This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication. Citation information: DOI 10.1109/TKDE.2016.2563434, IEEE
Transactions on Knowledge and Data Engineering
IEEE TRANSACTIONS ON KNOWLEDGE AND DATA ENGINEERING

1

On Learning of Choice Models with
Interactive Attributes
Manish Aggarwal
Indian Institute of Management Ahmedabad, India

F
Abstract
Introducing recent advances in the machine learning techniques to state-of-the-art discrete choice models, we develop an
approach to infer the unique and complex decision making process of a decision-maker (DM), which is characterized by the DM’s
priorities and attitudinal character, along with the attributes interaction, to name a few. On the basis of exemplary preference
information in the form of pairwise comparisons of alternatives, our method seeks to induce a DM’s preference model in terms of the
parameters of recent discrete choice models. To this end, we reduce our learning function to a constrained non-linear optimization
problem. Our learning approach is a simple one that takes into consideration the interaction among the attributes along with the
priorities and the unique attitudinal character of a DM. The experimental results on standard benchmark datasets suggest that our
approach is not only intuitively appealing and easily interpretable but also competitive to state-of-the-art methods.
Index Terms—Preference Learning; choice modelling; multi-attribute
decision making; attitudinal character; attributes interaction

1

Introduction

Multinomial logit (MNL) [2] is the easiest and most
widely used discrete choice model based on the principle of
utility maximization. The main reason for its popularity
is the easy interpretability. The popularity of the MNL
model can be gauged through its number of applications
in the last two decades. It has been applied in severity
analysis [24], [25], [34], price optimization [26], revenue
optimization [42], location planning [27], choice analysis
problems [29]–[31], [33], [47], risk analysis [28], [35], [38],
[39], [43], [44], demand analysis [32], [36], data analytics [37], [40], [45], regression analysis [41], [48], [50], causal
inference in medicine [46], and forecasting [49], to name a
few.
Since the appearance of the MNL model, several extensions of the same have appeared in the literature.
The nested logit [11], [12], GEV [13], multinomial probit
(MNP) [14], paired combinatorial logit (PCL) [3], [4],
cross-nested logit (CNL) [5], continuous CNL model [6],
generalized nested logit (GNL) model [7], generalized
MNL (GenMNL) model [8], mixed multinomial logit [9]
and the fuzzy integral MNL model [10] are some of
the popular variants of the MNL model. Recently, Choquet MNL (CMNL) and its extension attitudinal CMNL
(ACMNL) are proposed in [57] to consider interaction
among the attribute values. ACMNL model also considers
the DM’s attitudinal character, besides the interaction
among the attributes.
The logit models bascially attempt to model the unique
decision-making approach of a DM. In principle, we can
infer the decision making model of a DM with the knowledge of the DM’s choices, which can be used to predict

the DM’s choices for any set of alternatives. The problem
of empirically inferring an individual’s choice behaviour
is a very interesting problem for economists, marketers,
managers, and computer scientists alike. In this regard,
seminal pieces of work have appeared in the literature.
For instance, in [52], the attribute threshold values are
investigated to determine whether the concerned alternatives stand a chance of being chosen or not. Some market
response measures are calculated in [51] to infer the effect
of marketing on consumer choices. An approach to preference segementation for identification of the determinants
of brand switching and the consumers’ response to price
changes, is developed in [53].
These studies, however, do not make use of the preferences to learn a DM’s predictive decision model that
can be validated. In this regard, the work in [54] is
quite relevant, in which the parameters of MNL model are
estimated on the basis of rank ordered data of the form
a  b  c  . . ., where a, b, c denote alternatives, and 
denotes the relation preferred to, for a DM. Guaranteeing
the rank ordering, across the complete set of alternatives,
in this learning approach is quite cumbersome, which
limits its application in practice. More importantly, the
crucial information regarding the interaction among the
attributes, and the specific attitudinal character of a DM,
is ignored in these works. Also, most of these works
are based on data collected from survey questionnaire,
and hence these models are neither fully verifiable, and
automatized, nor very scalable either.
1.1

Motivation

We often find it easier to compare two options (on the
basis of their desired attributes), and choose one, rather
than assigning a quality score to all the available options,
at once. Based on such pair-wise choices, it is possible to
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understand an individual’s decision behaviour, and predict
his/her preferences. Predicting the preferences of others on
the basis of their choices is a key part of social cognitive
development [59]. Young children demonstrate the ability
to make inferences about the preferences of others based
on their choices. Decision making is a complex process that
is specific to an individual. It involves different alternatives
that are described by multiple attributes, and, many a
times, there exists an interaction among the attributes, i.e.
a few attributes, if present together in an alternative are
much more (or less) valuable, than being individually. Besides, a DM’s attitudinal character (tolerance) inevitably
adds to this complexity. There are also inconsistencies in a
DM’s own decision behaviour, which add to the difficulty
of infering the DM’s choices.
We are motivated to somehow learn the unique decision
behaviour of a DM, considering these features of human
decision making. While, some of the existing methods
have focussed on one of these features, our appraoach
is distinguished by the fact that we consider all these
practical aspects of human decision making, at the same
time. In this regard, preference learning (PL) that is
emerging as a new subfield of machine learning and data
mining, appears very much interesting. PL is inspired from
the human way of choosing the better of the two options,
on the basis of desired attributes under consideration. We
are concerned with the construction of preference model
from a DM’s preferences, with PL providing the technical background for learning through preferences, deeply
rooted in our cognition. More specifically, we introduce
recent algorithmic advances in PL to the area of choice
modelling. While the choice models are concerned with
an empirical analysis of a DM’s choice behaviour through
a quantitative approach, machine learning is a scientific
discipline that explores different algorithms to learn from
data. In this sense, choice models and machine learning
can be argued to be complementary, which may aid each
other. Traditionally, choice models put much emphasis on
the interpretability and intuitive appeal. Machine learning,
on the other side, is more focusing on computationally
efficient algorithms for inducing predictive models, and
prediction performance is given more importance than the
interpretability.
Pointing to this interesting compelementarity, we feel
interested to develop a preference learning approach to infer the parameters of the recent choice models. By this, we
mean the idea of applying machine learning methods for
a preference-information driven construction of state-ofthe-art discrete choice models. More concretely, we apply
PL techniques to learn the parameters of MNL, CMNL
and ACMNL models. It would be worthwhile to mention
that studies in [61]–[63] also deal with preferences-based
learning, but with a different context. All these works
are concerned with active learning in sequential decision
making settings. They put an emphasis on selectively
picking the training samples for the applications where
the observations are time-consuming and/or expensive. In
comparison, the present study considers all the training
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samples, at once, and is simpler by design.
1.2

