR image patches with HR
counterparts that have high similarity with uk,` , and are thus
expected to be 
of significant relevance to the representation
2
of the PPPCs, υ k,`
∈ RpJ . Therefore, these example
n
n
LR patches can serve as atoms in a spatiotemporally local
pJ 2 ×K(2d+1)2
dictionary, Ψk,`
.
prelim ∈ R
Because of the high correlation among the PPPCs, they
belong to a very narrow region of the subspace spanned by
the harvested example LR images (9), which is a √
fact we
√
k,`
I p×I p
capitalize on by interpolating
the
RSPPC,
ỹ
∈
R
√
√
k,`
into ỹinterp
∈ RJ p×J p to serve as a training sample
(a representative sample of a PPPC), for selecting the best
κ  K(2d + 1)2 atoms. An ostensibly ideal selection scheme
would involve solving
k,`
min Ψk,`
prelim x − ỹ interp
x

2
2

s.t. kxk0 ≤ κ,

(10)

and then selecting dictionary atoms that correspond to nonzero
weights. Nevertheless, even if (10) could be solved exactly,
there is a potential problem of overfitting, namely, a selected
κ-atom dictionary that best fits ỹ k,`
, is not necessarily the
interp
 k,`
best fit for all υ n n , because, despite the high correlation,
it is the faint discriminative details distinguishing PPPCs from
each other that we hope our dictionary would be able to
capture as well as the dominant component shared between
k,`
all PPPCs. For example, if υ k,`
= υ k,` + δ k,`
n
n , where υ
is the dominant component common to all PPPCs, and δ k,`
n
represents the distinctive components of the nth PPPC, then
a dictionary that best fits ỹ k,`
, might capture υ k,` well, but
interp
not necessarily δ k,`
n .
An extreme alternative to solving (10) is adopting the very
simple best individual feature (BIF) selection method, where
atoms with the highest relevance, as measured (for example)
by the absolute correlation coefficient (ACC), are selected
individually. Using BIF selection, there could be a high
degree of redundancy (interdependencies) in the κ-selected
features (atoms), which would result in a much localized
representation power, but it might still generalize better to the
(highly correlated) PPCs we want to represent. Therefore, in

the context of our work, what we need is a balance between
relevance and redundancy, a feature selection approach that
, while minimizing redundancy
avoids overfitting to ỹ k,`
interp
among selected atoms, but only to within the high correlation
level among the (unknown) PPPCs we seek to represent.
One scheme that proved its efficacy in our experiments is a
combination of BIF selection and (a variant of) the minimalredundancy-maximal-relevance (mRMR) method of [33].
The mRMR method attempts to maximize relevance while
minimizing redundancy among selected features. Its equivalence to the (optimal but hard to implement) criterion of
maximal statistical dependency was proven in [33] for (first
order incremental) feature selection. We modified the Matlab
code, provided by the authors of [33], by adopting the simple
scale-invariant ACC (instead of mutual information) as the
measure of relevance (and interdependencies between selected
features). The (ACC-based) algorithm relies on sequential
search for best features by incrementally optimizing the following condition, to choose the ith (current) best feature: (refer
to [33] for details)




 




X
1
r f i, c −
r f i, f j
,
(11)
max

|S|
f ∈{C−S} 


i
f ∈S
j



fT f

i
j
is the (absolute) correlation
kf i k f j
coefficient between two vectors, f i and f j , C is the entire set
of features (e.g., the input dictionary), c is the feature vector
(ỹ k,`
, in our case), S is the updated set of selected features,
interp
and |S| denotes the number of elements in S.
Despite the success of the mRMR method, given the
uniqueness of our situation (where atoms are selected to
represent highly correlated PPCs), we would like to make sure
our dictionary creation process does not overemphasize the
redundancy minimization part. Put differently, mRMR offers
much better generalization ‘at the expense’ of redundancy (a
potential compromise, given the nature of PPCs). For this
reason, we include atoms selected by BIF as we shall see
next.
Although the mRMR method is pretty fast, it still is more
complex than simple BIF selection. Therefore, in the interest
of lowering complexity, we preselect, out of the harvested
2
K (2d + 1) patches, only pJ 2 patches using BIF selection,
pJ 2 ×pJ 2
,
producing the intermediate dictionary, Ψk,`
interm ∈ R
then we apply the mRMR method to Ψk,`
to
choose
the
best
interm
pJ 2 ×κ
κ patches, and obtain Ψk,`
. We also apply BIF
mRMR ∈ R
selection (again) to Ψk,`
to
choose
the
best κ patches, and
interm
k,`
pJ 2 ×κ
. The final dictionary, Ψk,` , contains the
obtain ΨBIF ∈ R
k,`
‘unique’ atoms of the union of atoms of Ψk,`
mRMR and ΨBIF ,
k,`
pJ 2 ×N
and thus Ψ ∈ R
, with κ ≤ N ≤ 2κ.
Let BIF (C, c, κ) and MRMR (C, c, κ) denote BIF and
mRMR selection processes, respectively, of best κ features
in C, based on feature vector c, using ACC as a measure of
relevance, and let 4 denote the symmetric difference between
two sets, then our dictionary creation process (per `th patch
in the kth frame) can be summarized as follows:

where r f i , f j

=
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n
o
K,`
1) Ψk,`
=
y
prelim
d ,d
1

ỹ k,`
interp

2

K,d1 ,d2
pJ 2

.
k,`

pI 2

2) Get
∈ R
from ỹ
∈ R
(using, e.g.,
Lanczos interpolation).


k,`
k,`
2
=
BIF
Ψ
,
ỹ
,
pJ
.
3) Ψk,`
interm
prelim interp


k,`
k,`
k,`
4) ΨmRMR = MRMR Ψinterm , ỹ interp , κ .


k,`
k,`
5) Ψk,`
=
BIF
Ψ
,
ỹ
,
κ
.
interm interp
BIF

 

T
k,`
k,`
k,`
k,`
6) Ψ = ΨmRMR 4ΨBIF + ΨmRMR Ψk,`
BIF .
The user-defined parameters (pertaining to the dictionary
selection process) are K, d, and κ. Theoretically, the values
of K and d can be arbitrarily large (we could start with a
very large preliminary dictionary), but to save computational
time, in our experiments, we use K = 24 and d = 5. Because
there are exactly I 2 PPPCs to represent (per patch), the lower
limit on the number of selected atoms is I 2 (i.e. N ≥ I 2 ),
and according to our experiments, choosing κ = I 2 = 16
(recall that κ ≤ N ≤ 2κ) usually gives the best results
(larger dictionaries, without significant increase in relevance,
are detrimental to signal representation based on partial measurements). Please refer to Figs. S3–S5 in the supplemental
material (and the discussion therein) for an illustration of the
dictionary selection process (per patch).
C. Anchor SPPCs
In problems, such as SR, where measurements are only
partially available, penalty terms based on image priors are
employed to make up for measurement incompleteness. Although well-known penalty terms enforcing, for instance, (HR)
image smoothness do not apply to (low resolution) PPCs,
they can still be implemented in our case, because a HR
image (patch) can be written as the sum of shifted upsampled
versions of its PPCs, i.e.
2

