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Abstract—The noise power spectrum (NPS) of an image sensor
provides the spectral noise properties needed to evaluate sensor
performance. Hence, measuring an accurate NPS is important.
However, the fixed pattern noise from the sensor’s nonuniform
gain inflates the NPS, which is measured from images acquired5

by the sensor. Detrending the low-frequency fixed pattern is tra-
ditionally used to accurately measure NPS. However, detrending
methods cannot remove high-frequency fixed patterns. In order
to efficiently correct the fixed pattern noise, a gain-correction
technique based on the gain map can be used. The gain map10

is generated using the average of uniformly illuminated images
without any objects. Increasing the number of images n for
averaging can reduce the remaining photon noise in the gain
map and yield accurate NPS values. However, for practical finite
n, the photon noise also significantly inflates NPS. In this paper,15

a nonuniform-gain image formation model is proposed and the
performance of the gain correction is theoretically analyzed in
terms of the signal-to-noise ratio (SNR). It is shown that the SNR
is O (

√
n). An NPS measurement algorithm based on the gain

map is then proposed for any given n. Under a weak nonuniform20

gain assumption, another measurement algorithm based on the
image difference is also proposed. For real radiography image
detectors, the proposed algorithms are compared with traditional
detrending and subtraction methods, and it is shown that as few
as two images (n = 1) can provide an accurate NPS because of25

the compensation constant (1 + 1/n).

Index Terms—Gain correction, noise power spectrum,
nonuniform-gain model, radiography detector, signal-to-noise
ratio.

I. INTRODUCTION30

Photon-based imaging systems have image sensors, which
detect incident photons to construct image contrast. An image
sensor or detector is an array of pixel detectors positioned
at the focal or image plane [1]. The noise performance
of image sensors can be characterized according to several35

different noise sources [2],[3]. Among these noises, the photon
noise, readout or electronic noise, and fixed pattern noise
significantly influence the noise properties of the acquired im-
age [4],[5],[6]. Photon noise [7],[8],[9] is inevitably produced
while acquiring image contrast in an image sensor that is based40

on quanta, such as from light or x-ray photons. In contrast,
electronic noise [9] occurs when reading the charges, which
are produced by the incoming quanta in each pixel. This noise
is produced by the coupled noise and voltage variation over
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Fig. 1. Fixed pattern noise observations from enlarged images of 900× 900
pixels acquired from the flat-panel radiography detectors (DRTECH Co. LTD).
The x-ray tube current is 250mA and the tube voltage is 70kVp (RQA 5).
Since 256 charge amplifiers are integrated on each readout chip, apparent gray
level differences are observed between blocks, of which vertical or horizontal
lengths are equal to 256. (a) From a-Se direct detector (F 50) at the incident
exposure of 11.0µGy. (b) From columnar CsI indirect detector (E 43) at the
incident exposure of 28.2µGy.

the long signal distances of large image sensors such as flat-45

panel radiography detectors [10],[11],[12],[13],[14],[15]. The
energy of the photon and electronic noise can be measured
using the standard deviation or the noise power spectrum
(NPS) of an acquired image [16],[17],[18],[19]. Calculating
the signal-to-noise ratio (SNR) from the standard deviation50

or a normalized NPS (NNPS) [20],[21], we can evaluate
the imaging performance of the image sensor in terms of
noise [22]. Improving the SNR and NNPS is important for
developing good image sensors, and thus research on reducing
noise has been intensively conducted [10],[23]. However,55

because of fixed pattern noise, the measured SNR and NNPS
are not accurate [16],[21],[24].

Fixed pattern noise is generated from various sources [25].
In flat-panel image detectors [26], the thin film transistor
(TFT) controls the flow of electrical signals from the pixels,60

which is where the signals are multiplexed, amplified, and dig-
itized using multiple amplifiers and gate drivers [11]. In small
image sensors, such as charged-coupled devices (CCDs) [4]
and complementary metal-oxide-semiconductor (CMOS) im-
age sensors, multiple amplifiers for pixel columns are also65

used to increase the image reading speed [2],[27]. Because the
amplifiers and gate drivers are not identical, however, images
acquired from large flat-panel image detectors and even small
CCD or CMOS image sensors also suffer from nonuniform
gain and offset problems as fixed pattern noise [28]. The70

infrared focal plane array for infrared image detectors also suf-
fers from the nonuniform gain problem [29],[30]. In contrast,
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low-frequency background trends such as those from the heel
effect [31, p. 318] and spatial variations in detector sensitivity
can also produce fixed pattern noise [16],[24]. This fixed75

pattern noise, which includes low-frequency trends, usually
inflates the low-frequency NPS. Furthermore, the sensitivity
variations can produce a spread noise spectrum for the whole
frequency range. An example of fixed pattern noise in digital
x-ray images is illustrated in Fig. 1. The images in Fig. 180

are offset-corrected images, which are acquired by subtracting
the dark image from the exposure image [5]. In Fig. 1, we
can observe contrast nonuniformity, which is the fixed pattern
noise. In addition to the fixed pattern noise, we can also
observe granular noise from the photon and electronic noise.85