The Proposed Work

We divide the sample of alternatives in multiple random
preference pairs (of a DM) such that a  b. These
preference tuples form the training information for learning a DM’s preference model. In essence, we induce the
behavioral model: Choose alternative a iff Ua > Ub . Both
discrete choice models and PL are concerned with the
construction of this kind of preference models of the form
a  b. This commonality has inspired us to combine
these two disciplines together to complement each other.
By this, we mean the idea of applying PL-based machine
learning methods for a preference-information driven construction of choice models. What we consider specifically
interesting in this regard is the combination of the recent
choice modelling methods and machine learning algorithms
to infer a DM’s choice behaviour from his/her preferences.
Concretely, we use the learning-to-rank approach against
the background of PL for the induction of recent choice
models.
The paper is outlined as follows: Section 2 sets the
background for the paper with an overview of the related
concepts. Section 3 is concerned with modelling of the
human decision process that is unique to an individual.
In Section 4, we present a preferences-based approach to
learn some predictive decision models. Section 5 gives the
details of an experimental study to empirically validate
the proposed learning approach. In Section 6, we actually
learn the predictive models through an application of
the proposed approach on some real datasets. Section 7
concludes the study.

2
2.1

Background
MNL Model

MNL model postulates that each alternative can be seen as
a bundle of attributes. A DM makes choices among various
alternatives so as to maximize the utility, i.e. choosing the
alternative whose attributes collectively yield more utility
than those of all other alternatives. Mathematically, it
postulates that a DM derives from an alternative ai a
utility value Ui , given as:
Ui = Vi + i
where, i is the unestimated utility, and Vi is the representative or systematic utility that is based on the observed
attribute values and the attribute weight vector. If the
(m)
value of mth attribute of ai is, say ai , and β (m) is
the corresponding weight that the DM attaches to mth
attribute. Then
Vi =

M
X

(m)

β (m) ai

(1)

m=1

where, M is the total number of attributes. It has been
shown in [2] that probability Pi of an alternative ai
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yielding the highest utility to the DM, and thus is chosen,
is given by
exp(Vi )
Pi = PK
i=1 exp(Vi )
PM
(m) (m)
exp( m=1 βi ai )
= PK
PM
(m) (m)
k=1 exp(
m=1 βk ak )

(2)

The weight vector can be seen as the DM’s tastes for
the attributes, and it characterizes the DM’s unique choice
behaviour. The net utility derived from an alternative is
computed as a function (weighted average) of the attribute
values and the attribute weight vector. While MNL model
reflects, to some extent, a DM’s priorities (or the attribute
weights), the individualistic characteristics such as the
degree of interaction among the attributes, and a DM’s
attitudinal character1 remain unrepresented. In order to
address these drawbacks, MNL model is extended as
Choquet MNL (CMNL) and attitudinal Choquet MNL
(ACMNL) models in [57]. Before we delve upon CMNL
and ACMNL models, we signify the characteristics of
these models such as attributes interaction and a DM’s
attitudinal character in modelling the real world decision
making.
2.2

Attributes Interaction

The conventional discrete choice models (such as MNL and
its extensions) depend only on the attribute values and the
attribute weight vector. In practice, however, there often
exists some interaction among the attributes. That is, the
attributes may not always be additive as assumed in the
existing logit models of discrete choice. There may exist
a synergy or redundancy among the attributes, and hence
the importance (weight) depends upon the particular combination of attributes. Suppose, for instance, a programming task requires a mix of language and programming
skills from the sets A = {French, German, English}, and
B = {Java, c++}. Hence, the presence of the skills in
combination from both A and B is more valued than
their individual presence. If we represent the importance
of the set of elements A as µ(A), then formally, a positive
interaction can be expressed as: µ(A ∪ B) > µ(A) + µ(B).
In a situation, when a combination of skills from the
two sets A and B is utmost essential, then µ(A ∪ B)
can be high although µ(A) = µ(B) = 0, suggesting that
the mere presence of either of the skills from A and B
is unacceptable, as far as the task at hand is concerned.
Likewise, a negative interaction may also exist among
the attributes, when the attributes are redundant. For
example, if C = {J2EE, c#}, then B and C may be
redundant, and their utilities diminish in a combination.
That is, µ(B ∪ C) < µ(B) + µ(C). These considerations motivate the use of the non-additive measures, also
called as capacities or fuzzy measures [55] in the discrete
choice models that assume that the attributes are always
1. The degree of conjunctiveness (and-ness) or disjunctiveness (orness) in the aggregation of the attribute values

additive. In this regard, Choquet integral (CI) [56] is
an important aggregation function with the ability to
represent interaction among the attributes.
2.3 Individual Attitudinal Character
Another drawback of the existing discrete choice models
is the fact that it is very difficult to consider a DM’s
individual attitudinal character in arriving at the choice
probabilities. The weighted mean, used in the discrete
choice models, has no provision to consider the attitudinal
character. That is, the aggregation result of the weighted
averaging operator does not depend on the DM, and is only
a function of the attribute values and the attribute weight
vector. In the real world, however, the human aggregation
is a complex process, and a DM’s attitudinal character
plays an important role in the same. A tolerant DM may
be happy with just one of the attributes with an ‘or-like’
(disjunctive) behaviour, while his/her less tolerant counterpart may emphasize upon satisfying all the attributes
with an ‘and-like’ (conjunctive) aggregation tendency. In
other words, every individual displays a varying degree
of compensation in the aggregation process. The more
tolerant a DM is, the more is the compensation in the
aggregation process, or it is more ‘or-like’ (disjunctive).
2.4 Choquet Multinomial Logit Models
Choquet multinomial logit (CMNL) model extends MNL
model to cater to the interactive attributes. It is based on
the concepts of game and capacity, defined on a vector
X = {1, . . . , M }. A game µ on X is a set function,
µ : 2X → R satisfying µ(∅) = 0. For any two A, B ⊆ X,
a capacity (or fuzzy measure) µ on X is a game on X
satisfying µ(A) ≤ µ(B) whenever A ⊆ B. In particular, it
follows that µ : 2X → [0, ∞). A capacity µ is normalized,
when µ(X) = 1. We consider a set of K alternatives
characterized by M attributes.
Choquet multinomial logit (CMNL) model has the representative utility Vi given as a function of fuzzy measure
µ, computed through CI operator, and is shown as
Vi = CI µ =

M
X

(σ(m))

ai

(µ(B (m) ) − µ(B (m+1) ))

(3)

m=1

where, µ : 2X → [0, 1] is a fuzzy measure on a set
of M attribute values of ai , σ(m) indicates a permuta(σ(1))
(σ(M ))
tion on M such that ai
≤ . . . ≤ ai
; B (m) =
(M +1)
{σ(m), . . . , σ(M )}; and B
= ∅. The form in (3) can
be simplified using Möbius transform as follows:
X
 (m)
CI µ =
(T ) min ai | m ∈ T
(4)

m

T ⊆X

 (m)
where, min ai | m ∈ T

m

:=  min

(m)