k,`

u

=

I
X

2

Sn Z I υ k,`
n

n=1

=

I
X

Sn Z I Ψk,` xk,`
n ,

(12)

n=1

where Z I upsamples an image (zero-filling) by a factor of
I, and Sn is the (2D) shifting matrix corresponding to the
nth PPC. In particular, let T denote the transform matrix
pertinent to a HR image prior with corresponding penalty term,
T uk,` , then such a prior can be incorporated into our (PPCsbased) solution given that
2

k,`

Tu

=

I
X

T Sn Z I Ψk,` xk,`
.
n

(13)

n=1

Examples include sparsity of the HR image in the wavelet
domain, total variation (TV), and steering kernel regression
(SKR) [34] image smoothness prior.
Nevertheless, depending on the effectiveness of Ψk,` in
representing the PPPCs, these additional HR image priors can
be superfluous, even a source of unnecessary bias (excellent
dictionaries marginalize the value of additional regularization
[2]). Indeed, the crux of the bi-sensor-based solution is to
super-resolve the secondary sequence of LR images by representing the PPPCs of the HR image in terms of an efficient

dictionary created from the primary sequence of LR images.
However, imposing penalty terms based on HR image
 priors
could have an advantage in the following context: xk,`
n
n
can only be jointly (rather than independently) estimated,
unlike in (8). This could have a stabilizing effect on the
k,`
overall
 k,`estimated HR image patch, û , since joint estimation
of xn n enforces a degree of homogeneity (consistency)


among reconstructed PPPCs, υ̂ k,`
= Ψk,` x̂k,`
, which
n
n
n
n
is desirable since ûk,` is obtained by interlacing the PPPCs.
That being said, it must be emphasized that joint estimation
of the representations is not a goal unto itself. We simply seek
a more accurate solution via this route.
Instead of using (costly) HR image-based penalty terms, and
in keeping with the central theme of this paper, we propose
using what we referto as anchor SPPCs (ASPPC), to enforce
. Specifically, since a SPPC, υ̃ k,`
joint estimation of xk,`
n
m ,
n
can be written as a weighted sum of the atoms of a secondary
k,` k,`
x̃m for m = 1, · · · , J 2 , then
dictionary, Ψ̃k,` , i.e. υ̃ k,`
m = Ψ̃
we could invoke the prior information that any SPPC coincides
with any PPPC (Section II-A), by concurrently
solving for
 k,`
k,` k,`
the representations
of
a
few
SPPCs,
υ̃
=
Ψ̃
x̃
m
m m∈M ,

2
∗
where M ⊆ 1, 2, · · · , J − m , as follows
"
I2
X
X
2
I
J
− Dm,n
Ψ̃k,` x̃k,`
min
Dm,n
Ψk,` xk,`
n
m
k,`
2
{xk,`
n },{x̃m } n=1 m∈M
i
k,` 2
J
k,` k,`
I
.
+ Dm
xn − Dm
∗ ,n Ψ
∗ ,n ỹ
2
(14)

We refer to x̃k,`
as the ‘anchors’, because they force
m 
m∈M
joint estimation of xk,`
.
n
n
How many anchors should we use (how large should |M|
be)? Recall that ỹ k,` plays the role of the RSPPC, υ̃ k,`
m∗ , and
it is thus the only source of all measurements
we
use to
 k,`
jointly
solve
for
the
representations,
x
and
the
anchors,
n
n
 k,`
x̃m m∈M . Therefore, using fewer anchors is encouraged
from this perspective (the usefulness of anchors is contingent
on the accuracy of their estimation, and their estimation error
would be compounded by their large number).
On the other hand, however, larger |M| increases the
upper limit on the size of the primary and secondary dictionaries for the problem to be overdetermined. Specifically,
problem (14) is overdetermined if the number of unknowns,
I 2 N + |M| Ñ , is smaller than (|M| + 1) pI 2 (recall that
I
Dm,n
υ̃ k,`
∈ Rp ), where Ñ is the dimensionality of the
m
secondary dictionary, Ψ̃k,` . If we assume both dictionaries
have the same dimensionality, i.e. Ñ = N , then we must have
2
N ≤ Φ (|M|) = (|M|+1)pI
(|M|+I 2 ) for an (over)determined (14),
and since Φ (|M|) is monotonically increasing in |M|, then
more anchors make (14) more overdetermined (or at least less
underdetermined, depending on the size of the dictionaries).
Adding yet another angle to choosing the anchor set, ASPPCs that are nearest to the RSPPC are the easiest to represent
in terms of a secondary dictionary created from secondary
LR images. In particular, since the secondary dictionary, Ψ̃k,` ,
is created from secondary LR frames by following a similar
dictionary creation process as in Section III-B, using the
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create
local
dictionary

Y

Ψ k ,ℓ

DmJ *−1,1 DmJ *−1,2

…

DmJ *−1, I 2 ...… DmJ *,1 DmJ *,2 … DmJ *, I 2 …… DmJ *+1,1 DmJ *+1,2 … DmJ *+1, I 2

interp.
k ,ℓ
x2k ,ℓ ... xI 2

x1k ,ℓ

2
k ,ℓ I
n
n =1

2
k ,ℓ I
n
n =1

{ xˆ }
GGM

xɶmk *, ℓ−1

GGM

{vˆ }

uˆ k , ℓ

interlace

xɶˆmk *,ℓ−1 , xɶˆmk *, ℓ+1

xɶmk *, ℓ+1

(discard)

DmI *−1,1 DmI *−1,2

Yɶ

kth
frame

DmI *−1, I 2 …… DmI *,1 DmI *,2 … DmI *, I 2 …… DmI *+1,1 DmI *+1,2 … DmI *+1, I 2

yɶ k ,ℓ

ℓth
patch

ɶ k ,ℓ
Ψ

create
local
dictionary

Fig. 3.

…

k,`
A graphical illustration of the DVSR stage I estimation of a HR patch, using only 2 anchors: x̃k,`
m∗−1 and x̃m∗+1 .

k,`
) as a training sample, then Ψ̃k,` contains
RSPPC (υ̃ k,`
m∗ = ỹ
k,`
ỹ
as one of its atoms, and since ASPPCs nearest to the
RSPPC are the most correlated with it, then they are expected
to be very sparse in Ψ̃k,` (and thus the easiest to represent).
Based on all of the above (and our experiments), we choose
only the four nearest SPPCs to the RSPPC as ASPPC, i.e.

M = {m∗ − 1, m∗ + 1, m∗ − J, m∗ + J} .