In order to measure the NPS, which is independent of the
fixed pattern noise, the noise should first be reduced. Williams
et al. [16] compared detrending methods, which are based on
averaging and polynomial fitting to reduce the fixed pattern
noise. Such detrending methods were also experimentally90

investigated by Dobbins III et al. [21] and Zhou et al. [24].
Using a conventional calibration-based gain-correction ap-
proach [32], which uses an average of several uniformly-
illuminated images as a gain map to find the nonuniform gain
pattern [5],[12],[33], we can reduce the fixed pattern noise95

and thus improve the NPS measurement accuracy. However,
because the gain map is created using exposed images, the
gain map also contains photon as well as electronic noise [5],
which contaminates the gain-corrected images. In order to
prevent such contamination, we should use as many images as100

possible for averaging when designing a gain map [1, p. 75].
However, because the number of images to be averaged is
limited in practice, the gain-corrected images are inevitably
contaminated, and thus the NPS of the gain-corrected image
is always worse than the true one.105

In this paper, for images acquired under the gain nonunifor-
mity assumption, a nonuniform-gain image formation model
is first formulated using the gain-correction approach, which
is based on the gain map. Here, the scope of the fixed
pattern noise is confined to the nonuniform gains [25]. The110

performance of the gain-correction is theoretically analyzed
in terms of SNR. Through theoretical analysis based on the
nonuniform-gain model, two types of NNPS measurement
algorithms are then proposed, in which the measurement is
independent of nonuniform-gain influence. The first algorithm115

calculates the NNPS from a gain-corrected image. In this
method, the correction uses the gain map and is equivalent
to dividing the input image by an average uniform exposure
image. We provide an explicit derivation of a compensation
constant that enables us to accurately measure NNPS for any120

number of images to be averaged. The second algorithm is
based on the image difference, in which the input image is
subtracted by the average uniform exposure image. A special
case of the image difference algorithm was introduced by
Williams et al. [16] and Zhou et al. [24], and is generally125

employed to measure NNPS without the theoretical analysis.
In this paper, this algorithm is also theoretically analyzed and
generalized to any number of images to be averaged with an
explicit compensation constant.

This paper is organized as follows. In Section II, the130

nonuniform-gain model is proposed. The influences of the
nonuniform gain on SNR and NNPS are then discussed.
In Section III, the conventional gain map design method is
formulated based on the proposed nonuniform-gain model.
In Section IV, the SNR and NNPS of a detector from the135

gain-corrected images, which are based on the gain map, are
derived and two NNPS measurement algorithms are proposed.
Experimental results on the measurements from real x-ray
images and several comparisons with traditional detrending
and subtraction approaches are introduced in Section V. The140

conclusion is given in the last section.

II. NONUNIFORM-GAIN MODEL IN IMAGING SYSTEMS

In this section, in order to theoretically understand the
influence of gain-nonuniformity on SNR and NNPS measure-
ment, an image formation model with nonuniform gain [34]145

is proposed and the influence of the nonuniform gain is
discussed.

During a specified exposure interval, the incident photons
interact within a matter in the manner of a Bernoulli trial
and a fraction of the photons produce electric charge par-150

ticles [9],[35],[36]. Let M(x) denote the electric charge of
secondary particles captured at a pixel located at x ∈ Γ. Here,
set Γ (⊂ R2) is finite and of size m, and x (∈ Γ) denotes
the discrete spatial position of a pixel in Γ. M implies the
limited photon noise, which has a Poisson distribution with155

mean µ and is dependent on the signal level [37]. Here, we
can suppose that µ is proportional to the incident exposure in
µGy [38].

Supposing a constant transfer function for photon noise
M in the model of Burns [15], a discrete-spatial image h,160

which considers photon-independent electronic noise without
any objects, can be written as [4],[9],[37]

h(x) := M(x) + ξ(x), for x ∈ Γ (1)

in electrons (e). Here, we suppose that M(x) is a weakly
stationary sequence [39, p. 165] and ξ(x) are identically165

distributed random variables in R with mean zero and variance
σ2
ξ . In (1), ξ implies the electronic noise, which is independent

of photon noise M [3],[6],[9] and is caused by various
components involved in reading out the collected charges [14].
If ξ has a Gaussian distribution, then the model of (1) is a170

Poisson-Gaussian noise, as described by Foi et al. [40] and
Luiser et al. [41].

The expectation of (1) is given by E{h} = µ and implies
the signal level. The variance of (1) is given by Var{h} =
µ+σ2

ξ . Hence, the SNR of h, which is denoted as s, is defined
as s := E{h}/

√
Var{h} and given by [9]

s :=
µ√
µ+ σ2

ξ

. (2)

Here, s is the detector SNR. From (2), it is clear that
s = O

(√
µ
)

and the SNR increases as µ increases. For
relatively large µ, the photon noise is dominant compared175

to the electronic noise [3],[9], i.e., µ � σ2
ξ . The SNR in

(2) can then be approximated as the photon SNR, which is
given by

√
µ. Because the logarithm of the photon SNR is
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0.5 log(µ), we observe that the logarithm increases with a
slope of 0.5 as log(µ) becomes large. The acquired image is180

hence photon-noise limited if the SNR is dictated by only the
photon noise [42],[43]. In contrast, for relatively small µ, the
SNR in (2) can be approximated by the electronic SNR, which
is defined as µ/σξ and is electronic-noise limited. Because the
logarithm of the electronic noise is log(µ)− log (σξ), we note185

that the logarithmic curve with respect to log(µ) has a slope
of 1 because of the electronic noise. The shape of the SNR
curve s with respect to µ can be described by the curves of
µ/σξ and

√
µ for small µ and large µ, respectively.

