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K-Subspaces Quantization  

for Approximate Nearest Neighbor Search 
Ezgi Can Ozan, Serkan Kiranyaz, Senior, IEEE and Moncef Gabbouj, Fellow, IEEE 

Abstract— Approximate Nearest Neighbor (ANN) search has become a popular approach for performing fast and efficient 

retrieval on very large-scale datasets in recent years, as the size and dimension of data grow continuously. In this paper, we 

propose a novel vector quantization method for ANN search which enables faster and more accurate retrieval on publicly available 

datasets. We define vector quantization as a multiple affine subspace learning problem and explore the quantization centroids on 

multiple affine subspaces. We propose an iterative approach to minimize the quantization error in order to create a novel 

quantization scheme, which outperforms the state-of-the-art algorithms. The computational cost of our method is also comparable 

to that of the competing methods. 

Index Terms— Approximate Nearest Neighbor Search, Binary Codes, Large-Scale Retrieval, Subspace Clustering, Vector 

Quantization  

——————————      —————————— 

1 INTRODUCTION

HE Nearest Neighbor (NN) search aims to find a sample 

in a given dataset that is closest to a given query, which is 

called the nearest neighbor. It is widely used in different areas 

of signal processing such as information retrieval, computer 

vision, machine learning, pattern recognition and recommen-

dation systems. However, the traditional NN search is not 

tractable for today’s very large-scale datasets. Both the search 

on the dataset and the distance calculation between sample 

pairs are computationally costly, considering the number of 

samples and the dimension of the feature space. In order to 

overcome these limitations of NN search and make it feasible 

for large-scale problems, Approximate Nearest Neighbor 

(ANN) search has been proposed [1]. ANN search uses com-

pact representations in order to approximate pair-wise dis-

tances between pairs of data points. It has proved to be a via-

ble alternative and has so far achieved promising results [2].  

Many of the existing algorithms in this field rely on the 

concept of “hashing”. Hashing methods aim to create binary 

strings from sample vectors and compare those strings using 

the Hamming distance representing the proximity neighbor-

hood or some given similarity [3]–[7]. The binary string com-

parison has also evolved from the simple Hamming distance 

to asymmetrical distance measures [8], [9] and the usage of 

look-up tables has enabled more accurate approximations, di-

recting the research on ANN search towards vector quantiza-

tion [2]. The focus of this paper is on vector quantization 

based approaches, and the reader is referred to [2] for a more 

detailed review on hashing.  

The idea of quantization goes back to 1980’s. Lloyd de-

fined the concept of “good quantization” [10], which is  

closely related to the Κ-Means  algorithm [11]. Yet Lloyd’s 

quantization method, or Κ-Means is not directly applicable to 

large-scale data, for very large number of centroids. For ex-

ample, considering a quantization using a binary string of 64-

bits, the desired number of centroids is 264. Obviously, it is 

neither possible to find nor to store such amount of data.  

A great improvement on Lloyd's approach for quantization 

has been proposed by Jegou et al. [12] for ANN. In their 

method called Product Quantization (PQ), the authors divide 

the sample vector into subvectors and quantize each of them 

independently using subquantizers. This makes the quantiza-

tion codebook a Cartesian product, where each centroid in this 

codebook is represented as a concatenation of the correspond-

ing centroids from the subcodebooks. Therefore, for a small 

number of subquantizers, while each of them having a feasi-

ble number of centroids, obtaining the desired total number 

of centroids is made possible. Referring to the example above, 

thanks to the Cartesian product, selecting the number of 

subquantizers as 8 and the number of centroids for each 

subquantizer as 256 would be enough to reach 264. This ap-

proach however suffers from the statistical dependency of 

subvectors, since they are quantized independently.  

Another approach for efficient coding on high dimensional 

vectors has been proposed by Jegou et al. [6] and later by 

Gordo et al. [8]. In both papers, the data is decorrelated by 

applying the Principal Component Analysis (PCA), and its di-

mension is reduced to a desired value. Then, quantization is 

applied independently on each of the remaining principal 

components. This, with a Gaussian distribution assumption, 

solves the statistical dependency problem among the dimen-

sions of vectors; however, it brings the problem of an unbal-

anced distribution of information (variance) among dimen-

sions. 