(15)

Incorporating the sparsity penalty term defined in (8) in
problem (14), and enforcing a new sparsity penalty
term
 k,`
corresponding to x̃k,`
,
we
jointly
estimate
x
m m∈M
n
n
by
minimizing
following expression with respect to both
 the
 k,`
xn n and x̃k,`
m m∈M
2

I
X
n=1

"
X

J
I
k,` k,`
Dm,n
Ψk,` xk,`
x̃m
n − Dm,n Ψ̃

m∈M
J
k,` k,`
Dm
xn
∗ ,n Ψ

+

−

2
2

i
2

k,`
I
Dm
∗ ,n ỹ
2

2

+λ2

I
X

X


ζ xk,`
+ λ̃2
ζ̃ x̃k,`
n
m ,

n=1

(16)

m∈M

1
k,`− 2

1
k,`− 2

2


where ζ̃ x̃k,`
= C̃
Ψ̃k,` x̃k,`
µ̃k,` , C̃ k,` =
m
m − C̃
2


T
k,` T
k,` T
1
k,`
k,`
+ εIpI 2 , and µ̃k,` =
Ψ̃ − µ̃ 1Ñ Ψ̃ − µ̃ 1Ñ
Ñ
1
Ψ̃k,` 1Ñ .
Ñ

Now, let M be as defined in (15), and let Ak,`
m,n ,
k,`
I
I
−Dm,n
Ψ̃k,` , bk,`
,
D
ỹ
,
F k,` ,
m∗,n
m∗,n

J
k,`
Dm,n
Ψk,` , Bm,n
,
1
k,`
k,`− 2 k,`

λC

Ψ

, f

1

, λC

k,`− 2

k,`

µ

k,`

, G

, λ̃C̃

k,`− 12

k,`

Ψ̃

,

−1

and g k,` , λ̃C̃ k,` 2 µ̃k,` , then it becomes straightforward to
show that minimizing (16) is equivalent to solving
min Γk,` αk,` − β k,`
αk,`

2

,
2

(17)

where

Γk,` ,


Ak,`
m∗ ,1





0


 Ak,`
m∗ −1,1





0


k,`
 Am∗ +1,1





0

 Ak,`

m∗ −J,1





0

 Ak,`

m∗ +J,1





0


F k,`





0








0
..

0

.
Ak,`
m∗ ,I 2
0

..

.
Ak,`
m∗ −1,I 2
0

..

.
Ak,`
m∗ +1,I 2
0

..

.
Ak,`
m∗ −J,I 2
0

..

.
Ak,`
m∗ +J,I 2
0

..

.
F k,`

0







k,`
Bm∗ −1,1 0 0 0 

..
.. .. .. 
.
. . . 

k,`
Bm
0 0 0 
∗ −1,I 2


k,`
0 Bm
0 0 
∗ +1,1
..
..
.. .. 

.
.
. . 

k,`
0 Bm
0 0 
∗ +1,I 2

k,`
0 0 Bm
0 
∗ −J,1

.. ..
..
.. 
,
. .
.
. 

k,`
0 0 Bm
0 
∗ −J,I 2

k,`

0 0 0 Bm
∗ +J,1


.. .. ..
..

. . .
.


k,`

0 0 0 Bm
∗ +J,I 2




0





k,`
G
0


..

.
0

Gk,`
(18)
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TABLE II
DVSR S TAGE I: E XAMPLE -BASED MFSR





αk,`

xk,`
1
..
.




 xk,`

I2
k,`
,
 x̃m∗ −1
 k,`
 x̃m∗ +1
 k,`
 x̃m∗ −J
x̃k,`
m∗ +J







 , and β k,`






bk,`
m∗ ,1
..
.
bk,`
∗
m ,I 2
0
0
0
0
f k,`
..
.















,





 f k,`



 g k,`

..


.
g k,`
















.














(19)

Finally, an estimate of the `th HR image
patch in the kth

frame, ûk,` , is obtained by interlacing υ̂ k,`
= Ψk,` x̂k,`
,
n
n
k,`
k,`
where x̂n
are computed by solving (17). Note that
 Γ ,
with size 2 |M| + J 2 + 1 pI 2 × I 2 N + |M| Ñ , has a
sparse structure that can be taken advantage of for faster
computations. To solve (17), we use the Householder QR
factorization with column pivoting [35] (Matlab’s ‘\’operator).
For a graphical illustration of the DVSR stage I estimation
k,`
of a HR patch, using only 2 anchors ( x̃k,`
m∗−1 and x̃m∗+1 ), refer
to Fig. 3. To appreciate the stabilizing effect of the anchors
(coupled with the effect of the dictionary size), the reader is
referred to Fig. S6 in the supplemental material.
D. Post-Processing of Multiple Estimates
Problem (17) is solved
for ` = 1, · · · , L to estimate all L

HR image patches, ûk,` ` , which are then combined to form
an estimate of the entire kth HR frame, ûk . An additional
estimate of uk can be obtained by dividing ỹ k into patches
that overlap with the previous ones. This can be repeated
to obtain multiple estimates of uk for further reduction of
noise and estimation errors, by jointly post-processing all
available estimates (instead
of simply averaging them as in

R
[3]). Specifically, let ûkr r=1 denote the set of all R estimates
of the kth HR frame, obtained by super-resolving overlapping
patches of ỹ k , then we can compute an estimate of the original
(sensor-blur free) kth HR frame, uk◦ , by solving
min
uk
◦

R XX
X
r=1 w1 w2

Input: K secondary LR frames with corresponding K primary LR frames,
in addition to all user-defined parameters: p, K, d, κ, λ, λ̃, R, H, ω.
For k = 1 to K (estimate a sequence of K HR frames)
1) Pick the kth (current) secondary frame, ỹ k , to be super-resolved.
2) For ` = 1 to L (estimate L patches of the kth HR frame)
 extract the `th patch, ỹ k,` , out of ỹ k .
 create the local primary and secondary LR dictionaries, Ψk,`
and Ψ̃k,` , respectively.
 compute µk,` , C k,` and µ̃k,` , C̃ k,` from the atoms of Ψk,`
and Ψ̃k,`, respectively.
 estimate xk,`
by solving (17).
n
n


 estimate the PPPCs, υ̂ k,`
= Ψk,` x̂k,`
n
n
n
n
 k,`
 interlace υ̂ n n to obtain an estimate of the `th patch in
the kth HR frame, ûk,` .
End

L
3) Combine all computed HR patches, ûk,` `=1 , to obtain an
k
estimate, û , of the kth HR frame.
4) Repeat steps 2 and 3, for different (overlapping) patches, to obtain

R
multiple estimates, ûkr r=1 , of the kth HR frame.