A. Nonuniform-Gain Model190

Moy and Bosset [5] used an additive gain-deviation model
to analyze gain nonuniformity in large flat-panel detectors and
presented experimental examples of NPS. Borasi et al. [44]
used a curve that has the properties of photon, electronic, and
fixed pattern noise with respect to the incident exposure to195

determine trends in the relative standard deviations. However,
they did not provide an explicit image formation model.
Healey and Kondepudy [4] provided an image formation
model that includes various noise sources such as fixed pattern
noise. However, their fixed pattern noise only copes with the200

offset differences.
We here formulate a model that represents the influence

of nonuniform gain. Let random variables g(x) (> 0) for
x ∈ Γ denote the nonuniform gains. Because nonuniform gain
mostly results from the charge amplifier of the readout circuit
and the input is multiplied by the amplifier gain, the discrete-
spatial image f , which contains the nonuniform gain, can be
formulated in a multiplicative form, as

f(x) := g(x)h(x), for x ∈ Γ, (3)

in the digital value (DV). In (3), g(x) (DV/e) are identically
distributed random variables with mean ḡ and variance σ2

g , and
are independent of M and ξ of (1). In the nonuniform-gain
model of (3), we confine the scope of the fixed pattern noise
to nonuniform gain g [25]. The expectation and variance of f
are given by

E{f} = ḡµ and

Var{f} = ḡ2
(
µ+ σ2

ξ

) [
1 +

(
1 + s2

)(σg
ḡ

)2
]
, (4)

respectively. From (4), the SNR of f , denoted as Sf , is given
by

Sf := s

[
1 +

(
1 + s2

)(σg
ḡ

)2
]−1/2

. (5)

It is clear that Sf ≤ s, where equality holds when g(x) is
constant, almost surely.

The SNR difference s − Sf implies an SNR deterioration
due to the nonuniform gain of g. Because s − Sf ↓ 0 as
the ratio ḡ/σg → ∞, using high ratios of ḡ/σg is advan-
tageous for acquiring high-SNR images less influenced by
nonuniform gains, as mentioned by Yaffe [45]. Furthermore,
because limµ→∞ Sf = ḡ/σg , which is constant, the SNR

difference s − Sf increases as µ becomes large. Hence, the
SNR deterioration due to the nonuniform gain is quite large for
relatively high µ, and the nonuniform gain should be corrected,
especially for high µ. In contrast,

Sf ∼
µ

σξ

[(
σg
ḡ

)2

+ 1

]−1/2

(6)

as µ → 0. In other words, as µ decreases, the SNR with
nonuniform gains in (5) can be approximated as electronic205

SNR µ/σξ if σg/ḡ � 1. Therefore, if the incident µ is
low, then a gain correction is not important compared to the
relatively high µ case.

B. Noise Power Spectrum of the Nonuniform-Gain Image

Let φη(x) := E{η(y)η(y + x)} denote the autocorrelation
function of any weakly stationary sequence η(x), for x ∈ Γ,
and Φη(ω), for ω ∈ Ω := (−π, π]

2, denote the discrete-spatial
Fourier transform [17, p. 233] of φη(x). Here, Φη(ω) implies
the power density spectrum of η [46, p. 66],[47, p. 289] and
methods of estimating the power density spectrum from the
periodogram can be found in [46, p. 731]. The total average
power of η is given by

φη(0) =
1

(2π)
2

∫
Ω

Φη(ω)dω = Var{η}+ E2{η}. (7)

If the independently incident x-ray photons are filtered by a210

transfer function, which is formed from the scintillator and the
charge collector, then the power density spectrum has a form
of the squared magnitude response of the transfer function [47,
p. 334].

Let ψη and Ψη denote the autocovariance function of η
and its discrete-spatial Fourier transform, respectively. Then,
ψη(x) = φη(x) − E2{η} holds and Ψη implies the NPS of
η [18, p. 111]. Instead of NPS, a normalized NPS [20, p. 201],
which is denoted as NNPS, is further generally used. Letting
NNPSη denote the NNPS of η, NNPSη is defined as

NNPSη(ω) :=
Ψη(ω)

E2{η}
, for ω ∈ Ω. (8)

We now observe the NNPS of f . The total average NNPS of
f is given by the variance of f as Var{f} divided by E2{f}.
In other words,

1

(2π)
2

∫
Ω

NNPSf (ω)dω =
Var{f}
E2{f}

=
1

S2
f

, (9)

which is the inverse of the squared SNR of f . Hence, high215

SNRs of Sf in (5) show low values of NNPSf in (8).
If the gain is uniform as g(x) = ḡ, then the autocovariance

function of f = ḡh satisfies ψḡh = ḡ2ψh and thus the NNPS
of f is given by

NNPSf (ω) =
Ψḡh(ω)

(ḡµ)2
=

Ψh(ω)

µ2

=: NNPSh(ω), for ω ∈ Ω, (10)

which is called the detector NNPS and is independent of the
nonuniform gain. The total average NNPSh is given by s−2,
which is less than S−2

f from (5). Hence, due to the nonuniform
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gain, the total average NNPS of f is always greater than that of220

the detector NNPS. In this paper, the detector NNPS, NNPSh,
will be measured to evaluate noise performances of detectors.