As a result of PCA, the principal components are ranked in 

a decreasing order according to the corresponding variances, 
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yet each component is quantized by two centroids only. Gong 

et al. [13] propose a two-step method called Iterative Quanti-

zation (ITQ). In the first step, a PCA transformation is applied 

for dimension reduction as in [6], while in the second step, an 

orthogonal rotation on the data is applied iteratively for a bal-

anced distribution of the variance among the principal com-

ponents. The data are quantized on the principal components 

of the rotated space independently. While orthogonal rota-

tions preserve the Euclidean distance between pairs of sam-

ples, here again, the problem of statistical dependency reap-

pears, since the dimensions are no longer decorrelated.  

Brandt in [14] proposes a method called Transform Coding 

(TC), to balance the variance corresponding to each code sep-

arately after PCA. TC is a special case of PQ, where each di-

mension itself is a subvector. However, in TC, each dimen-

sion is allocated a variable number of bits, and a scalar quan-

tization is performed on each principal component inde-

pendently. Following the rotation idea in [13], Optimized 

Product Quantization [15] (OPQ) and Cartesian Κ-Means 

(CKM) [16] both produce an improvement over PQ by apply-

ing an iterative optimization process in order to balance the 

dimension variances. In [17] Heo et al. improve OPQ by en-

coding the distances to centroids separately in their algorithm 

called Distance Encoded Product Quantization (DEPQ). Lo-

cally Optimized Quantization (LOPQ) [18] introduces local 

optimization before OPQ and further improves the perfor-

mance.  

Recently summation based multi-stage vector quantization 

methods such as Optimized Cartesian Κ-Means (OCK) [19], 

Additive Quantization (AQ) [20], Composite Quantization 

(CQ) [21] and (Optimized) Tree Quantization (OTQ) [22] 

which aim to use the summation of several dictionary items 

to represent the approximation of a vector, have been pro-

posed. These methods produce the state-of-the-art results alt-

hough the theory behind such quantization methods has been 

well studied in the past [23].   

Many of the proposed methods so far transform or project 

the data into a new (sub)space, where vector dimensions are 

reduced, reordered or rotated using PCA. Decorrelating the 

data using a single PCA step may not bring the desired statis-

tical independency among dimensions, especially if the data 

do not follow a Gaussian distribution, which is the core inher-

ent assumption of PCA. A better transformation however, 

may be designed by representing the data with more than one 

subspace. Local-PCA [24], [25], Κ-Means Projective Cluster-

ing [26] and Bayesian PCA [27] all propose different solu-

tions to this problem based on PCA. In our recent study enti-

tled M-PCA Binary Embedding (MPCA-E) [28], we have 

also shown that using traditional PCA based embedding ap-

proaches, such as  [6], [8], [13], [14], with multiple PCAs in-

stead of only a single PCA, the performance is improved sig-

nificantly. In this paper this result is taken one step further, by 

developing an iterative approach to obtain the affine sub-

spaces and codebooks at the same time. In this way, the pro-

posed method achieves lower quantization error, which leads 

to a better encoding scheme with state-of-the-art perfor-

mance. The main contributions of the proposed method are 

the following: 

 Vector quantization is defined as a multiple sub-

space learning problem, where the objective is to 

minimize the quantization error of the training 

samples in the learnt subspaces, while also mini-

mizing the projection error of the samples to the 

corresponding subspaces.   

 An optimization problem that jointly minimizes 

both errors defined above is formulated as an iter-

ative process. 

 A simple, yet effective scheme for faster sample 

encoding is proposed, by efficiently selecting a 

limited number of subspaces, thus decreasing the 

computational cost required for evaluating all 

possible encodings. 

 The proposed approach is evaluated on publicly 

available datasets, and shown to achieve state-of-

the-art performance. 

The rest of the paper is organized as follows: The problem 

formulation is given in Section 2 and the detailed steps in the 

proposed method are described in Section 3. In Section 4, ex-

periments on publicly available benchmark datasets are pre-

sented and in Section 5, the parameter selection, scalability 

and the computational and storage costs of the method are 

discussed. Finally in Section 6, the paper is concluded. 