R
5) Jointly post-process (20) ûkr r=1 to obtain the final estimate,
k
û◦ , of the kth HR frame.
End

K
Output: K SR frames, ûk◦ k=1 .

used to represent blur, however, solving (20) amounts to joint
3DMD filtering and deblurring.
There are two sources of blur in our solution: the camera
blur, which is unaccounted for in the solution model, and the
blurring effect induced by 3DMD filtering, which is to be
counteracted by joint deblurring (instead of applying simple
3DMD filtering, followed by deblurring).
Problem (20) can be solved using the steepest gradient
descent method
ûk◦,t+1 = ûk◦,t − η

R XX
X



H T sign H ûk◦,t − Sw1 ,w2 ûkr ,

r=1 w1 w2

(21)
where ûk◦,t denotes the previous estimate of uk◦ at iteration
t, ûk◦,t+1 is the current estimate, and η is the iteration step

size. For the initial guess, we use 3DMD filtered ûkr r , with
window size, ω + 2.
The main notations of this paper are listed in Table I. For
a summary of the entire first stage of the DVSR algorithm,
refer to Table II.
IV. DVSR S TAGE II: SFSR FOR E ACH HR F RAME

Huk◦ − Sw1 ,w2 ûkr

,
1

(20)

where −(ω−1)/2 ≤ w1 , w2 ≤ (ω−1)/2, Sw1 ,w2 shifts the rth
estimate by w1 and w2 pixels in the horizontal and vertical
direction, respectively, and H represents a user-defined blur
kernel, introduced to address the two sources of blur explained
below. Note that if H is the identity matrix, then solving (20)
is equivalent to 3-directional median (3DMD) filtering of the
R estimates, with spatial median window size, ω, where each
estimated pixel in ûk◦ is obtained by computing the median of
all pixels in a neighborhood of size ω × ω × R. When H is

Although PPCs are the premise of our method, working with
them has two limitations: p, which is the number of available
k,`
I
measurements per a PPC (Dm
∈ Rp ), must be kept very
∗ ,n ỹ
small (p = 9 or 16 in our experiments) or the patch size would
be too large, hindering the creation of small, local dictionaries.
Furthermore, PPCs can be a liability in the sense that their
estimation must be fairly accurate as to capture their subtly
distinctive details. Our goal in this subsection is to reiterate
the signal representation approach to SR, but without involving
PPCs, to salvage some of the finest (low energy) details lost
during the first stage of SR recovery.
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TABLE I
L IST OF N OTATIONS
Notation

PPC = Polyphase component; PPPC = primary PPC; SPPC = secondary PPC; RSPPC = reference SPPC; ASPPC = anchor
SPPC.

I, J

I is the SR system’s upscaling factor. Also known as: the primary decimation factor. J = I + 1. J is the secondary
decimation factor.

Y

Primary sequence of LR frames. Its only role, in stage I, is to serve as a reservoir of example (LR) patches to represent
PPPCs of a HR patch. In stage II, it provides partial measurements.

Ỹ

Secondary LR frames (of lower resolution, by a factor of × JI ). Ỹ plays two roles in stage I. Its essential role is to provide
partial measurements (of the PPPCs we seek to estimate). It also plays a regularization role by serving as a reservoir of
example patches to represent the anchors (Section III-C). Ỹ plays no role in stage II.

uk,` ∈ RpI

2

ỹ k,` ∈ RpI

2

Ψk,`

∈

2

A spatiotemporally local dictionary consisting of N patches (coming from Y ) as its atoms to represent the PPPCs of uk,` .
N is the final number of atoms (patches) after dimensionality reduction (via feature selection).
The nth PPPC (out of I 2 PPPCs) to be estimated by estimating its representation in terms of Ψk,` .

∈ RN ×1

pI
υ̃ k,`
m ∈R

Stage I unknown target HR patch: the `th patch in the kth HR frame (of a camera-distorted scene) to be estimated by
estimating its PPPCs (p is number of partial measurements per PPPC per patch).
The corresponding `th patch from the kth secondary LR frame to provide partial measurements of the PPPCs of uk,` .

2
RpJ ×N

pJ
υ k,`
n ∈R

xk,`
n

J2

2

k,` .
The representation of υ k,`
n in terms of Ψ

The mth SPPC (out of J 2 SPPCs) of uk,` . Ideally, we would not need to estimate any SPPC because estimating the set
of the PPPCs gives uk,` . To provide the partial measurements for all PPPCs, we pick the center SPPC, υ̃ k,`
m∗ and call
k,` , to get the partial measurements for each PPPC, υ k,`
it our RSPPC by assigning it the value of ỹ k,` , i.e. υ̃ k,`
=
ỹ
∗
n
m
(Section II-A).

I
J
Dm,n
, Dm,n

I
Dm,n
is an operator that decimates an image by I (vertically and horizontally), starting at the pixel pointed at by the
J
pointer i = ρ (m, n), and Dm,n
is an operator that decimates an image by J (vertically and horizontally), starting at the
pixel pointed at by the pointer j = τ (m, n). Refer to Section II-A.

{υ̃ k,`
m }m∈M

The set of ASPPCs. All we need to estimate uk,` , is to estimate its PPPCs, {υ k,`
n }n . However, we enforce the fact that
k,` , to force the joint estimation of their representations, {xk,` } , by estimating only a few
{υ k,`
n
n }n are all part of u
n
k,` ), i.e., M = {m∗ − 1, m∗ + 1, m∗ − J, m∗ + J}.
SPPCs of uk,` , around the RSPPC (υ̃ k,`
m∗ = ỹ

Ψ̃k,` ∈ RpI

2

×Ñ

A dictionary consisting of Ñ patches (coming from Ỹ ) as its atoms to represent the ASPPCs.

{x̃k,`
m }m∈M
C k,` , µk,`

k,` .
The representations of {υ̃ k,`
m }m∈M in terms of Ψ̃

C̃ k,` , µ̃k,`

The sample covariance matrix and sample mean, based on the atoms of the dictionary Ψ̃k,` . These are needed to enforce
k,`
k,` (Section III-C).
the sparsity of the representations, {x̃k,`
m }m∈M , of ASPPC, {υ̃ m }m∈M , in terms of the dictionary Ψ̃

qI
uk,l
Λ ∈R

y k,l

∈

The sample covariance matrix and sample mean, based on the atoms of the dictionary Ψk,` . These are needed to enforce
k,`
k,` (Section III-A).
the sparsity of each (nth) representation, xk,`
n , of each (nth) PPPC, υ n , in terms of the dictionary Ψ

2

Stage II unknown target HR patch: the lth patch in the kth HR frame to be estimated.
The corresponding lth patch from the kth primary LR frame to provide partial measurements of uk,l
Λ .

Rq

Λk,l ∈ RqI

2

×NΛ

A spatiotemporally local dictionary consisting of HR patches, extracted from the super-resolved video of stage I, to
represent uk,l
Λ .

xk,l ∈ RNΛ ×1

k,l .
The representation of uk,l
Λ in terms of Λ

Σk,l , mk,l

The sample covariance matrix and sample mean, based on the atoms of the dictionary Λk,l . These are needed to enforce
k,l (Section IV).
the sparsity of the representation, xk,l , of uk,l
Λ , in terms of the dictionary Λ

In SFSR, the representation of a HR patch is estimated
directly, and thus the HR patch size can be (comparatively)
very small, with more measurements, and without the nuisance
of overemphasizing estimation accuracy that is associated with
PPCs. Therefore, a video super-resolved using the proposed
setup, can be further enhanced using a simple SFSR technique.
Specifically, given the previous estimate of the HR video (the
output of stage I), we apply SFSR to super-resolve patches
of each primary LR frame by representing corresponding HR
patches
using spatiotemporally local dictionaries, created from
 k
û◦ , as follows.