{ai

}, µ denotes

m|m∈T

fuzzy measure, and µ refers to Möbius transform. For
all B ⊆ X, Möbius transform µ of measure µ is defined
as follows:
X
(−1)|A|−|B| µ(B)
(5)
µ (A) =

m

m

B⊆A
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The value µ (A) can be interpreted as the weight that is
exclusively allocated to the subset of attributes A, instead
of being indirectly connected with A due to the interaction
with other subsets. The choice probability in CMNL model
is thus given as:
exp (Vi )
Pi = PK
)
k=1 exp(V
P k

(σ(m))
M
(m)
(m+1)
exp
a
µ(B
)
−
µ(B
)
m=1 i
P
= P

(σ(m))
K
M
(m) ) − µ(B (m+1) )
exp
a
µ(B
k=1
m=1 k

P
 (m)
exp
(T ) min ai | m ∈ T
T ⊆X
P

= P
 (m)
K
(T ) min ak | m ∈ T
k=1 exp
T ⊆X
(6)

where, min a(m) | m ∈ T := min {a(m) }.

m

m

{m∈T }

4

2.5

Attitudinal Choquet Multinomial Logit Model

ACMNL model considers the varying attitudes of the
DMs, along with the attributes interaction. It has the
representative utility Vi computed as a function of an
attitudinal parameter λ, fuzzy measure µ and the attribute
values through ACI operator [58], shown as:
!
M 
 (σ(m))
X
(m)
(m+1)
ai
Vi = logλ
µ(B ) − µ(B
) λ
m=1
(7)
 (m)
X
(T )λmin ai |m∈T
=

m

T ⊆X

where, λ ∈ (0, ∞] indicates the DM’s level of
disjunctiveness. The more it is, the more is the output
closer to max{a(m) }M
m=1 . Depending on the different DMs
behavioural specifications represented by λ, one can have
a range of ACMNL models. ACMNL model caters to
the situations with interactive attribute values and the
varying attitudinal characters of the DMs. Accordingly,
the choice probability by ACMNL model is given as:

——————————————————————————————————————————————————

P
 a(σ(m)) 
M
(m)
(m+1)
exp logλ
µ(B
)
−
µ(B
)
λ i
m=1

P
Pi = P
 (σ(m)) 
K
M
(m) ) − µ(B (m+1) ) λak
exp
log
µ(B
λ
k=1
m=1
 (σ(m))
PM
(m)
) − µ(B (m+1) ) λai
m=1 µ(B
(8)
= PK PM
 (σ(m))
(m) ) − µ(B (m+1) ) λak
k=1
m=1 µ(B
 (m)
P
min ai |m∈T
(T
)λ
T ⊆X
 (m)
= P
K P
min ak |m∈T
(T
)λ
k=1
T ⊆X
——————————————————————————————————————————————————-

m

3

m

Modelling Human Decision Process

In this section, we highlight the advantages of ACI µ,λ
operator in modelling a real world human decision. While
one DM (AND-like) may stress on meeting all the attributes, another (OR-like) may be fine with only a few
of the attributes meeting the expectations. We model a
decision making mind in terms of the parameters µ and λ
of ACI µ,λ operator, indicating the attributes interaction
and attitudinal character, respectively. ACI µ,λ helps to
simultaneously model a DM’s level of conjunctiveness (or
disjunctiveness) in the aggregation process along with the
criteria interaction.
We consider a potential house-buyer who makes a choice
considering a pair of interactive attributes. He would like
to purchase a house with at least 4 rooms, and 2 garages.
If an alternative has any of the attribute’s value below the
corresponding threshold, then this alternative would remain out of purview. We generate a set of 200 data points
randomly, each indicating an available house for purchase,
with attributes’ values on a scale of [1 : 8] × [1 : 4].
In order to understand the effect of the buyer’s attitudinal character on his decision behaviour, we generate

decision boundaries for this buyer at different values of λ.
The attribute values are normalized through linear scaling
on an interval of [0, 1], and the buyer’s net evaluation for
each of these alternatives is determined through ACI operator at λ = 0.9, 1+ , 5, 10, with a 2-fold cross validation. A
graphical illustration of the buyer’s decision boundaries is
given in a 3-dimensional plot in Figure 1. The aggregation
values shown are an average of the results obtained in
20 iterations. We take the normalized values of number
of rooms and the number of garages on X and Y axes
respectively, while giving the decision boundary on the Zaxis. If the evaluation score for an alternative is more than
0.5, then it would be a prospective buy, else not.
We note that the decision boundaries obtained at λ =
5, 10 are much more informative and complex than that
obtained at λ = 1+ (CI operator), which is reflective of
a better consideration of the buyer’s specific attitudinal
character in the case of ACI. To some extent it can also
be explained by ACI operator’s flexibility to rescale the
original feature space, which helps in better modelling
the utility that an attribute value holds for the DM. In
comparison, CI operator, though models the criteria interaction, takes a neutral (constant) attitudinal character for
each DM. We perform the same exercise using CI, and the
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•

Fig. 1: The decision boundaries obtained with ACIµ,λ operator
at different λ values. X-axis indicates the number of rooms,
while Y-axis indicates the number of garages. It depicts the
decision boundaries obtained with 0.5 as a threshold for the
attitudinal Choquet integral, i.e. when the output is greater
than 0.5 the decision is ‘buy’ otherwise ‘not buy’. As seen, for
different values of λ, ACI serves more flexible decision boundary compared to the conventional Choquet integral (λ = 1+ ).

•

•

decision boundary obtained is the same as that obtained
with ACI at λ = 1+ . We observe that λ parameter in ACI
leads to providing multiple evaluation scores for the same
set of input attributes, thereby better modelling a DM’s
decision behaviour.
To the best of our knowledge, none of the existing
operators take account of both the attributes interaction
and the attitudinal character, at the same time. Perhaps
this is the reason behind the conventional operators failing
to give an aggregation output anyway close to the actual
aggregated evaluation of attributes by the subjects in [64]–
[66]. The flexibility on account of extra parameter λ and
a consideration of attributes interaction through µ in
ACI would be potentially of help in inferring the actual
aggregation behaviour of the subjects. 2
In the next section, we give an approach to empirically
learn the parameters µ and λ from the given data. We
verify the proposed approach in ascertaining the ability of
ACI operator in modelling human decision by applying
our approach to a set of datasets, in Section 5.