2 PROBLEM FORMULATION 

The problem of vector quantization for ANN search can be 

formulated as follows: Given a set of 𝑁 𝐷-dimensional vec-

tors 𝑿 = {𝒙1, … , 𝒙𝑁} and a query vector 𝒒, ( 𝒒, 𝒙𝑖 ∈  ℝ𝐷) the 

nearest neighbor search aims to find argmin
𝑖

𝑑(𝒙𝑖 , 𝒒), where 

𝑑(𝒙𝑖, 𝒒) is a distance computed between 𝒙𝑖 and 𝒒. The ap-

proximate nearest neighbor search however aims to find a 

point  𝒙𝐴𝑁𝑁  such that,  

𝑑(𝒙𝐴𝑁𝑁 , 𝒒) ≤ (1 + 𝜖) 𝑑(𝒙𝑁𝑁 , 𝒒) (1) 

where 𝒙𝑁𝑁 is the true nearest neighbor and 𝜖 > 0. A quantizer 

𝑄 quantizes the vector to its corresponding codevector 𝒄𝑗 ∈

 ℝ𝐷 within the codebook 𝑪 =  {𝒄1, … , 𝒄𝑀}, where 𝑀 is the 

number of codevectors. The mean squared quantization error 

𝑀𝑆𝐸𝑄 is defined by  

𝑀𝑆𝐸𝑄 =
1

𝑁
∑‖𝒙𝑖 − 𝑄(𝒙𝑖)‖2

𝑁

𝑖

 (2) 

The equation in (2) can be extended to (3), where 

𝑹 ∈ ℝ𝐷×𝐿 (𝐿 ≤ 𝐷) is an orthogonal projection matrix and 𝑹⊥ 

spans the orthogonal complement of the range space of 𝑹. 

With this extension, it is possible to define 𝑀𝑆𝐸𝑄 also for [6], 

[8], [13], [14], where the quantization is performed after di-

mension reduction or transformation. Equation (2) is a special 

case of (3), where 𝑹 = 𝑰 and 𝐷 = 𝐿.  

𝑀𝑆𝐸𝑄 =
1

𝑁
∑ (‖𝑹𝑇𝒙𝑖 − 𝑄(𝑹𝑇𝒙𝑖)‖2 + ‖𝑹⊥𝑇

𝒙𝑖‖
2

)

𝑁

𝑖

 (3) 
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It is clear from (3) that the quantization error 𝑀𝑆𝐸𝑄 is di-

rectly affected by the selection of the projection matrix 𝑹. The 

second term in the summation adds a non-negative value to 

the quantization error, unless 𝑹⊥ is zero. No matter how close 

codevector 𝒄𝑗 is to the sample 𝒙𝑖 , there is a non-zero quanti-

zation error depending on 𝑹⊥ and 𝒙𝑖. Thus, in order to mini-

mize this error, an appropriate projection matrix 𝑹 should be 

chosen. 

Gong et al. in [13] propose a method which performs an 

orthogonal rotation in the feature space in order to minimize 

the quantization error. First, they apply PCA on the data and 

iteratively rotate the principal components in order to match 

the samples with their corresponding codevectors, resulting 

in smaller quantization error. Let 𝑹 ∈ ℝ𝐷×𝐿 be the PCA di-

mension reduction matrix. The error given in (4) is minimized 

by introducing another orthogonal rotation matrix 𝑷 ∈ ℝ𝐿×𝐿 

and following the Procrustean approach [13].  

𝑀𝑆𝐸𝑄 =
1

𝑁
∑ (‖(𝑹𝑷)𝑇𝒙𝑖 − 𝑄((𝑹𝑷)𝑇𝒙𝑖)‖2

𝑁

𝑖

+ ‖𝑹⊥𝑇
𝒙𝑖‖

2
) 

(4) 

In [13], Gong et al. proposed a method to select 𝑹 in (3), 

but the selection aims to improve mainly the first term of the 

summation. The second term of the summation is also mini-

mized with the selection of 𝑹 as PCA dimension reduction 

matrix, since the principal components are ordered with de-

creasing variance. In [15], [16] and [18]; the authors are in-

spired from the rotation of [13] to fit the data better to 

codevectors, and combine this approach with PQ. They fol-

low the same iterative approach to find the optimal rotation. 