III. GAIN CORRECTION BASED ON GAIN MAPS

In this section, the conventional gain correction method,
which is based on the gain map [5],[33],[42], is formulated225

under the nonuniform-gain model of (3).
Let f1, . . . , fn denote n images, which are formed at

the mean number of electric charge particles µ0 for image
averaging. Suppose that M1, . . . ,Mn are independent and
identically distributed random sequences as M and have the230

Poisson distribution with mean µ0, and are independent of M .
fi are then defined as

fi(x) := g(x)hi(x), (11)

for x ∈ Γ and i = 1, . . . , n. In (11), hi are defined
as hi := Mi + ξi, where ξ1, . . . , ξn are independent and235

identically distributed random variables as ξ in R with mean
zero and variance σ2

ξ , for x ∈ Γ. Here, we call α := µ/µ0 the
particle ratio for the mean numbers of particles. α can also
imply an exposure ratio under the proportional assumption as
addressed in Section II [38]. In (3) and (11), the same gain g240

is used for all f and fi to describe the fixed pattern noise [4].
The image f in (3) needs a gain correction to remove

the fixed pattern noise from the nonuniform gain g. Let us
consider a gain-correction method, which is based on the
gain maps [5],[42]. Let the normalized flat-field correction
image [33] or the gain map [42] Gn, which is designed using
n images f1, . . . , fn, be defined as [48]

Gn(x) := ḡµ0

[
1

n

n∑
i=1

fi(x)

]−1

=
ḡµ0

g(x)

1

Hn(x)
, (12)

for x ∈ Γ, where Hn(x) := n−1
∑n
i=1 hi(x). The gain-

corrected image is then given by Gn(x)f(x), for x ∈ Γ, and
can be rewritten by

Gn(x)f(x) = ḡµ0
h(x)

Hn(x)
, (13)

in which the nonuniform gain g of f is eliminated. Note
that, from (A 4) of Appendix A, the expectation of the
gain-corrected image is approximately equal to that of f as
E {Gnf} ≈ E {f} = ḡµ. Hence, we can alleviate the gain-245

nonuniformity problem of f while maintaining the image
expectation from the gain-corrected image Gnf .

The expectation of an average of pixels m−1
∑

y∈Γ fi(y) is
equal to ḡµ0. If the covariance function Ψfi from fi satisfies
the mean ergodic theorem [39, p. 171],[49, p. 398], the term250

m−1
∑

y∈Γ fi(y) converges to its expectation ḡµ0 in the mean
of order 2 as m → ∞ [50, p. 243]. Hence for practical gain
corrections, the numerator of the gain map in (12) can be
replaced by the average term as

Gn,m(x) :=
1

mn

∑
y∈Γ

n∑
i=1

fi(y)

[
1

n

n∑
i=1

fi(x)

]−1

, (14)255

for x ∈ Γ. From Appendix B, the expectation of the gain-
corrected image Gn,mf is given by E{Gn,mf} ≈ ḡµ, which

is also approximately equal to that of Gnf or f . Furthermore,
from the assumption on the covariance function, Gn,mf con-
verges to Gnf as m→∞.260

IV. NOISE POWER SPECTRUM WITH THE GAIN
CORRECTION

In this section, the SNR of the gain-corrected image is first
derived to observe the effect of the gain correction based on the
gain map [34]. Two measurement algorithms for the detector265

NNPS of (10) are then proposed.
In the gain-corrected image of (13), since h is multiplied by

the noisy term H−1
n (x), which is originated from the gain map

Gn of (12), the gain-corrected image is contaminated with the
noisy term. From (A 2) of Appendix A, the standard deviation
of the noisy term is given by

µ
−3/2
0 n−1/2

√
1 +

σ2
ξ

µ0
(15)

and thus the strength of the noisy term is of order µ−3/2
0

and n−1/2. Therefore, we can notice that the noisy term is
attenuated as n or µ0 increases and can alleviate the noise
contamination problem by increasing n, the number of images270

to be averaged.

A. Signal-to-Noise Ratio of the Gain-Corrected Image

Even though the attenuating noisy term, observing the SNR
of the gain-corrected image is more intuitive in comparing the
gain-corrected images, which are based on the gain map Gn.275

Let sn denote the SNR of the gain-corrected image Gnf .
The SNR is then defined as sn := E {Gnf} /

√
Var {Gnf}

and, from Appendix A, sn can be approximated as

sn ≈ s
(

1 +
1 + s2

nS2
0

)−1/2

< s, (16)

where S0 denotes the SNR of hi defined as

S0 :=
µ0√
µ0 + σ2

ξ

. (17)

Hence, sn = O (
√
n) holds. From the relationship of sn < s

in (16), it is clear that the SNR of the gain-corrected image
Gnf is deteriorated due to the noisy term. We can derive a
simplified SNR for sn based on an asymptotic analysis. For
a fixed particle ratio α, from (16), we have an asymptotic
equivalent of

sn ∼ s
(

1 +
α

n

)−1/2

(18)

as µ or µ0 increases.
Based on the relationship of (18), we now discuss the SNR

deterioration s− sn, which arises out of the noisy term. From
(16) or (18), it is clear that sn ↑ s, as n→∞. Hence, we can
obtain a good gain-corrected image if the number of images to280

be averaged is large enough in terms of maximizing the SNR
sn. Furthermore, sn ↑ s as µ0 → ∞. Hence, we can notice
that increasing µ0 and thus increasing sn when acquiring
images for the gain map design is advantageous for good gain
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corrections as observed by Seibert et al. [33] and Rodricks et285

al. [42, Fig. 5].
In order to compare the performance of the gain-corrected

image of the previous section, the detector SNR s should be
known. For practical cases, however, s is usually not known.
From the simplified relationship of (18), we can calculate the
detector SNR s from compensating sn as

s ∼ sn
√

1 +
α

n
(19)

for relatively large µ or µ0 when the particle ratio α is fixed.
Since the detector SNR s is an achievable upper bound for
any gain-corrected images, calculating s from (19) and sn is
useful in evaluating any gain-corrected images.290