4
4.1

The Proposed Learning Model
The Basics of Our Learning Approach

In this section, we present a preferences-based approach
to learn the parameters λ and µ of ACMNL model. In the
real world, typically a DM faces a set of options (alternatives), and the DM chooses the alternative that yields
the maximum utility to him by virtue of its attributes.
For instance, a buyer chooses which product(s) to buy
among several competing ones; an organization needs to
determine the most profitable products to produce, best
production technology, or the best supplier. The present
work is about inferring a DM’s predictive choice model.
We give an outline of our work as follows:
• We observe a DM’s pair-wise preferences of alternatives along with their corresponding attribute values.
• Through a collection of such preferences, we learn
the parameters of MNL, CMNL and ACMNL models.

Since, we deploy a PL-based learning methodology, we
refer to them as PL-MNL, PL-CMNL, PL-ACMNL,
respectively, in the sequel.
Our learning objective is accomplished by using
the learning-to-rank machine learning methods. Our
model is probabilistic and, therefore, tolerant towards
mistakes, incorrect preference statements, or variations in the DM’s own attitudinal character.
Having learned the DM’s preference model, we predict
a ranking for any new set of alternatives, a comparison
of which with the ground-truth ranking offers a means
to validate the performance of the proposed approach.
We apply our learning approach on a set of 12
benchmark datasets. The prediction performances of
PL-MNL, PL-CMNL, PL-ACMNL models are compared with those of state-of-the-art methods such
as RankSVM, TOPSIS, and polynomial kernel as
baselines.

We now present the settings of our learning model. We
consider to be given a set of K alternatives, each of
which is characterized by M attributes. An alternative a
is represented as:


a = a(1) , . . . , a(M ) ∈ RM ,
where a(m) is the value of mth attribute of a. Each of
the values, comprising vector a are normalized values,
which can be obtained through either linear scaling of
the attribute values in the interval [0, 1] (as shown in
(37)), or through standardization appraoach (refer (38)).
We consider that these values are monotone in the sense
of the-higher-the-better, which leads to Pareto dominance
relation:
a  b if ∀m : a(m) > b(m)
(9)
where, a  b implies that a is preferred to b. However,
very few instances may be found satisfying Pareto dominance, as shown in (9). Therefore, a refinement of this
relation is sought to determine the total order (ordinal
ranking) of the set of alternatives (or atleast the best
alternative). Each DM has a unique model to determine
the best alternative. Our objective is to learn the choice
model of a DM from the DM’s observed pair-wise choices.
To this end, we fit MNL, CMNL and ACMNL models to
the observed preference data of the form a  b. That is,
given the preference tuples of the form (a, b), we learn the
parameters of MNL, CMNL and ACMNL models, specific
to the DM. We randomly divide the set of alternatives A
into two halves Atrain and Atest , such that Atrain is used
for training, and Atest is used as the testing dataset. From
Atrain , we select a set S = {s1 , . . . , sN } of N pairwise
preferences of the form:
sn : an  bn ,

2. For instance, the number of rooms (3 or 4) is instrumental in
deciding the buyer’s choice in this particular example, and leads to
his decision (buy or not buy). From the buyer’s point of view, there
is a big difference in the utility derived from a house with 3 rooms
and that with 4 rooms, or similarly between the houses with 1 and
2 garages.

(10)

where an , bn ∈ Atrain . The set S = {s1 , . . . , sN } constitutes the training information. We infer β in MNL
model, λ in CMNL model
and a pair of λ and µ =

µ(B (1) ), . . . , µ(B (M ) ) ∈ RM in ACMNL model such that
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the preference relations of the form sn : an  bn observed
in Atrain are preserved.
4.2

PL-MNL Model

MNL model characterizes a DM’s choice behaviour
through the attribute weight vector β, specific to a DM.
The unique choice model of a DM is specified by β. Our
learning model takes a DM’s preference choices of the form
a  b, as exemplary training information. Concretely, for
the preference pair (a, b), our decision model is:
exp(Va )
,
(11)
exp(Va ) + exp(Vb )
PM
(m) (m)
where, Va = V (β, a) = β.a =
a . Here,
m=1 β
(m) M
{a }m=1 values, comprising a are the normalized values.
For the given preference pairs {sn : an  bn }n , we learn
β such that the relation a  b is preserved.
Our learning model is bascially a variant of BradleyTerry model [60], with a logistic (sigmoidal) link function.
We specify the ‘utility’ of a decision alternative a as
a function (weighted average) of the attributes and the
corresponding weights, leading to a model of the form,
shown in (11).
The advantages of this model is its simplicity, easy interpretability, and high computational efficiency. By this,
we essentially mean that the probability of the preference
a  b increases with increasing attribute values of a
and decreasing attribute values of b. In the extreme cases
P (a  b|β) =

where Va → 0 or Vb → ∞, the probability of choosing a
goes to 0. Similarly, if Va = Vb , the DM is supposed to
choose one of the two randomly.
We accomplish our objective of learning β through the
maximum likelihood estimation (MLE). The probability
of the complete sample S is given by:
P (S|β) =

N
Y

P (an  bn |β)

n=1


(m)
β (m) an

P

P
=
M
M
(m) a(m) + exp
(m) b(m)
β
β
n
n
n=1 exp
m=1
m=1
(12)
This probability serves as a point of departure for the
estimation of β. The likelihood function for β, obtained
with MLE inference is given by
N
Y

exp

P

M
m=1

L(β) = P (S|β).

(13)

The maximum likelihood estimator β ∗ maximizes the
likelihood function L(β) such that
β ∗ = arg max L(β)
β∈RM
+

(14)

Since, log function is monotonically related to its
arguments, we take the logarithm of the likelihood
function in (13) for the computational convenience.
Towards finding the ML estimator β ∗ , we minimize
the negative logarithm. Thus our learning problem is
essentially an optimization problem that is given as:

—————————————————————————————————————————————————–
−`(β) = − log(L(β)) = −

N
X

Van +

n=1

N
X

log (exp (Van ) + exp (Vbn )) −→ min

n=1

=⇒ −`(β) =

(15)
−

M
N X
X

β (m) a(m)
+
n

n=1 m=1

N
X

log exp

n=1

M
X

!
β (m) a(m)
n

m=1

+ exp

M
X

!!
β (m) b(m)
n

−→ min

m=1

—————————————————————————————————————————————————–

4.3 PL-CMNL Model
In practice, often there exists a positive or negative interaction among the attributes, and a DM’s choice behaviour
is shaped by the attributes interaction. CMNL model
explicitly considers the attributes interaction through CI
operator. We recall from (3) and (4) that Va in CMNL
model is given as:
X

Va = CI µ (a) =
(T ) min a(m) | m ∈ T
(16)