In [16], the quantization error is defined as given in (5), where 

𝐻 is the number of subvectors and the subscript ℎ represents 

the matrix for the subvector in question. 𝑫 is a diagonal scal-

ing matrix. 

𝑀𝑆𝐸𝑄 =
1

𝑁
∑ ∑‖𝑹ℎ

𝑇𝒙𝑖 − 𝑫ℎ𝑄ℎ(𝑹ℎ
𝑇𝒙𝑖)‖

2
+ ‖𝑹⊥𝑇

𝒙𝑖‖
2

𝐻

ℎ

𝑁

𝑖

 (5) 

The algorithm first keeps 𝑹 fixed and solves for 𝑫 and 𝑄, 

then keeping 𝑫 and 𝑄 constant, it optimizes 𝑹. Since a full 

rank 𝑹 ∈ ℝ𝐷×𝐷 is used, the second term in the summation is 

0. Although putting a rank constraint on 𝑹 for high dimen-

sional data is suggested in [16], it is not clearly stated how to 

decrease the transformation error, which will always be non-

zero as long as  𝑟𝑎𝑛𝑘(𝑹) < 𝐷. 

Brandt in [14] selects the projection matrix 𝑹 ∈ ℝ𝐷×𝐿 as 

the PCA dimension reduction matrix, similar to [13]. How-

ever, instead of searching for a better 𝑹, the bits are distrib-

uted non-uniformly among dimensions using the fact that the 

variances are sorted in a decreasing order for each dimension. 

That is, multiple centroids are assigned to the dimensions with 

high variances, while some of the dimensions with lower var-

iances are omitted.  

As mentioned above, the necessity of searching for an ap-

propriate matrix 𝑹 is evident, but so far the researchers have 

limited themselves to a single transformation matrix for the 

purpose of minimizing the quantization error. However, a sin-

gle matrix may not be sufficient to transform the data into a 

new space where a better representation is possible. In our 

previous study [28], a two-step solution to this problem is pro-

posed. First the whole space is divided into subspaces using 

multiple PCAs. Then for each subspace, a PCA based 

subquantizer is trained. This approach provides a better rep-

resentation of the data and reduces the total transformation 

error at the same time. In [18], the authors also propose a sim-

ilar approach, by dividing the data into local clusters and 

training quantizers on each cluster separately. However, tak-

ing those two steps of clustering and quantization into account 

separately yields a suboptimal solution. For this reason, in this 

paper, an iterative joint optimization scheme for both steps is 

proposed. 

3 THE PROPOSED METHOD 

As explained in the previous section, the proposed solution 

starts by extending the equation (3) further introducing mul-

tiple affine subspaces into the quantization system. Each sub-

space is allowed to have a different number of dimensions and 

a separate subquantizer is present in each subspace. Let 𝓕𝑘 ∈

ℝ𝐿𝑘 , 𝑘 = {1, … , 𝐾} be a subspace defined by the affine shift 

vector 𝝁𝑘 ∈ ℝ𝐷 and the projection matrix 𝑹𝑘  ∈ ℝ𝐷×𝐿𝑘, 

where 𝐿𝑘 is the number of dimensions of the subspace 𝓕𝑘. 

Let 𝑿𝑘 ⊂ 𝑿 be a subset of samples (a cluster) such that 

⋃ 𝑿𝑘
𝐾
𝑘=1 = 𝑿 and 𝑿𝑘 ∩ 𝑿𝑗 = ∅ where 𝑘 ≠ 𝑗. 𝓕𝑘 is the se-

lected affine subspace for each sample 𝒙𝑖 ∈ 𝑿𝑘. Finally, let 

𝑄𝑘 be a subquantizer which maps a given vector 𝒙𝑖 to its cor-

responding codevector 𝒄𝑗,𝑘 ∈  ℝ𝐿𝑘 within the codebook 𝑪𝑘 =

 {𝒄1,𝑘, … , 𝒄𝑀𝑘,𝑘}, where 𝑀𝑘 is the number of codevectors for 

the codebook 𝑪𝑘. We redefine the mean squared quantization 

error 𝑀𝑆𝐸𝑄, as formulated in (6). Note that (3) is a special 

case of (6), where 𝐾 = 1 and 𝝁𝑘 = 𝟎. 