B. Noise Power Spectrum of the Gain-Corrected Image

From (13), the autocovariance function of the gain-corrected
image Gnf is given by

ψGnf (x) := φGnf (x)− E2{Gnf}
= (ḡµ0)2φh/Hn

− (ḡµ)2 (20)

and a normalized autocovariance function of (20) is given by

ψGnf (x)

E2{Gnf}
=
ψGnf (x)

(ḡµ)2
=
φh/Hn

α2
− 1. (21)

Here, the discrete-spatial Fourier transform of (21) is the
NNPS of the gain-corrected image Gnf . Letting NNPSGnf

denote the NNPS, NNPSGnf is given by

NNPSGnf (ω) =
ΨGnf (ω)

(ḡµ0)2
. (22)

Since the total average of NNPSGnf (ω) over ω is given by
s−2
n from (16), in other words,

1

(2π)
2

∫
Ω

NNPSGnf (ω)dω =
1

s2
n

, (23)

we can also expect higher spectra for the gain-corrected
images than the case of the detector NNPS, i.e., NNPSh.
However, the total average of NNPSGnf approaches the true
s−2 as n increases from the discussions in Section IV.A.295

In order to derive the autocorrelation function φh/Hn
of

(21), we consider the following approximation. From a first-
order Taylor approximation of 1/Hn as 1/Hn(x) ≈ 2/µ0 −
Hn(x)/µ2

0, we have an approximation of

h(x)

Hn(x)
≈ h(x)

[
2

µ0
− Hn(x)

µ2
0

]
. (24)

Hence, from (24), φh/Hn
≈ φhφHn

/µ4
0 holds and then the

normalized autocovariance function of (21) can be rewritten
by

ψGnf (x)

(ḡµ)2
≈ φhφHn

(µµ0)2
− 1. (25)

Substituting φh = ψh + µ2 and φHn
= ψHn

+ µ2
0 into (25),

(25) can be expanded as

ψGnf (x)

(ḡµ)2
≈ ψh(x)ψHn(x)

(µµ0)2
+
ψh(x)

µ2
+
ψHn(x)

µ2
0

, (26)

where ψHn
= ψh1

/n. In (26), the maxima of ψh(x)/µ2 and
ψHn(x)/µ2

0 are the squares of the SNR inverses of h and Hn,
respectively. Hence, if high SNR images are considered, in
other words, ψh(x)/µ2 � 1 and ψHn

(x)/µ2
0 � 1, ∀x, hold,

then the following approximation consequently holds

ψGnf (x)

(ḡµ)2
≈ ψh(x)

µ2
+

1

n

ψh1
(x)

µ2
0

. (27)

Therefore, applying the discrete-spatial Fourier transform to
(27), we obtain the following relationship:

NNPSGnf (ω) ≈ NNPSh(ω) +
1

n
NNPSh1

(ω) (28)

for ω ∈ Ω. From (28), the following asymptotic relationship:

NNPSGnf (ω)→ NNPSh(ω), as n→∞ (29)

holds and thus the detector NNPS can be obtained from the
gain-corrected image for large n. However, acquiring a large
number of images for the gain map design is not practical.
Rodricks et al. [42] experimentally observed the effect of n on
the detective quantum efficiency (DQE) [35], which is derived300

using NNPS, and showed that as the number increases, DQE
approaches the true one especially at high exposures.

We now propose a simple measurement method for the
detector NNPS, NNPSh of (10), based on the gain map,
which is designed at the same incident exposure condition305

for any fixed n.

Gain-Map Correction (GMC) Algorithm:
1) Design the gain map Gn averaging n images acquired at
the incident exposure of µ0 = µ for a fixed n.
2) Calculate the gain-corrected image Gnf from (13) and
NNPSGnf , which is the NNPS of Gnf , from (22).
3) Obtain the detector NNPS from the relationship:

NNPSh(ω) ≈
(

1 +
1

n

)−1

NNPSGnf (ω). (30)

The compensation relationship of (30) is obtained from (28)
when the images f and f1, · · · , fn are acquired at the same
incident exposure of µ0 = µ. Note that an accurate detector310

NNPS can be obtained from the compensation constant (1 +
1/n) for a fixed n. For a special case of n = 1 in (30),
the gain map is designed using only one image f1. Hence,
we can efficiently measure the detector NNPS using a single
additional image to alleviate the nonuniform gain problem.315

C. Noise Power Spectrum for Weak Nonuniform Gains

Let ψg denote the autocovariance function of g. The max-
imum of ψg(x) is ψg(0) = σ2

g . In this section, the measure-
ments of the SNR and NNPS of the detector under the weak
gain assumption, in which ψg(x)/ḡ2 � 1 or σg/ḡ � 1, ∀x,
holds, are discussed from an image difference with the average
image

1

n

n∑
i=1

fi(x) = g(x)Hn(x) (31)
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at the same exposure µ0 = µ.
We define an image difference as

∆n(x) :=

(
1 +

1

n

)−1/2
[
f(x)− 1

n

n∑
i=1

fi(x)