We consider a DM’s latent utility function u(·) that specifically determines the DM’s choice behaviour, and shown
as:
u(a)= CI µ (a)
(17)
Given a set of pairs P = (an , bn ) | lna > lnb , 1 ≤ n ≤ N ,
where lna and lnb are the labels for an and
bn respectively, we learn the vector M
=
{ (T )}, ∀T
∈ X of CI µ operator such that

m

m

T ⊆X

—————————————————————————————————————————————————–
X
X


(T ) min a(m) | m ∈ T >
(T ) min b(m) | m ∈ T
(18)

m

T ⊆X

m

T ⊆X

——————————————————————————————————————————————————
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We accomplish this objective by using the empirical risk
minimization approach to find the optimal parameters.
More concretely, we maximize the margin between the
preferred alternatives to the non-preferred ones.
Let M denotes the margin (to be maximized), ξia ’s and
b
ξi ’s be the slack variables related to soft margin, and γ
is a trade-off parameter that controls the flexibility of the
model, i.e. the higher the γ value, the more are the slacks
punished. Then our constrained optimization problem to
be solved can be formalized as follows:

`(M) =

max

M ,ξ1 ,...,ξN



γ
M−

|P|

X
(an ,bn )∈P

`(M) =

(29)

ξna ≥ 0, ξnb ≥ 0
λ > 0, λ 6= 1
X
(T ) = 1

(30)
(31)

∀n ∈ {1, . . . , N }

(32)

T ⊆X

(33)

B⊆A

(20)

ξna ≥ 0, ξnb ≥ 0
X
(T ) = 1

(21)

∀n ∈ {1, . . . , N }

m
X
m(B) ≥ 0
∀A ⊆ X
X
X
m(L) ≤ m(L ) ∀A ⊂ B ⊆ X

(22)

T ⊆X

(23)

B⊆A

(24)

L ⊆B

L⊆A

PL-ACMNL Model

ACMNL model extends CMNL model with a consideration
of a DM’s attitudinal character, besides the attributes
interaction. We recall from (7) that the representative
utility is given as:
!
M 
 (σ(m))
X
Va = logλ
µ(B (m) ) − µ(B (m+1) ) λa
m=1

m(T )λ

min



a(m) |m∈T

T ⊆X

(25)
where, the DM’s choice probability depends on µ and λ,
both of which are specific to the DM.
Here, we model u(.) through ACI operator. That is:
u(a) = ACI µ,λ (a)

(26)

For a given P, we learn the parameters µ and λ of ACI µ,λ
operator such that


X
X
(m)
(m)
(T )λmin a |m∈T >
(T )λmin b |m∈T

m

T ⊆X

ACI µ,λ (a) − ACI µ,λ (b) > M − ξna − ξnb
∀(an , bn ) ∈ P

m
X
m(B) ≥ 0
∀A ⊆ X
X
X
m(L) ≤ m(L ) ∀A ⊂ B ⊆ X




ξna + ξnb


CI µ (a) − CI µ (b) > M − ξna − ξnb
∀(an , bn ) ∈ P

=

(an ,bn )∈P




ξna + ξnb

(28)

s.t.

X

X

s.t.

(19)

4.4

max

M ,ξ1 ,...,ξN



γ
M−

|P|

m

T ⊆X

(27)
We use the empirical risk minimization approach, and
maximize the margin between the preferred alternatives
to the non-preferred ones. The constrained optimization
problem is formalized as follows:

L⊆A

(34)

L ⊆B

4.5 Regularization
In order to prevent overfitting, we regularize our likelihood function by introducing an additional parameter
α ≥ 0. The regularization method is a standard means
for controlling the capacity of a model and, therefore, to
avoid a possible over-fitting of the data. We observe that
maximizing regularized version of our likelihood functions
proved to be useful. It also helped to deal with the cases
where MLE did not return a unique maxima by restricting
the norm of the parameter vector.
A common regularization approach in machine learning
is to minimize objective functions of the form
f (θ) = e(θ) + α.c(θ).

(35)

where θ is a parameter vector specifying the learning
model, e(θ) is the loss or error function giving a measure
of the fitment of the model specified by θ with the data,
c(θ) denotes a measure of the model capacity, (.) is either
the L1 norm or the squared L2 norm, and α is a free
parameter that needs to be tuned empirically (typically
by cross-validation).
The regularization parameter α is introduced to achieve
a trade-off between generalization and the accuracy of the
learning model, i.e. to accurately reproduce the training
data while avoiding overly complex models. In our case,
the model error is given as the (negative) likelihood function (e(.) = −`(.)). Out of L1 and L2 norms, the use
of standard L2 regularization turned out to be better.
Thus our regularized objective function to be minimized
is shown as:
2
f (.) = −`(.) + α k.k .
(36)
For the implementation of the same, we use fmincon
function in the optimization toolbox of MATLAB.

5

Experimental Study

We test the validity of our learning approaches through an
experimental study in the context of learning-to-rank. We
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compare the results obtained with PL-MNL, PL-CMNL,
and PL-ACMNL models, with three standard and popular
learning-to-rank approaches as baselines, namely, ranking
support vector machine (RankSVM) [17], TOPSIS (short
for ‘technique for order preference by similarity to ideal
solution’) [16], and polynomial kernel logistic regression.
5.1

Data

Since the proposed method positions itself at the crossjunction of choice modelling and machine learning, its
evaluation requires the datasets meeting the requirements
of both these disciplines. The learning-to-rank approach
that is commonly used in both machine learning as well
as choice models facilitates the empirical validation of our
model. For the task, we require the data in the form of
multiple instances, with each instance a vector of multiattribute values, along with the corresponding ordinal
ranking by the DM. More importantly, the attribute values should have a monotone influence on the ranking of
an instance. The real-world datasets meeting these twin
requirements are quite difficult to find.
Fortunately, we could make use of the same datasets
that have been considered in a learning model in [18].
The datasets give the ordinal rankings for alternatives
and are monotone. The datasets could be found in UCI
repository [19] and Weka machine learning framework [20].
Besides, the real world datasets about the evaluation of
mathematical journals [21] and houses in the city of Den
Bosch [22] are also used. We give a summary of the
datasets in Table 1. For a detailed description of the
datasets, we refer to [18].
Each of these datasets are characterized with the ordinal
class information that is used as the ground truth in our
model. By ordinal class, we mean that for an alternative
ak , the actual rank rk is a label (class) l(ak ) ∈ L =
{l1 , l2 , . . . , lE }. The labels (for example, 1, 2, . . . ,) are such
that it is possible to sort them as l1 ≤ l2 ≤ . . . ≤ lE from
the worst l1 to the best lE . The presence of labels helps
to generate the pairwise preferences in our experiments.
As a preprocessing step, we normalize the data to ensure
commensurability in the attribute values. The data is
normalized by using two approaches. The first one is the
linear scaling of the attribute values to the unit interval.
Each attribute value a(m) , m = 1, . . . , M is scaled as
a(m) =

a(m) − L(m)
∈ [0, 1]
U (m) − L(m)