𝑀𝑆𝐸𝑄 =
1

𝑁
∑ ∑ (‖𝑹𝑘

𝑇(𝒙𝑖 − 𝝁𝑘)

 

𝒙𝑖∈𝑿𝑘

𝐾

𝑘

− 𝑄𝑘(𝑹𝑘
𝑇(𝒙𝑖 − 𝝁𝑘))‖

2
+ ‖𝑹𝑘

⊥𝑇
(𝒙𝑖 − 𝝁𝑘)‖

2
) 

(6) 

The minimization of (6) for a fixed 𝐾 > 1 is an NP-Hard 

problem to solve. So in the proposed method, an approximate 

solution to minimize the error term given in (6) is proposed 

by following an iterative approach. Each iteration consists of 

four steps: 

i. determination of subspaces,  

ii. bit allocation, 

iii. scalar quantization, 

iv. cluster updates. 

With this iterative approach, first it is aimed to find 𝐾 suit-

able affine subspaces 𝓕𝑘, each defined by a matrix 𝑹𝑘 and an 

affine shift vector 𝝁𝑘. Then for each 𝓕𝑘, the bits are distrib-

uted among dimensions and the subquantizer 𝑄𝑘 is obtained. 

Finally the cluster index for each sample is updated by the 

most suitable cluster. The input samples are initially assigned 

to 𝐾 different clusters. The initial cluster indices are obtained 
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by using Κ-Means. After the initialization, the iterations 

begin. 

3.1 Determination of Subspaces 

In the proposed method, an affine subspace 𝓕𝑘 is defined 

for each cluster 𝑿𝑘. First, the mean of 𝑿𝑘 is calculated to ob-

tain the affine shift vector 𝝁𝑘 =
1

𝑁𝑘
∑ 𝒙𝑖𝒙𝑖∈𝑿𝑘

; and then PCA 

is applied using the samples 𝑿𝑘, in order to obtain the trans-

formation matrix 𝑹𝑘, as proposed in [24]–[26]. Here it should 

be emphasized that each subspace 𝓕𝑘 may have a variable 

number of dimensions 𝐿𝑘  and this number is constrained only 

by the number of bits and their allocation among dimensions. 

Therefore, the number of dimensions of a subspace is deter-

mined according to the bit allocation strategy, which is ex-

plained in Section 3.3. In the next section the selection of the 

scalar quantization for the proposed method is defined and 

justified. 

3.2 Scalar Quantization 

In the formulation of the problem above, it has been stated 

that multiple affine subspaces are introduced in order to min-

imize the error generated by the projection onto a subspace. 

Since multiple PCAs are used to generate the projection ma-

trices, the statistical dependencies between dimensions have 

been minimized [24]–[26], i.e., quantization can be per-

formed independently on each dimension and the codevector 

can be obtained as a Cartesian product of quantized values 

similar to [8],[13] or [14].  

Let 𝒙𝑖,𝑘 be the projection of 𝒙𝒊 onto the corresponding sub-

space 𝑘, i.e., 𝒙𝑖,𝑘 = 𝑹𝑘
𝑇(𝒙𝑖 − 𝝁𝑘). For the 𝑙th dimension 

𝒙𝑖,𝑘
𝑙 ∈ ℝ1 of a projected vector 𝒙𝑖,𝑘 , and a centroid �̇�𝑘

𝑙 ∈ ℝ1, 

i.e., �̇�𝑘
𝑙 = 𝑄𝑘(𝒙𝑘,𝑖)

𝑙
; the mean squared scalar quantization er-

ror on dimension 𝑙, 𝑀𝑆𝐸𝑄𝑠
𝑙 , can be formulated as: 

𝑀𝑆𝐸𝑄𝑠
𝑙 =  

1

𝑁𝑘

∑ ‖𝒙𝑖,𝑘
𝑙 − �̇�𝑘

𝑙 ‖
2

𝒙𝑖∈𝑿𝑘

 (7) 

Note that, if �̇�𝑘
𝑙  is selected as the expected value of 𝑿𝑘

𝑙 , i.e., 

�̇�𝑘
𝑙  =  

1

𝑁𝑘
∑ 𝒙𝑖,𝑘

𝑙
𝒙𝑖∈𝑿𝑘

, then 𝑀𝑆𝐸𝑄𝑠
𝑙  corresponds to the variance 

of 𝑿𝑘
𝑙 . Since the variance among the dimensions is not bal-

anced after PCA, the bits are distributed among dimensions 

non-uniformly, as also done in [14]. After the number of bits 

for each dimension is determined as described in the next sec-

tion, Max-Lloyd quantization is applied independently for 

each dimension, obtaining 2𝑏𝑙 centroids, where 𝑏𝑙 is the num-

ber of bits assigned for dimension 𝑙. The centroids are stored 

to create a quantization codebook. 