]
(32)

for a given n. The variance of ∆n is then given by

Var{∆n(x)}

=

(
1 +

1

n

)−1

Var {g(x) [h(x)−Hn(x)]}

=

(
1 +

1

n

)−1 [
E2{g(x)}+ Var{g(x)}

]
Var{h(x)−Hn(x)}

=
(
ḡ2 + σ2

g

) (
µ+ σ2

ξ

)
(33)

from E{h −Hn} = 0. From the weak gain assumption, i.e.,
ḡ2 � σ2

g , we have Var{∆n} ≈ ḡ2(µ + σ2
ξ ). Hence, we can

measure the detector SNR s of (2) from an approximation

E{f}√
Var{∆n}

≈ s. (34)

We now derive the detector NNPS from the difference ∆n.
Since the autocorrelation function of ∆n is given by φ∆n

=
(1 + 1/n)−1φgφ(h−Hn) and E{∆n} = 0, the autocovariance
function of ∆n can be expanded as

ψ∆n
(x) =

(
1 +

1

n

)−1 [
ψg(x) + E2{g}

]
·
[
ψ(h−Hn)(x) + E2{h(x)−Hn(x)}

]
=

(
1 +

1

n

)−1 [
ψg(x) + ḡ2

]
ψ(h−Hn)(x)

=
[
ψg(x) + ḡ2

]
ψh(x) ≈ ḡ2ψh(x), (35)

where the approximation holds under the weak gain
assumption. Hence, the detector NNPS, NNPSh of (10),
can also be obtained from Ψ∆n , the discrete-spatial Fourier320

transform of (35), and the measurement is summarized in the
following algorithm.

Image difference (ID) Algorithm:
1) Calculate the image difference ∆n from (32) for a given n.
2) Obtain the detector NNPS from the approximation:

NNPSh(ω) ≈ Ψ∆n
(ω)

E2{f}
, (36)

where Ψ∆n
is the discrete-spatial Fourier transform of ψ∆n

.
325

For the special case of n = 1 in the difference ∆n of (32),
i.e.,

∆1(x) =
1√
2

[f(x)− f1(x)] , (37)

measurement of the detector NPS was shown by Williams et
al. [16] and Zhou et al. [24]. In order to remove the fixed
pattern noise, first, one uniform exposure image is subtracted
from another with the same exposure, and the subtracted image
is divided by

√
2 to guarantee that the resultant variance330

is identical to that of the exposure image. Similarly to the
difference ∆n of (32), Williams et al. [16] and Dobbins et

TABLE I
DEVELOPMENT PROTOTYPES OF FLAT-PANEL RADIOGRAPHY DETECTORS

(DRTECH CO. LTD)

Detectors Collection Photoconductor Pixel pitch (µm/pixel)
element or scintillator Size (pixels)

Gray level (bits/pixel)
F 50 TFT direct 139
F 56 a-Se 2560× 3072

14
TFT indirect 140

E 43 photodiode columnar CsI 3072× 3072
14
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True SNR s = 100
sn = s(1+1.2/n)−1/2

Experiment
Compensated experiment

Fig. 2. SNR curves versus the number of images n based on the nonuniform-
gain model f in (3) and the Monte Carlo simulation. The true SNR is s = 100
and the SNR of the gain-corrected image is sn = s (1 + α/n)−1/2 with the
particle ratio α = 1.2. For the n = 1 case, the compensated experiment
shows P {99.978 ≤ s ≤ 100.259} = 0.9544 with 1,000 experiments and
m =1,000.

al. [21] also subtracted a highly averaged uniform exposure
image from a single image and calculated the NNPS without
the compensation constant of (1+1/n). However, they did not335

provide any theoretical analysis for this approach and thus did
not address any conditions, such as the weak gain assumption
or the explicit compensation constant (1 + 1/n) for fixed n.

V. EXPERIMENTAL RESULTS

In this section, the detector NNPS curves are measured340

using the proposed GMC and ID algorithms for real digital
x-ray images. Several development prototypes of flat-panel
radiography detectors that are based on the F 50, F 56, and
E 43 of DRTECH Co., as summarized in Table I, were used to
acquire the digital x-ray images. Here, the x-ray tube current345

was 250 mA and the tube voltage was 70 kVp (RQA 5). For
the direct detector case, the number of gate drivers was 2,560
and the number of charge integrating amplifiers was 3,072×2,
as mentioned by Lee et al. [11] and Weisfield et al. [12]. Thus,
the amplifier gains for each data line could be different and350

can generate nonuniform gains.

A. Monte Carlo Simulation and Signal-to-Noise Ratio Mea-
surements

To evaluate the detector performance in terms of SNR,
accurately measuring the true detector SNR s is important.355
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Fig. 3. SNR curves versus the number of images n for real x-ray images,
which are acquired by a direct detector (F 56). Empirical SNR is the SNR
of the gain-corrected image and the compensated empirical SNR is obtained
from (19). The input image is acquired at d = 35.4µGy and two gain maps
are designed at the exposures of d0 = 44.3µGy (α ≈ 0.80) and 22.0µGy
(α ≈ 1.61), respectively. Here, m = 65,536 and α ≈ d/d0 is assumed.

First, a Monte Carlo method for the image model of f in
(3) is used to evaluate the compensation of (19) for obtaining
s from sn. Supposing the photon-noise limited images, i.e.,
σξ = 0 in (3), Fig. 2 illustrates the experimental results of
the Monte Carlo simulation with SNR s and theoretical gain-360

corrected SNR sn. In this experiment, s = 100 and the particle
ratio was α = 1.2. Fig. 2 shows that both the experimental
curves and their compensated curves are very close to the
theoretical curves of sn and s, respectively. For the worst
compensation case of n = 1, the Monte Carlo simulation365

obtains P {99.978 ≤ s ≤ 100.259} = 0.9544. Therefore, the
s obtained from the compensation of (19) can be successfully
used to measure the detector SNR, which is an upper bound
for gain-corrected image performance.