SR sequence
from stage I

Λ k ,l

Hcam

D

GGM

xˆ k ,l

x
Y

√ √
q× q

Let y k,l ∈ R
denote
the lth patch in the kth LR
√
√
I q×I q
frame, and let uk,l
∈
R
denote the corresponding
Λ
lth patch in the kth HR frame we want to estimate. The
representation, xk,l , of uk,l
Λ , in terms of the (local) dictionary,

extract
local
HR patches

Fig. 4.
patch.

kth
frame

lth
patch

uˆ k , l

k ,l

y k ,l

A graphical illustration of the DVSR stage II estimation of a HR
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TABLE III
DVSR S TAGE II: SFSR FOR E ACH HR F RAME
Input: K primary LR frames with corresponding K SR frames from stage
I, in addition to all user-defined parameters: q, KΛ , dΛ , Hcam , γ, R,
Hmd , and $.
For k = 1 to K
1) Pick the kth (current) primary frame, y k , to be super-resolved.
2) For l = 1 to L
 extract the lth patch, y k,l , out of y k .
 create spatiotemporally local HR dictionary, Λk,l , out of the
SR frames of the first stage.
 compute mk,l and Σk,l from the atoms of Λk,l .
 estimate xk,l by solving (24).
k,l x̂k,l .
 estimate the lth HR patch, ûk,l
Λ =Λ
End

L
3) Combine all computed HR patches, ûk,l
, to obtain an
Λ
l=1
k
estimate, ûΛ , of the kth HR frame.
4) repeat steps 2 and 3, for different (overlapping) patches, to obtain
R
multiple estimates, ûkΛ,r r=1 , of the kth HR frame.
 k
R
5) Jointly post-process (25) ûΛ,r r=1 to obtain the final estimate,
ûkfin , of the kth HR frame.
End

K
Output: K SR frames, ûkfin k=1 .

Λk,l , can be estimated by solving
n
min DHcam Λk,l xk,l − y k,l
xk,l

2
2

+ λ1 x

o

k,l
1

,

(22)

which is the same problem as (4), exceptthat the dictionary
is constructed from previously estimated ûk◦ by extracting
spatially overlapping patches from KΛ super-resolved frames
that are nearest (in time) to the current kth HR frame we want
k,l
to estimate.
are the elements
 K,l In plain terms, theK,latoms of Λ
l
of ûd1 ,d2 K,d ,d , where ûd1 ,d2 = R Sd1 ,d2 ûK
◦ , Sd1 ,d2 is
1 2
the 2D shifting matrix, Rl represents lth patch extraction,
−0.5KΛ + k ≤ K ≤ 0.5KΛ + k − 1, and −dΛ ≤ d1 , d2 ≤ dΛ .
The free parameters, KΛ and dΛ , are chosen such that the
2
number of atoms, NΛ = KΛ (2dΛ + 1) , is less than their
2
dimensionality, qI , and thus problem (22) can be replaced
with [26]
n
o
2
min DHcam Λk,l xk,l − y k,l 2 + γ 2 ξ xk,l ,
(23)
xk,l

where ξ xk,l



−1

−1

(b) Video Enhancer

(c) 3DSKSR

(d) NPSR

(e) SRCNN

(f) DVSR-I

(g) DVSR-II

(h) Error image I

(i) Error image II

Fig. 5.
SR results (×4) of the Carphone experiment (full scale images are available online). (a) Lanczos interp., 26.26dB (SSIM=.7709). (b)
Video Enhancer [36], 26.82dB (SSIM=.7872). (c) 3DSKSR [25], 26.01dB
(SSIM=.7732). (d) NPSR [1], 19.65dB (SSIM=.6766). (e) SRCNN [11],
26.47dB (SSIM=.7869). (f) DVSR-I, 27.30dB (SSIM=.8153). (g) DVSR-II,
28.34dB (SSIM=.8411). (h) DVSR-I error image. (i) DVSR-II error image.

In particular, since reduction of estimation errors can benefit
from computing multiple estimates, by estimating
 k R overlapping
patches of the same kth HR frame, ûΛ,r r=1 , the final
estimate of the kth HR frame, ûkfin , can be obtained by joint
3DMD filtering and deblurring of all R estimates:
min
uk
fin

R XX
X

Hmd ukfin − Sw1 ,w2 ûkΛ,r

r=1 w1 w2

,
1

(25)

where −($ − 1)/2 ≤ w1 , w2 ≤ ($ − 1)/2, $ is the desired
3DMD (spatial) window size, Sw1 ,w2 is the 2D shifting matrix
as defined in (20), and Hmd is used to control the blurring
effect of 3DMD filtering.
The entire procedure for DVSR stage II is summarized
in Table III. For a pictorial overview of the second stage,
clarifying the differences (as well as the link) between both
stages of DVSR, please refer to the supplemental material for
Fig. S9 (and compare to Fig. S2).

2

Σk,l 2 Λk,l xk,l − Σk,l 2 mk,l , Σk,l =
2
 k,l
T
1
k,l
k,l T
k,l T
k,l
2 , and m
Λ
−
m
1
Λ
−
m
1
+
εI
=
qI
N
N
NΛ
Λ
Λ
1
k,l
Λ
1
,
which
is
equivalent
to
solving
NΛ
NΛ
#
# 2
"
"
y k,l
DHcam Λk,l
k,l
min
x −
. (24)
−1
−1
xk,l
γΣk,l 2 Λk,l
γΣk,l 2 mk,l
=

(a) Lanczos interp.

2

See Fig. 4 for a graphical illustration of DVSR stage II solution
per patch.

k,l k,l L
After computing all L HR patches, ûk,l
,
Λ = Λ x̂
l=1
we combine them to form an estimate of the kth HR frame,
ûkΛ .
Although camera blur is incorporated in problem (24),
it might still be desirable to include deblurring in a postprocessing step, akin to what we did in the previous section,
at least to counteract the blurring effect of the 3DMD filter.

V. E XPERIMENTAL R ESULTS
SR solutions that are partially based on hardware modifications (e.g. [37]–[40]), are not normally compared with
other SR methods, at least because of the uniqueness of
their respective hardware assumptions. Nevertheless, when no
comparison is made, one might wonder whether the proposed
hardware requirements are warranted. Therefore, we do not
only compare the results of DVSR with our NPSR method [1],
but we also compare with other state-of-the-art SR solutions:
the commercial software, ”Video Enhancer” [36], the 3DSKSR
method [25], and SRCNN [11].
To test the performance of our DVSR method (along with
[36], [25], [1], and [11]), we downloaded HR videos that
are normally used as standard test sequences in the field
of video compression. These standard videos are available
online and they come in different frame sizes, and different
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TABLE IV
S TAGE I PARAMETERS
p

number of measurements per PPC per patch. The larger the patch, the more measurements we have (larger p), but the less relevant and
√
√
larger the dictionary. We set p = 9 (HR patch size = IJ p × IJ p = 60 × 60) for all tests except for City (p = 16 for slightly better
results).