 

3.3 Bit Allocation 

As mentioned earlier, since the variance is not distributed 

uniformly among the dimensions after PCA (the dimensions 

are ordered with decreasing variances), a non-uniform bit al-

location scheme is proposed. In this paper a bit-wise adapta-

tion of the Modified-d´Hondt method [29] is proposed, which 

is a widely used seat distribution method in parliamentary 

elections. If the bit allocation was a parliamentary election, 

then bits would be the seats in the parliament and the standard 

deviations would be the votes for each party. The standard 

deviations of discarded dimensions would correspond to 

votes given to parties who could not enter the parliament.  

In d’Hondt method, the votes for the candidates are stored 

in a vector. These values are divided by the number of seats 

already assigned to the candidates. After the division, the can-

didate with the highest value is given another seat. In the pro-

posed adaptation, candidates are the dimensions, votes are the 

standard deviations and number of seats correspond to the 

number of centroids.  The algorithm starts by taking the 

square root of the eigenvalues to obtain the standard devia-

tions. For each dimension, the standard deviation is divided 

by the number of centroids corresponding to that dimension. 

For the dimension that yields the largest division, a bit is ap-

pointed and this continues until all bits are assigned. Note 

that, for 𝒃𝑙  bits appointed to dimension 𝑙, the number of cen-

troids is 2𝒃𝑙.  

The d’Hondt method penalizes the dimensions for each bit 

they receive, but in order to make it harder for dimensions 

with low standard deviations to get their first bit, hence keep-

ing the dimension of the transformed vector as small as pos-

sible, d’Hondt method is modified and the standard deviations 

are divided by √2 instead of 1 when 𝒃𝑙  is equal to 0. The 

pseudo-code for the bit allocation is given in TABLE 1, and 

an example demonstrating the bit distribution steps for 4 bits 

on a 4-dimensional vector is given in TABLE 2. Also the dif-

ference between the d’Hondt and the Modified d’Hondt meth-

ods, and their comparison with TC [14] are presented in Fig. 

1 for 32-bits. 

TABLE 1 

PSEUDO-CODE FOR MODIFIED-D’HONDT METHOD 

Given: 𝑽: vector of standard deviations, 𝐵: number of bits 

Return: 𝒃: number of allocated bits for each dimension 

𝒃𝑙: The number of bits assigned to dimension 𝑙 
𝑽𝑙: The standard deviation for dimension 𝑙 
𝒑𝑙: The standard deviation per centroid for dimension 𝑙 

 𝒃 = 𝟎 

 𝑤ℎ𝑖𝑙𝑒 ∑ 𝒃𝑙 < 𝐵 

o 𝑓𝑜𝑟 𝑒𝑎𝑐ℎ dimension 𝑙 
 𝑖𝑓(𝒃𝑙 = 0) 

 𝒑𝑙 = 𝑽𝑙 √2⁄   

 𝑒𝑙𝑠𝑒 

 𝒑𝑙 = 𝑽𝑙 √2𝒃𝑙⁄   

o Allocate 1 bit to max
𝑙

𝒑𝑙, (𝒃𝑙 = 𝒃𝑙 + 1) 
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TABLE 2 

BIT ALLOCATION EXAMPLE FOR 4 BITS ON A 4D VECTOR. 

  
Principal 

Comp. 1 
Principal 

Comp. 2 
Principal 

Comp. 3 
Principal 

Comp. 4 

 Std. Dev. 100 75 50 10 
 Allocate: 0 0 0 0 

Iter. 

1 
Divide: 

100

√2
= 70.7 

75

√2
= 53.1 

50

√2
= 35.4 

10

√2
= 7.07 

 Allocate: 1 0 0 0 

Iter. 