We now measure the detector SNR of real x-ray images.370

In Fig. 3, the empirical SNR of the gain-corrected image
and its compensated empirical SNR from (19) at the incident
exposure of 35.4 µGy are plotted with respect to n, the number
of images used to calculate the gain map. Here, in order to
calculate the empirical values, we used m = 65,536 pixels. As375

n increases, the empirical SNR also increases and approaches
a value. Furthermore, the compensated empirical SNR shows
almost constant values for the entire range of n, similarly to
the case of the Monte Carlo simulation in Fig. 2. Hence, we
conclude that the compensated empirical SNR successfully380

measures the true detector SNR s. The experimental results of
Fig. 3 for a fixed n show that obtaining images for averaging
at higher exposures leads to higher SNRs of sn than the lower
exposure cases. In other words, to acquire a good gain map,
it is advantageous to use averaging images that are acquired385

at higher exposures, as discussed in Section IV.

B. Noise Power Spectra Measurements and Their Compar-
isons

We first observe the NNPS curves of the gain-corrected im-
ages for various n. In this paper, a horizontal one-dimensional390
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Fig. 4. NNPS curves of gain-corrected images for different values of n and
the fixed pattern noise from nonuniform gain. (a) Direct detector (F 50) at
the incident exposure of d = 11.0µGy. (b) Indirect detector (E 43) at the
incident exposure of d = 28.2µGy.

NNPS calculation based on IEC62220-1 [51] is considered.
In the direct detector of Fig. 4(a), the NNPS curve of the
acquired image without gain correction (“No gain correction”)
shows higher values, especially for low spatial frequencies
below 0.2 lp/mm because of the nonuniform gains. For the395

NNPSs of the gain-corrected images (NNPSGnf ) the noise
levels decrease as n increases and approach the detector
NNPS (NNPSh), as discussed in (29). For the indirect detector
case of Fig. 4(b), we observe that the fixed pattern noise
from the nonuniform gain is spread over the entire frequency400

range, in contrast to the NNPS of the gain-corrected image
for n = 50. This fixed pattern noise is generated from the
columnar scintillator, which is grown on the TFT panel of
the indirect detector. In view of the asymptotic relationship of
(29), the NNPS curves of the gain-corrected images in Fig. 5405

can approximate the true detector NNPS if n is large enough.
Hence, the NNPS curves of “Gain corrected (n = 19)” and
“Gain corrected (n = 50)” in Figs. 5(a) and (b), respectively,
can be used as reference curves for evaluating the performance
of the measurement algorithms.410

In Fig. 5, we compare the proposed GMC algorithm with
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traditional detrending methods [16],[24]. In the experiments
of Fig. 5, two detrending methods are employed. In Fig. 5,
“Polynomial (2)” is a two-dimensional second-order polyno-
mial fit introduced in [16],[21],[24], and “Average” is based415

on a two-dimensional 55 × 55 moving average filter [17,
p. 285],[1, p. 760] for detrending [16]. Zhou et al. [24]
compared different detrending approaches and concluded that
the second-order polynomial fit provides the best detrending
performance for measuring NNPS. The moving average fil-420

ter approach is also commonly used for measuring NNPS.
Hence, comparisons between the proposed GMC algorithm
and these two approaches provide meaningful results. In the
direct detector case of Fig. 5(a), the noise levels for low
frequencies are notably reduced compared to the case of “No425

gain correction.” However, those levels are still higher than
the gain-corrected case of “Gain corrected (n = 19).” For the
proposed GMC algorithm, the measured NNPSs are very close
to the gain-corrected NNPS of n = 19, even for the single-
image gain map case “GMC (n = 1).” Hence, the proposed430

GMC algorithm can efficiently measure the detector NNPS
independently of the nonuniform gain. We can obtain a similar
experimental result for the indirect detector case of Fig. 5(b).
However, even worse measurement results from the traditional
detrending methods are observed, where the fixed pattern noise435

is not removed for frequencies higher than 0.2 lp/mm.
In Fig. 6, we compare the proposed ID algorithm with the

traditional subtraction-based algorithm [16],[21] “Subtraction
(n = 7),” in which a highly averaged uniform exposure image
is subtracted from the input image, as discussed after (37).440

Note that when n = 1, the proposed ID algorithm is equivalent
to the subtraction algorithm of [16] and [24]. As we observe in
Fig. 6, the traditional subtraction algorithm shows differences
from the reference NNPS curves, even though the number of
images to be averaged is n = 7. However, the proposed ID445

algorithm shows true NNPS curves for both n = 1 and n = 7
cases.

In Fig. 7, we compare the proposed GMC and ID algorithms
for different incident exposures and detectors. The direct
detector in Fig. 7(a) has a relatively large NNPS from the450

nonuniform gains, and thus the NNPS measured by the ID
algorithm, at the incident exposure of 11.0 µGy, shows slightly
higher values than the GMC algorithm case, which is very
close to the true detector NNPS, as observed in Figs. 4(a) and
5(a). In contrast, for weak nonuniform gains, i.e., relatively455

low NNPS curves from nonuniform gains, as shown in the
indirect detector case of Fig. 7(b), both the GMC and ID
algorithms show similar NNPS curves and thus are useful for
practical detector NNPS measurements.