(37)

where, L(m) and U (m) denote, respectively, the largest and
smallest values among the attribute values a(m) , ∀a ∈ A.
In the second approach that is quite common in statistics,
we standardize the data to have zero mean and unit
variance. To this end, a(m) is replaced by
a(m) =

a(m) − µ(m)
σ (m)

(38)

where, µ(m) and σ (m) denote, respectively, the mean and
standard deviation in the attribute values a(m) , ∀a. For

the purpose of our experimental study, we tried both
normalized and standardized data, and found the latter
to be more suitable.
5.2 Baseline and the Proposed Methods
RankSVM: RankSVM [17] is a state-of-the-art method in
the field of learning-to-rank. Similar to the proposed PLCMNL and PL-ACMNL models, it is a pairwise method
based upon large margin maximization. The central principle in this method is to minimize the regularized marginbased pairwise loss. As in the case of our ranking model,
RankSVM model is also constructed from a set of preference pairs of the form s : (a  b) ∈ S, where
a, b ∈ Atrain . Once, such preference pairs are obtained,
a scoring function u(.) is induced from the preference
pairs sn , n = 1, . . . , N , preserving the preference relations
sn : an  bn |N
n=1 . That is,
∀(an , bn ) ∈ S : u(an ) > u(bn )

(39)

We implement rankSVM model by minimizing the objective function:
X
1
2
kβk + γ
cξn
2
sn ∈S
(40)
s.t. : β|an − bn | ≥ 1 − ξn , ∀{sn : (an , bn )}
ξn ≥ 0
where, kβk2 contributes to maximizing the margin, c
is a constant, ξn is a slack variable corresponding to
preference pair sn , and γ is the tradeoff parameter between
the margin size and magnitude of error. The pairwise
difference vectors |an − bn | constitute the support vectors
that satisfy the constraints, as given in (40). We have
chosen RankSVM model as a baseline, mainly because
of its popularity as a preferred preference model, high
prediction performance, and the commonalities with the
proposed model.
The proposed PL-based learning models and RankSVM
both use the pairwise preferences as the training information. Secondly, while RankSVM is based upon margin maximization adding to the generalization in the
learning process, PL-MNL, PL-CMNL and PL-ACMNL
are probabilistic in nature based upon maximizing the
probability for (a  b). More specifically, we have used
the spider implementation3 of RankSVM with a linear
kernel. An important parameter in the RankSVM model
is the regularization parameter that is selected from
{10−6 , 10−5 , . . . , 106 } by means of an internal 5-fold cross
validation on the training data.
TOPSIS: Technique for Order Preference by Similarity to Ideal Solution (TOPSIS) [16] is a state-of-the-art
method from multi-attribute decison making (MADM)
area, and is used to solve the choice and ranking problems.
It helps to arrive at a total order (ranking) for a set of
alternatives A. In this method, one derives the positive
ideal solution (PIS) and a negative ideal solution (NIS)
3. http://people.kyb.tuebingen.mpg.de/spider/
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TABLE 1: Data sets and their properties

data set
Scientific Journals (SJ)
CPU
Employee Selection (EMP)
Mamographic (MAMMO)
Lecturers Evaluation (LEC)
Car Evaluation (CAR)
Den Bosch (DB)
BreastCancer (BC)
Employee Acc/Rej (EMP)
Auto MPG (AUTO)
Social Workers (SW)
Concrete Compressive Strength (CONC)

#instances
172
209
488
830
1000
1728
120
286
1000
398
1000
1030

such that the benefit attributes attain the maximum
values (among all the respective evaluations of various
alternatives) while the cost attributes attain the minimum
in PIS, and the vice-versa in NIS. The various alternatives
are ranked such that the best alternative has the shortest
distance from PIS and the farthest distance from NIS
concurrently.
In our implementation of TOPSIS method, we perform
the following steps.
1) The attributes values from Atrain are standardized
as per (38).
2) Using the normalized data, we learn the ideal solutions for Atrain . By learning, we mean that we look
for the maximum and minimum values in Atrain .
For example, if we are having 5 attributes, and the
maximum values for these 5 attributes across all the
alternatives in Atrain are 1, 1, 0.90, 1, 0.95, then PIS
would be (1, 1, 0.90, 1, 0.95). Naturally, the learnt
PIS and NIS are different in each iteration depending
upon the random selection of alternatives in Atrain
and Atest . Similarly, NIS is computed with minimum
values in Atrain .
3) The distance of alternative ai in Atest are computed
from the learnt PIS and NIS, and are ranked in the
increasing order of the closeness coefficient, given as
Di =

kai − a⊕ k
kai − a⊕ k + kai − a k

where, k.k denotes the 2-norm distance, and a⊕ and
a represent PIS and NIS, respectively. Di acts as
a kind of scoring function u(ai ).
Polynomial Kernel: The proposed learning approach,
based on CMNL and ACMNL models can be seen as
an extension of the conventional logistic regression, with
the difference that while the logistic regression is linear
in the input attributes, CMNL and ACMNL models are
more flexible with their ability to model the non-linear
dependencies between the attributes, as well. Hence, in
order to study the increased flexibility in the proposed

#attributes
5
6
4
5
4
6
8
9
4
8
8
8

#classes
4
4
4
2
5
4
2
2
9
6
5
6

source
[21]
UCI
WEKA
UCI
WEKA
UCI
[22]
UCI
WEKA
UCI
WEKA
UCI

approach, we consider as a baseline, the logistic regression
with polynomial kernel (POLY-kernel) that can also model
non-linear dependencies between variables. The degree of
the POLY-kernel is taken as 2, so as to consider low level
interactions too.
RBF-kernel: Since, radial basis function (RBF) is able
to capture interactions of the higher order through a
Gaussian function, and is very flexible, it is a natural
choice as a baseline. Like POLY-kernel, RBF also captures
the non-linear dependencies in the input attributes. The
RBF-kernel function is given as:
!
2
kx − x∗ k
∗
.
(41)
K(x, x ) = exp −
2σ 2
The parameter σ ∈ R+ can drastically change the kernel
characteristics. For a large value of σ, RBF-kernel behaves
almost linearly, whereas for the smaller values, it yields a
non-linear decision boundary. There is a considerable influence of σ on the overall model, and typically it is adjusted
before the learning process. In our implementation, we
use a nested cross validation and have chosen the optimal
values among Σ = {10−3 , 10−2 , 10−1 , 100 , 101 , 102 }.
PL-MNL: Our model takes as input a subset of alternatives (for example, a set of all books or movies),
Atrain → A, and produces as output the decision making
model of the DM in the form of the β vector that can be
deployed to predict the ranking (total order) of any set of
new alternatives, preserving the preference orders:
a  b ⇔ β.a ≥ β.b
=⇒ u(a) ≥ u(b),