2 
Divide: 

100

21
= 50 

75

√2
= 53.1 

50

√2
= 35.4 

10

√2
= 7.07 

 Allocate: 1 1 0 0 

Iter. 

3 
Divide: 

100

21
= 50 

75

21

= 37.5 

50

√2
= 35.4 

10

√2
= 7.07 

 Allocate: 2 1 0 0 

Iter. 

4 
Divide: 

100

22
= 25 

75

21

= 37.5 

50

√2
= 35.4 

10

√2
= 7.07 

 Allocate: 2 2 0 0 

 

 
Fig. 1: Bit allocation as given in TC [14], by d’Hondt and Modified 
d’Hondt methods. (left vertical axis: bits per dimension, right vertical 
axis: standard deviation, horizontal axis: dimensions) 

As it can be seen in Fig. 1, the Modified d’Hondt method 

emphasizes more the dimensions with higher variances. Since 

there is a limited number of bits, assigning multiple bits to 

one dimension means that another dimension is discarded 

from quantization, so this dimension can also be removed 

from the subspace. In other words, the reduced number of di-

mensions 𝐿𝑘 for a subspace is the number of dimensions 

which has at least one allocated bit.  

3.4 Cluster Updates 

 Once the subspaces and their number of dimensions are 

established, the quantizers are obtained and each sample from 

the training set is assigned to its new cluster. The new sub-

space of a sample 𝒙𝑖 is determined by (8) and each sample is 

assigned to the cluster that gives the lowest quantization error.  

argmin
𝑘

(‖𝑹𝑘
𝑇(𝒙𝑖 − 𝝁𝑘) − 𝑄𝑘(𝑹𝑘

𝑇(𝒙𝑖 − 𝝁𝑘))‖
2

+ ‖(𝒙𝑖 − 𝝁𝑘) − 𝑹𝑘𝑹𝑘
𝑇(𝒙𝑖 − 𝝁𝑘)‖

2
) 

(8) 

Note that the second term in (8) is identical to the second 

term in (6). This term represents the distance of a sample 𝒙𝑖 

to the affine subspace 𝓕𝑘, which is defined by matrix 𝑹𝑘 and 

the affine shift vector 𝝁𝑘, as follows: 

𝑑(𝒙𝑖 , 𝓕𝑘) =  ‖𝑹𝑘
⊥𝑇

(𝒙𝑖 − 𝝁𝑘)‖ (9) 

This distance can be equivalently calculated using (10) if 𝑹𝑘 

is an orthogonal projection matrix. Here it is recommended to 

use (10) instead of (9), because (9) requires the storage of 

𝑹𝑘
⊥, which brings additional memory cost, especially when 

𝐷 ≫ 𝐿𝑘. 

𝑑(𝒙𝑖 , 𝓕𝑘) =  ‖(𝒙𝑖 − 𝝁𝑘) − 𝑹𝑘𝑹𝑘
𝑇(𝒙𝑖 − 𝝁𝑘)‖ (10) 

3.5 Filtering Outliers 

In order to prevent early convergence to a local minimum, 

in the proposed method, a percentage of the samples are fil-

tered out according to the quantization error, before updating 

the corresponding PCA, similar to [26]. It starts with 25% and 

is reduced by 1% at each iteration. 

Up to now, in Section 3, the proposed iterative approach to 

obtain the codevectors while minimizing the error in (6) is 

described. The whole training algorithm is given as a pseudo-

code in TABLE 3. 

 
TABLE 3  

TRAINING FOR K-SUBSPACE QUANTIZATION 

Given: 𝑿: set of samples, 𝐾: number of subspaces  

𝑁𝑖𝑡: number of iterations 

Return: 𝑪𝑘, 𝑹𝑘 and 𝝁𝑘 for all 𝑘 : codebooks, transfor-

mation matrices and affine shift vectors for all subspaces 

𝒄𝒍: Vector of cluster indices for all samples, 0 < 𝒄𝒍𝑖 ≤ 𝐾 

 Initialize 𝒄𝒍 for 𝐾 clusters using K-Means 

 For 𝑁𝑖𝑡 iterations, 

o 𝑓𝑜𝑟 𝑒𝑎𝑐ℎ cluster 𝑿𝑘 

 Perform PCA to obtain 𝑹𝑘 and 𝝁𝑘 

 Distribute bits as in Section 3.3 

 Perform dimension reduction 

 Obtain the codebook 𝑪𝑘 

o 𝑓𝑜𝑟 𝑒𝑎𝑐ℎ sample 𝒙𝑖 in 𝑿  

 Find the cluster with the minimum 

quantization error. 