VI. CONCLUSION460

In this paper, a nonuniform-gain model was proposed that
considers the photon and electronic noise in conjunction with
nonuniform gains as fixed pattern noise. A gain-correction
scheme was then formulated using a gain map in which the
fixed pattern is constructed from averaging several images465

acquired without any objects. Using the gain-corrected image
based on the gain map, an algorithm for measuring the
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Fig. 5. Comparisons of the measured NNPSs between the proposed GMC
algorithm when n = 1 and the traditional detrending methods, the second-
order polynomial fit [24] and the moving average filter [16]. (a) Direct detector
(F 50) at the incident exposure of d = 11.0µGy. (b) Indirect detector (E 43)
at the incident exposure of d = 28.2µGy.

detector NNPS was proposed. Additionally, based on the
image difference under a weak nonuniform gain assumption,
another NNPS measurement algorithm was also proposed. The470

proposed algorithms were tested on real x-ray images and
were compared with traditional detrending and subtraction
methods. The proposed algorithms provide more accurate
NNPS curves than the traditional schemes. A special case of
the proposed algorithms that uses only two images acquired475

at the same incident exposure without any objects enables
us to successfully measure accurate NNPSs independent of
nonuniform gains.

APPENDIX A

In this appendix, an approximation of the SNR sn is
derived. Suppose that E {1/Hn(x)} and Var {1/Hn(x)} exist,
for x ∈ Γ, where Hn is defined in (12). Since h1, h2, · · ·
are an independent sequence of random variables, from the
Lindeberg-Lévy theorem [50, p. 357], we have a convergence
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Fig. 6. Comparisons of the measured NNPSs between the proposed ID
algorithm and the traditional subtraction method [16],[21]. (a) Direct detector
(F 50) at the incident exposure of d = 11.0µGy. (b) Indirect detector (E 43)
at the incident exposure of d = 28.2µGy.

in distribution as
√
n [Hn(x)− µ0]→ N

(
0, µ0 + σ2

ξ

)
,

and using the delta method [52, p. 240], we can obtain a
convergence in distribution as

√
n

[
1

Hn(x)
− 1

µ0

]
→ N

(
0,
µ0 + σ2

ξ

µ4
0

)
, for x ∈ Γ. (A 1)

Hence, from the convergence in distribution of (A 1), we
asymptotically obtain

E

{
1

Hn(x)

}
≈ 1

µ0
and Var

{
1

Hn(x)

}
≈
µ0 + σ2

ξ

nµ4
0

. (A 2)

From a first-order Taylor approximation of Hn as

1

Hn(x)
≈ 1

µ0
− 1

µ2
0

[Hn(x)− µ0] , (A 3)

we can also obtain the approximation of (A 2) for any n480

including the special n = 1 case as shown in [52, p. 242].
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Fig. 7. Comparisons of the measured NNPSs from the proposed algorithms
GMC and ID when n = 1. (a) Direct detector (F 50). (b) Indirect detector
(E 43).

Hence, from E {h(x)/Hn(x)} = E {h(x)}E {1/Hn(x)},
we have

E

{
h(x)

Hn(x)

}
≈ α (A 4)

and, from the following relationship,

Var
{
h(x)

Hn(x)

}
= E2 {h(x)}Var

{
1

Hn(x)

}
+ E2

{
1

Hn(x)

}
Var {h(x)}

+ Var {h(x)}Var
{

1

Hn(x)

}
,

we have the variance of h/Hn as

Var
{
h(x)

Hn(x)

}
≈
(α
s

)2

1 +

(
µ0 + σ2

ξ

) (
1 + s2

)
n (µ0)

2

 , (A 5)

where s is the detector SNR defined as s := µ/
√
µ+ σ2

ξ in
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(2). Since the gain-corrected image Gnf can be rewritten by

Gn(x)f(x) = ḡµ0
h(x)

Hn(x)
,

from (A 4) and (A 5), the SNR of the gain-corrected image
Gnf can be approximated as

sn ≈ s
(

1 +
1 + s2

nS2
0

)−1/2

,

where S0 is the SNR of hi defined as S0 := µ0/
√
µ0 + σ2

ξ .485

APPENDIX B

The gain-corrected image Gn,mf can be rewritten by

Gn,m(x)f(x) =
h(x)

Hn(x)

1

mn

∑
y∈Γ

n∑
i=1

fi(y).

For pixel positions x ∈ Γ, the expectation of Gn,mf can be
rewritten by

E {Gn,m(x)f(x)}

=
1

m

∑
y∈Γ

E

{
h(x)

Hn(x)

1

n

n∑
i=1

fi(y)

}
. (B 1)

In (B 1), if y = x, then from the definition of Hn it is clear
that

E

{
h(x)

Hn(x)

1

n

n∑
i=1

fi(y)

}
= E {f(x)} = ḡµ. (B 2)

If y 6= x, then from (A 4) we approximately have

E

{
h(x)

Hn(x)

1

n

n∑
i=1

fi(y)

}

= E

{
h(x)

Hn(x)

}
E

{
1

n

n∑
i=1

fi(y)

}
≈ ḡµ. (B 3)

From (B 2) and (B 3), the expectation in (B 1) is given by

E {Gn,m(x)f(x)} ≈ ḡµ, for x ∈ Γ.
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