∀s : (a, b) ∈ S

Here, β performs the same role as the scoring function
u(.).
PL-CMNL and PL-ACMNL: Our model takes
as input a subset of alternatives (for example, a set of
all books or movies), A → Atrain , and gives the DM’s
decision model specified by µ and λ, which can be
deployed to predict the ranking (total order) for any set
of new alternatives, preserving the preference orders:

——————————————————————————————————————————————————–
X
X
 (m)
 (m)
a  b ⇐⇒
(T ) min ai | m ∈ T >
(T ) min bi | m ∈ T

m

T ⊆X

m

T ⊆X
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a  b ⇐⇒

X

m(T )λ

min

10



(m)

ai

|m∈T

>

X

m(T )λ

min



(m)

bi

|m∈T

T ⊆X

T ⊆X

=⇒ u(a) ≥ u(b), ∀s : (a, b) ∈ S in PL-ACMNL model
——————————————————————————————————————————————————–

The scoring function u(.) is specified by
model and ( (T ), λ) in ACMNL model.

m

6
6.1

m(T ) in CMNL

Empirical Evaluation
Experiment Steps

We implement TOPSIS, RankSVM, PL-MNL, PL-CMNL,
and PL-ACMNL methods on a set of 12 datasets shown
in Table 1 by performing the following steps:
1) First, the data is randomly divided into two halves
Atrain and Atest , for training and testing.
2) From Atrain , N = 500 preference pairs of the form
=500
S = {sn : (an  bn )}N
are generated through
n=1
random sampling, which constitute the training information. For a fair comparison, it is ensured that S
remains the same across the methods, in an iteration.
3) The learning models are induced on the set S.
4) On the basis of the corresponding scoring function
learnt for each of the methods, the ranking of alternatives in Atest is predicted.
5) The performance accuracy value for each of the
methods is arrived at by comparing the predicted
ranking with the ground truth ranking through Cindex [23] (discussed next).
6) This whole procedure is repeated 100 times.
7) The average accuracy value along with the respective
standard deviation is reported in Table 2.
6.2

Performance Evaluation

The ranking of an alternative a ∈ Atest is predicted
based upon the corresponding u(a), induced for each of
the methods. The performance of a method is evaluated
by comparing the predicted rankings for the alternatives
in Atest with the ground truth rankings. The extent of
this agreement would give the performance measure for
a method. Since, we have the ground truth for Atest in
the form of labels (classes) that can be linearly ordered,
an ordered partition of Atest can be generated as Atest =
{A1 , A2 , . . . , AE }, where Ai = {ak ∈ Atest | rk = li }.
Based upon the concordance of actual and predicted
rankings, a performance measure termed as C-index is
proposed in [23] to handle such tasks. Mathematically, Cindex is defined as
P
P
1≤i<j≤k
(b,a)∈Ai ×Aj F (u(b), u(a))
P
C(u, Atest ) =
i<j |Ai | . |Aj |
(42)
where, |.| gives the cardinality of a set and
(
1 d>e
(43)
F (d, e) =
0 otherwise

indicates whether or not a pair of alternatives has the
correct preference order. Thus, for a preference tuple
(a  b) ∈ Atest , C-index checks if u(a) > u(b), i.e.
whether the model correctly suggests that a  b on the
basis of the learnt scoring function u(.). C-index yields
a fraction of correct pairwise comparisons of this kind.
It would be worthwhile to mention that in the case of
binary classification, C-index reduces to the area under
the receiver operating characteristic (ROC) curve.
The steps carried out to arrive at C-index accuracy are
summarized as follows:
1) A total ranking of the alternatives, {a} ∈ Atest ,
along with their respective values for {u(a)} is obtained by sorting the alternatives as per the decreasing order of the ground truth ranking for Atest .
2) The number of correct orderings such that u(a) >
u(b) forms the numerator of the relation in (42).
3) The accuracy value is obtained by dividing the count
of correct comparisons by the total number of comparisons, as shown in (42).
6.3 Results
The accuracy results, in terms of the C-index accuracy,
are summarized in Table 2. The accuracy values reported
are the average of the 100 accuracy values along with
the standard deviation, obtained for each method and a
dataset. Against each accuracy value, the corresponding
rank is mentioned in parenthesis, with 1 as the best, and
5 as the worst. The overall performance of a method is
arrived at by taking an average of these ranks, which
is given in the last row. We observe that the proposed
approach performs quite well in accurately predicting the
choice probabilities, and the prediction performance is
competitive with the state-of-the-art methods.
Overall, PL-ACMNL and PL-CMNL methods methods
seem to be the outperformers. While CMNL model is
equipped to model the interaction among the attributes,
ACMNL model is even more flexible with its consideration of the DM’s attitudinal character also. Clearly,
PL-ACMNL is a winner among all, perhaps due to its
flexibility. Theoretically, the better results obtained are
on account of the ability of the underlying CMNL and
ACMNL models to capture the non-linear dependencies
in the input attributes. The same is true for POLYkernel too, and hence the performance of POLY-kernel
and PL-CMNL is found to be comparable. In contrast,
PL-MNL model has not performed as well as its nonlinear counterparts, perhaps due to it being essentially a
linear model, and concomitantly its inability to model the
interaction among the attributes. The effect of increase of
an attribute is always the same in MNL model, regardless
of the presence of other attributes, which does not model
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the real world aggregation processes, as well. The DM’s
attitudinal character also remains unconsidered.
We also observe that rank-SVM has performed fairly
well, and better than TOPSIS, and PL-MNL, which
matches well with the expectations. Rank-SVM is a quite
complex model capable of better modelling the relationships between input and output variables than TOPSIS
and PL-MNL models. Both TOPSIS and PL-MNL models
remain very much sensitive to any noisy value that can
cause the learning process to go completely erratic. We
also note that RBF-kernel’s overall performance is not as
good as its counterpart POLY-kernel. It indicates that in
the given datasets, the low level interactions are having
much more influence on the output variable than the
high level interactions, and that could be the reason of
outperformance of POLY-kernel over RBF-kernel.
On this note, we would also like to emphasize that
no one approach could be said to be the best approach,
as every learning approach has its own pros and cons.
For instance, while, a complex learning approach such
as rank-SVM or PL-ACMNL may be better in a few
situations, it comes at an increased computational and
implementation cost, which in a few situations may not
be desirable. In addition, these approaches may not be
as easily interpretable as TOPSIS and MNL. Lastly, and
more importantly, it also depends on the type of data.
In a dataset, with not much dependencies among the
attributes, the simpler approaches such as TOPSIS and
MNL may perform equally or even better than their
complex counterparts. The idea of this study is to show
the performance of different models on different datasets,
and thereby to compare the performance of PL-CMNL and
PL-ACMNL models with those of other extant models, on
standard datasets. Naturally, PL-ACMNL has performed
exceptionally well in those datasets, where both the attributes interaction and the DM’s attitudinal character are
crucial for the output variable, such as EMP (employee
selection), LEC (lecture evaluation), DB(house evaluation
in Den Bosch), etc.