K

number of nearest primary frames from which to extract local dictionaries. K can be arbitrarily large but at the expense of slower dictionary
creation process. In our experiments, going beyond K = 24 does not give any advantage.

d

controls how far, spatially, should we search for relevant patches within a primary LR frame. d can be arbitrarily large but at the expense
of slower dictionary creation process. We use d = 5.

κ

controls how large the final dictionary should be. The larger the dictionary, the more underdetermined the problem becomes. Since we have
I 2 PPCs to represent, κ cannot be smaller than I 2 . Setting κ at its minimum value, κ = I 2 = 16 generally gives the best results (and
faster computations for the representations of the PPCs in terms of the dictionaries).

λ, λ̃

the regularization factors for the primary and secondary Gaussian generative models penalty terms (16). Choosing these values in the range
1-5, gives almost the same (best) results, so we set it at 2.

R

number of estimates of a HR frame due to estimating overlapping patches (see Fig. S7 in the supplemental document, for example). Higher
values of R require more computations. We use R = 9.

H

the convolution kernel the user chooses to deblur the final (first stage) image. We choose H to be a 7 × 7 Gaussian with standard deviation
of 1.7. The larger the kernel, the more severe the sharpening.

ω

size of the spatial window of the median filter for post-processing. Larger values give smoother images at the expense of detail.

η

since we achieve post-processing using steepest descent, we need to set the step size, η, (and number of iterations).
TABLE V
S TAGE II PARAMETERS

q

number of measurements per HR patch. The larger the patch, the more measurements we have (larger q), but the less relevant and larger
√
√
the dictionary. We set q = 36 for all experiments (HR patch size = I q × I q = 24 × 24).

KΛ

number of nearest stage I SR frames from which to extract local dictionaries. Since in stage II we do not rely on a dictionary selection
process (we simply use the nearest SR patches in time and space), KΛ must be chosen to have a small value or the dictionary would be
too large to allow using the Gaussian generative model prior. We set KΛ = 6.

dΛ

controls how far, spatially, patches are extracted from within a stage I SR frame. dΛ must be chosen to have a small value or the dictionary
would be too large to allow using the Gaussian generative model prior. We set dΛ = 3.

Hcam

sensor PSF (in the second stage, the sensor PSF is accounted for in the solution (24)).

γ

regularization factor for the Gaussian generative models penalty term (24). We set γ = 2.

R

number of estimates of a HR frame due to estimating overlapping patches (see Fig. S11 in the supplemental document, for example).
Obviously, lower values of R mean less computations. We set R = 3.

Hmd

the convolution kernel the user chooses to deblur the final image. We choose Hmd to be a 7 × 7 Gaussian with standard deviation of 1.
In the second stage, the sharpening is included in post-processing only to counterbalance the effect of median filtering (25).

$

size of the spatial window of the stage II median filter. The larger the value of $, the smoother the final image at th expense of detail.

number of frames per second (fps). The videos we use for our
experiments are: Carphone (288×352; 30 fps), City (576×704;
30 fps), Ducks (750 × 1280; 50 fps), Foreman (288 × 352; 30
fps), Kayak (1080 × 1920; 25 fps), Rush Hour (1080 × 1920;
25 fps), and Suzie (486 × 720; 30 fps). Using these (dynamic)
HR videos, we created (severely aliased) LR sequences as
follows.
Short clips (100 frames) from the test videos, Carphone,
City, Ducks, and Foreman were degraded as follows. Each HR
frame is first blurred by a Gaussian kernel of size 4 × 4 and
standard deviation σ = 1, decimated by 4, and then corrupted
with zero-mean, white Gaussian noise (WGN), with standard
deviation σn = 2, resulting in the primary LR sequence. The
corresponding secondary LR sequence is obtained by blurring
the same original HR clip using a Gaussian kernel of size
5 × 5 and standard deviation, σ = 1, then decimating the
blurred images by 5, and finally adding WGN at zero mean
and standard deviation of 2.
Short HR segments were also extracted from the Rush
Hour, Kayak and Suzie sequences, and they were degraded
in the same fashion described above, except for using higher
downsampling rates. Specifically, because of the very high

resolution (relative to the detail level) of these sequences,
and in the interest of producing significant aliasing, larger
downsampling factors were used. The clip from the Rush Hour
video was downsampled by 12 and by 15, to create the primary
and secondary LR sequences, respectively. As for the Kayak
and the Suzie sequences, each was downsampled by 8 and by
10 to obtain their corresponding primary and secondary LR
frames, respectively.
In all our experiments, the resolution ratio between a
primary LR sequence and its corresponding secondary LR
sequence is 5 : 4, and thus the upscaling factor is ×4 (I = 4) in
all these experiments. The following parameters were used to
obtain our results. For the first stage, the processing parameters
we used were: p = 9, K = 24, d = 5, κ = I 2 = 16,
λ = λ̃ = 2. For post-processing, we used 7 × 7 Gaussian
kernel with σ = 1.7, R = 9, ω = 3, and 50 steepest descent
iterations, with step size η = 0.02. For the second stage,
the processing parameters were: q = 36, KΛ = 6, dΛ = 3,
γ = 2, and a 4 × 4 Gaussian kernel, with σ = 1, to correct
for the sensor blur. The post-processing kernel was a 7 × 7
Gaussian kernel, with σ = 1. Three overlapping estimates
(R = 3) were used for post-processing, with $ = 3, and 50
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(a) Lanczos interp. (b) Video Enhancer
(a) Lanczos interp.

(d) NPSR

(g) DVSR-II

(b) Video Enhancer

(e) SRCNN

(h) Error image I

(c) 3DSKSR

(d) NPSR

(g) DVSR-II

(e) SRCNN

(h) Error image I

(d) NPSR

(e) SRCNN

(f) DVSR-I

(g) DVSR-II

(h) Error image I

(i) Error image II

(f) DVSR-I

(i) Error image II

Fig. 6. SR results (×4) of the City experiment (full scale images are available
online). (a) Lanczos interp., 24.64dB (SSIM=.7252). (b) Video Enhancer [36],
25.57dB (SSIM=.8100). (c) 3DSKSR [25], 24.70dB (SSIM=.7236). (d) NPSR
[1], 25.11dB (SSIM=.7329). (e) SRCNN [11], 24.42dB (SSIM=.7305). (f)
DVSR-I, 27.36dB (SSIM=.8783). (g) DVSR-II, 28.36dB (SSIM=.8991). 1(h)
DVSR-I error image. (i) DVSR-II error image.