7

Conclusions

A novel framework is presented to learn the decision model
of a decision-maker (DM), which is a central problem
to areas within computer science, operations research,
marketing and econometrics. With this objective, and an
emphasis on the complementarity of choice modelling and
machine learning, we have shown new directions to combine these two disciplines together against the background
of preference learning. The proposed approach is inspired
by the human cognition process of making inferences about
an individual’s decision behaviour by observing his/her
choices. It allows for learning a DM’s decision model from
observed preference information in the form of pairwise
comparisons. The proposed learning approach inherits the
advantages of interpretability and high prediction accuracy from the choice modelling techniques and machine
learning, respectively.

11

The empirical study on the real world datasets show
encouraging results in terms of prediction accuracy vis-avis state-of-the-art methods such as RankSVM, TOPSIS,
POLY-kernel, and RBF-kernel. In contrast to these models, the proposed learning approach, based on the simple
probability of an alternative being preferred to another,
imparts robustness to the learning model. That is, the
learning model is not much sensitive to the inconsistencies
in a DM’s own decision behaviour, or a few erroneous
data. Besides, the proposed approach of learning from
preferences is quite simple, interpretable, intuitive, and
east to apply.
With regards to the future work, this work has many
applications. It can be used to infer a generic model
of customer choice (namely, distributions over preference
lists), and subsequently to predict revenues from an offering of a particular assortment of choices. A study of this
kind for a large customer base can help an organization
to shape its strategy of production or marketing. The
required preference data for such kind of a study can be
found through CRM (customer relationship management),
typically maintained by large organizations.
Learning the preference model of a DM holds a lot of
significance for individuals, businesses, and governments,
alike. With the knowledge of the same, businesses can
bring efficiency in cross-selling strategies by focussing
on the attributes of high importance; for instance by
generating personalized recommendations of the potential
products of a customer’s interests. In the same vein, the
model can be applied to analyze the citizens’ preferences
in response to a government regulation, say introduction
of a new tax, law, vehicle emmission standards, etc.
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Data set
SJ
CPU
EMP
MAMMO
LEC
CAR
DB
BC
EMP
AUTO
SW
CONC
Avg. rank

RankSVM
0.7902 ± 0.0095
0.9316 ± 0.0066
0.9245 ± 0.0098
0.8358 ± 0.0213
0.8714 ± 0.0111
0.9381 ± 0.0094
0.9055 ± 0.0091
0.7959 ± 0.0095
0.7619 ± 0.0046
0.8812 ± 0.0081
0.7255 ± 0.0092
0.8615 ± 0.0081
3.75
(5)
(6)
(5)
(4)
(2)
(2)
(5)
(1)
(2)
(6)
(6)
(1)

TOPSIS
0.7725 ± 0.0000
0.8810 ± 0.0005
0.9315 ± 0.0023
0.8132 ± 0.0024
0.7930 ± 0.0000
0.9211 ± 0.0005
0.9012 ± 0.0000
0.7152 ± 0.0011
0.7125 ± 0.0003
0.8985 ± 0.0012
0.7365 ± 0.0018
0.8125 ± 0.0062
6
(7)
(7)
(4)
(7)
(7)
(6)
(6)
(6)
(6)
(7)
(4)
(5)

POLY-kernel
0.7855 ± 0.0111 (6)
0.9532 ± 0.0101 (4)
0.9612 ± 0.0035 (1)
0.8235 ± 0.0096 (6)
0.8598 ± 0.0122 (4)
0.9321 ± 0.0086 (3)
0.9381 ± 0.0089 (3)
0.7895 ± 0.0085 (2)
0.7765 ± 0.0113 (1)
0.9132 ± 0.0056 (5)
0.7689 ± 0.0093 (2)
0.8428 ± 0.0082 (2)
3.25

RBF-Kernel
0.8415 ± 0.0000
0.9480 ± 0.0080
0.9134 ± 0.0111
0.8311 ± 0.0081
0.8398 ± 0.0222
0.8601 ± 0.0112
0.9285 ± 0.0255
0.7495 ± 0.0512
0.6925 ± 0.0333
0.9281 ± 0.0187
0.7306 ± 0.0191
0.6924 ± 0.0111
5.25
(4)
(5)
(6)
(5)
(6)
(7)
(4)
(4)
(7)
(3)
(5)
(7)

PL-MNL
0.8955 ± 0.0253
0.9685 ± 0.0055
0.8514 ± 0.0036
0.8919 ± 0.0102
0.8699 ± 0.0091
0.9232 ± 0.0215
0.8918 ± 0.0109
0.7611 ± 0.0431
0.7285 ± 0.0088
0.9192 ± 0.0119
0.7215 ± 0.0129
0.8321 ± 0.0139
4.08
(2)
(2)
(7)
(1)
(3)
(5)
(7)
(3)
(5)
(4)
(7)
(3)

PL-CMNL
0.8713 ± 0.0035
0.9715 ± 0.0040
0.9321 ± 0.0083
0.8566 ± 0.0111
0.8411 ± 0.0212
0.9466 ± 0.0101
0.9411 ± 0.0452
0.6825 ± 0.0581
0.7389 ± 0.0222
0.9338 ± 0.0113
0.7612 ± 0.0502
0.7614 ± 0.0110
3.25

TABLE 2: Results obtained for the different methods in terms of C-index (mean ± std. deviation (rank))

(3)
(1)
(3)
(3)
(5)
(1)
(2)
(7)
(3)
(2)
(3)
(6)

PL-ACMNL
0.9214 ± 0.0008
0.9589 ± 0.0065
0.9515 ± 0.0098
0.8611 ± 0.0101
0.8825 ± 0.0111
0.9288 ± 0.0151
0.9616 ± 0.0222
0.7215 ± 0.0335
0.7311 ± 0.0242
0.9415 ± 0.0315
0.7813 ± 0.0091
0.8226 ± 0.0343
2.41

(1)
(3)
(2)
(2)
(1)
(4)
(1)
(5)
(4)
(1)
(1)
(4)
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