(a) Lanczos interp. (b) Video Enhancer

(c) 3DSKSR

Fig. 8.
SR results (×4) of the Foreman experiment (full scale images are available online). (a) Lanczos interp., 30.36dB (SSIM=.8533). (b)
Video Enhancer [36], 30.44dB (SSIM=.8418). (c) 3DSKSR [25], 30.20dB
(SSIM=.8611). (d) NPSR [1], 28.69dB (SSIM=.7484). (e) SRCNN [11],
1
30.61dB (SSIM=.8556). (f) DVSR-I, 32.52dB (SSIM=.8872). (g) DVSR-II,
33.59dB (SSIM=.8969). (h) DVSR-I error image. (i) DVSR-II error image.

(a) Lanczos interp.

(b) Video Enhancer

(c) 3DSKSR

(d) NPSR

(e) SRCNN

(f) DVSR-I

(g) DVSR-II

(h) Error image I

(i) Error image II

(c) 3DSKSR

(f) DVSR-I

(i) Error image II

Fig. 7. SR results (×4) of the Ducks experiment (full scale images are available online). (a) Lanczos interp., 21.76dB (SSIM=.7430). (b) Video Enhancer
[36], 21.89dB (SSIM=.7667). (c) 3DSKSR [25], 21.48dB (SSIM=.7144). (d)
NPSR [1], 21.18dB (SSIM=.7008). (e) SRCNN [11], 21.07dB (SSIM=.7479).
(f) DVSR-I, 22.03dB (SSIM=.7338). (g) DVSR-II, 22.73dB (SSIM=.8089).
(h) DVSR-I error image. (i) DVSR-II error image.

Fig. 9. SR results (×4) of the Kayak experiment (full scale images are available online). (a) Lanczos interp., 29.26dB (SSIM=.7701). (b) Video Enhancer
[36], 28.80dB (SSIM=.7493). (c) 3DSKSR [25], 29.30dB (SSIM=.7682). (d)
NPSR [1], 28.04dB (SSIM=.6877). (e) SRCNN [11], 27.92dB (SSIM=.7409).
1
(f) DVSR-I, 29.47dB (SSIM=.7696). (g) DVSR-II, 29.73dB (SSIM=.7894).
(h) DVSR-I error image. (i) DVSR-II error image.

(a) Lanczos interp. (b) Video Enhancer

steepest descent iterations, with step size of 1/30. Using these
(generic) parameters, the entire (two stage) algorithm takes
about 25 seconds5 to estimate a HR image of size 100 × 100.
For information on solution complexity, the reader is referred
to Section V-A.
We used slightly different parameters for the City, Kayak
and Ducks experiments. The different parameters for the City
sequence were: p = 16, κ = 1.5I 2 , R = 16, ω = 1, steepest
descent iteration step size of 0.035, q = 49, and no postprocessing for the second stage (we simply took the median
5 We performed our tests using Matlab (R2012a), running on an Intel Core
i5-3230M 2.60 GHz laptop.

(c) 3DSKSR

(d) NPSR

(e) SRCNN

(f) DVSR-I

(g) DVSR-II

(h) Error image I

(i) Error image II

Fig. 10.
SR results (×4) of the Rush Hour experiment (full scale images are available online). (a) Lanczos interp., 29.71dB (SSIM=.8380). (b)
Video Enhancer [36], 30.49dB (SSIM=.8502). (c) 3DSKSR [25], 29.38dB
(SSIM=.8436). (d) NPSR [1], 28.79dB (SSIM=.8058). (e) SRCNN [11],
31.27dB (SSIM=.8306). (f) DVSR-I, 31.27dB (SSIM=.8838). (g) DVSR-II,
31.83dB (SSIM=.8894). (h) DVSR-I error image. (i) DVSR-II error image.
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A. Solution Complexity

(a) Lanczos interp. (b) Video Enhancer

(c) 3DSKSR

(d) NPSR

(e) SRCNN

(f) DVSR-I

(g) DVSR-II

(h) Error image I

(i) Error image II

Fig. 11. SR results (×4) of the Suzie experiment (full scale images are available online). (a) Lanczos interp., 30.92dB (SSIM=.8176). (b) Video Enhancer
[36], 30.62dB (SSIM=.8031). (c) 3DSKSR [25], 30.87dB (SSIM=.8265). (d)
NPSR [1], 31.24dB (SSIM=.8022). (e) SRCNN [11], 29.61dB (SSIM=.7870).
(f) DVSR-I, 34.05dB (SSIM=.8927). (g) DVSR-II, 33.57dB (SSIM=.8867).
(h) DVSR-I error image. (i) DVSR-II error image.

of all overlapping estimates). For Kayak, we used only two
different parameters: $ = 5, and a standard deviation of 2 for
the second stage deblurring kernel. The different parameters
for Ducks were: ω = 5, and a standard deviation of 2 for the
first stage deblurring kernel. Please refer to Table IV and Table
V for a discussion of the first and second stage parameters,
respectively.
The results of Lanczos interpolation, Video Enhancer [36],
3DSKSR [25], NPSR [1], SRCNN [11], and DVSR, corresponding to a selected target frame from the Carphone, City,
Ducks, Foreman, Kayak, Rush Hour and Suzie sequences, are
shown in Figs. 5–11, respectively. Full size images, along with
short video clips, are provided in the supplemental material.
Lanczos interpolation reveals the true extent of aliasing and
the difficulty level of super-resolving the missing details (due
to aliasing). The severity of aliasing is not only governed
by the sampling rate. Specifically, when soft signals (small
high frequency components) and sharp signals (large high frequency components) are downsampled by the same factor, the
LR version of sharp images appear more aliased than the LR
version of soft images. Therefore, without any prior blurring
of the HR images (before downsampling), aliasing becomes
even more severe [6]. In the supplemental document, we repeat
our experiments without prior blurring of the original HR
sequences. In spite of the higher level of aliasing, the proposed
method remains successful at de-aliasing (refer to Figs. S12–
S18 in the supplemental document).
Despite the level of detail and appreciable overall visual
enhancement delivered by our SR system, the numerical
results are not nearly as favorable, but we report them here in
keeping with accepted customs. The two numerical measures
of choice are peak signal-to-noise ratio (PSNR) and structural
similarity (SSIM) index [41]. The PSNR and SSIM values6
corresponding to each experiment are provided in the caption
of each corresponding figure. The PSNR and SSIM values are
also summarized in Table VI.
6 We corrected for any possible shifts, with respect to reference HR images,
for more meaningful numerical results. Also, borders of all images were
excluded from the PSNR and SSIM computations.

The complexity of the proposed solution can be measured in
terms of the floating point operation (flop) count. The following list details the computational requirements of both stages
of the DVSR method (the first 5 items address complexity of
stage I. Stage II calculations are covered by the last 4 items).
1) Local dictionary creation: for the primary dictionary,
complexity of the BIF-based dimensionality reduction is
about 2pJ 2 K(2d + 1)2 flops. The complexity of mRMR
applied to the intermediate dictionary is 2(pJ 2 )2 (κ + 1)
flops. Similarly, the flop count for the secondary dictionary creation process (to represent the anchors) is
approximately 2pI 2 K(2d + 1)2 + 2(pI 2 )2 (J 2 + 1).
2) GGM calculations associated with the local primary
dictionary and the secondary dictionary cost (pJ 2 )3 +
pJ 2 (4N +1)(pJ 2 +1) and (pI 2 )3 +pI 2 (4Ñ +1)(pI 2 +1)
flops, respectively.
3) The estimation of the PPPCs of (a HR patch) by first
, which
solving (17) for their representations xk,`
n
2
2
2
costs 2pI (2 |M| + J + 1)(I N + |M| Ñ )2 flops,
k,`
and
with the local dictionary,
 k,`then multiplying
 k,` k,` x̂n
υ̂ n
= Ψ x̂n , requiring 2pI 2 J 2 N additional
flops.
1 M2
4) Previous computations are repeated for all L = M
pI 2 J 2
patches per HR frame of size M1 × M2 , and for R
estimates of the same HR (by estimating overlapping
patches).
5) Jointly post-processing all R estimates of the same HR
frame, by iteratively solving (20) requires approximately
Nt M1 M2 2 + 3Rω 2 (2 log M1 M2 + 1) flops (Nt denotes number of iterations).
6) (Patch-wise) GGM calculations associated with local HR
dictionaries of stage II cost (qI 2 )3 +qI 2 (4NΛ +1)(qI 2 +
1) flops.
7) Stage II estimation of a HR patch by first solving (24) for
its representation,xk,l , and then multiplying with the local HR dictionary, Λk,l , requires 2NΛ2 q(I 2 +1)+2qI 2 NΛ
flops.
1 M2
8) Previous two calculations are repeated for all L = MqI2
patches per HR frame of size M1 × M2 , and for R
estimates of the same HR frame.
9) Jointly post-processing all R stage II estimates of the
same HR frame, by iteratively solving (25) requires

approximatelyNt M1 M2 2 + 3R$2 (2 log M1 M2 + 1)
flops.
The flop counts listed above are based on standard matrix
computations [35] and therefore they give a ‘pessimistic’ view
of complexity. Before illustrating with an example, please
recall that J = I + 1 (Section II-A), κ ≤ N ≤ 2κ (Section
III-B), J 2 ≤ Ñ ≤ 2J 2 (Section III-C), |M| = 4 (equation
(15) in Section III-C), NΛ = KΛ (2dΛ + 1)2 (Section IV), and
assume the primary and secondary dictionaries (of stage I)
are always at their maximum dimensionality, i.e. N = 2κ and
Ñ = 2J 2 . Therefore, for a HR frame of size 1000 × 1000
(M1 = M2 = 1000), an upscaling factor of I = 4, and
using the same generic solution parameters described in the
experiments, the total flop count for both stages is 1.6044e+13
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TABLE VI
PSNR/SSIM VALUES FOR EACH EXPERIMENT
Lanczos

[36]

[25]

[1]

[11]

DVSR I

DVSR II

Carphone

26.26
.7709

26.82
.7872

26.01
.7732

19.65
.6766

26.47
.7869

27.30
.8153

28.34
.8411

City

24.64
.7252

25.57
.8100

24.70
.7236

25.11
.7329

24.42
.7305

27.36
.8783

28.36
.8991

Ducks

21.76
.7430

21.89
.7667

21.48
.7144

21.18
.7008

21.07
.7479

22.03
.7338

22.73
.8089

Foreman

30.36
.8533

30.44
.8418

30.20
.8611

28.69
.7484

30.61
.8556

32.52
.8872

33.59
.8969

Kayak

29.26
.7701

28.80
.7493

29.30
.7682

28.04
.6877

27.92
.7409

29.47
.7696

29.73
.7894

Rush Hour

29.71
0.8380

30.49
.8502

29.38
.8436

28.79
.8058

31.27
.8306

31.27
.8838

31.83
.8894

Suzie

30.92
.8176

30.62
.8031

30.87
.8265

31.24
.8022

29.61
.7870

34.05
.8927

33.57
.8867

flops, of which the entire stage II accounts for only 22.83%.
The lion’s share (73.6%) goes to solving (17) for all patches of
stage I (other stage I computations account for the remaining
3.57%). However, the flop count we listed for solving (17)
does not address the highly structured sparsity pattern of Γk,` .
In fact, Γk,` has only pI 2 (N (|M|+1)+2Ñ |M|+J 2 N ) nonzero entries which represent only 5.62% of all its elements,
in this example.
Given these numbers, it becomes evident that for a more accurate (and significantly lower) flop count, we need to at least
consider the structured sparse pattern of Γk,` . In fact, for realtime applications, the entire method should be re-evaluated for
efficient matrix computations wherever applicable. Moreover,
the solution’s amenability to ‘parallel computing’ could be
studied for potentially significant gains in processing speed.
This would require a detailed computational analysis that is
beyond the scope of this work.
VI. C ONCLUSION
Sampling rate diversity (using two different resolution sensors) was first introduced in [1] to overcome the limitations of
traditional MFSR of a static scene. To super-resolve dynamic
sequences of images, we modify the algorithmic aspect of
the previous solution by crafting a two-stage algorithm based
on the main conclusions of sparsity-based SR. In [1], we
(ultimately) sought to super-resolve a secondary LR image
(by super-resolving downsampled versions of it into full PPCs
of the HR image), with the set of primary LR images being
required only to create a LR basis (to represent the PPCs of the
HR image). This theme remains unaltered as the core engine of
the first stage of the new algorithm, but it proves insufficient,
on its own, when the scene is dynamic (due to extreme
correlation between PPCs), so we work on image patches,
implement feature selection to create small, (spatiotemporally)
local LR dictionaries, and use GGM and the anchors for
regularization. The second stage is a reiteration of the sparsity
coding approach to SR, but without the limitations of dealing
with PPCs. It entails solving a classical sparsity coding based

SFSR problem for each frame, but with local HR dictionaries
that are extracted from the super-resolved sequence of the first
stage. With the new algorithm in place, we advocate the bisensor hardware requirement by demonstrating our system’s
ability to super-resolve highly aliased dynamic LR sequences,
with favorable outcome.
Despite its success in handling difficult sequences, the current solution remains inaccessible to existing LR videos, where
no secondary LR version is available. And while our hardware
requirement of an extra sensor (with different sampling rate)
can be easily met by camera manufacturers, it simply does not
apply to certain specialized imaging modalities, such as magnetic resonance imaging. In a future work, we would like to
investigate computational creation of (artificial) sampling rate
diversity, where both the dictionary ‘and’ partial measurements
would be ultimately generated from a single LR sequence (thus
eliminating the need for an extra sensor). This has the promise
of extending the ability of our method to super-resolve LR
sequences irrespective of the imaging technology.
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