 Update cluster index 𝒄𝒍𝑖 

o Filter outliers. 

 

3.6 Sample Encoding 

The process of sample encoding is performed as follows: 

The given sample 𝒗 ∈ ℝ𝐷 is projected onto the subspace 𝓕𝑘 

to obtain �̂�𝑘 ∈ ℝ𝐿𝑘 which corresponds to the minimum quan-

tization error, as given in (8). For each dimension 𝑙, the near-

est centroid 𝒄𝑘,𝑗
𝑙  among 2𝑏𝑙 centroids is determined by the 

subquantizer. The binary string representing the chosen cen-

troids is concatenated to the index 𝑘 of the subspace 𝓕𝑘 in 

order to generate the final binary code.  

0
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3.7 Speeding up the Encoding Process 

In order to calculate the quantization error for all sub-

spaces, the sample should be projected onto each subspace 

and quantized by the corresponding subquantizer. However, 

to improve the encoding speed, instead of looking for the 

nearest code in all 𝐾 subspaces, the distance between the 

given vector 𝒗 and the affine shift vector 𝝁𝑘 of each affine 

subspace is calculated and the first 𝒦 subspaces with the 

smallest distances are selected. Then 𝒗 is only projected onto 

those subspaces and the quantization errors are calculated. 

Experimentally it has been observed that, for a limited num-

ber of subspace projections, almost the same quantization er-

ror (less than 1% difference) can be obtained. Using this ap-

proach, the encoding process is accelarated by approximately 

16 times. The pseudo-code for encoding a new sample vector 

is presented in TABLE 4. 
TABLE 4 

ENCODING A NEW SAMPLE 

Given: 𝒗: a sample to be quantized,  

Return: 𝝇: binary code string 

 Select 𝒦 subspaces with closest centers to 𝒗  

 𝑓𝑜𝑟 𝑒𝑎𝑐ℎ 𝑘 in 𝒦 

o Project sample 𝑣 to the subspace 𝓕𝑘 and calculate 

the quantization error as in (8). 

 Append the binary string which corresponds to the 

smallest distance, to the binary string 𝝇 

 Append index 𝑘 to the binary string 𝝇 

3.8 Distance Approximation for ANN 

In this study, an asymmetric distance calculation method is 

proposed in order to approximate the distance between a 

query vector and a code. Asymmetric distances have proved 

to outperform symmetric approaches [8], but it is required to 

have the uncompressed query vector at hand. The proposed 

distance calculation method is formulated in (11), where 𝒙𝑘 

is the projection of 𝒙 onto the corresponding subspace, i.e., 

𝒙𝑘 = 𝑹𝑘
𝑇(𝒙 − 𝝁𝑘). 𝑑(𝒙 , 𝒙𝑘) represents the distance to a 

subspace, as given in (6) and 𝑑(𝒙𝑘 , 𝒄𝑘) corresponds to the Eu-

clidean distance to a code 𝒄𝑘 in 𝓕𝑘.  𝑑(𝒙𝑘 , 𝒄𝑘)  is formulated 

as in  (12). 

𝑑(𝒙, 𝒄𝑘) =  √𝑑(𝒙 , 𝒙𝑘)2 + 𝑑(𝒙𝑘, 𝒄𝑘)2  (11) 

𝑑(𝒙𝑘 , 𝒄𝑘) =   ‖𝑹𝑘
𝑇(𝒙 − 𝝁𝑘) − 𝒄𝑘‖   (12) 

3.9 Relations with Other Methods 

In this section the links between the proposed method and 

other related methods from the literature are discussed in or-

der to emphasize the novelties of the proposed method. 

3.9.1 Transform Coding 

As mentioned in Sections 1 and 2, Transform Coding (TC) 

[14] is a vector quantization method which proposes to per-

form quantization as a Cartesian product of subquantizers 

trained independently for each principal component. TC is a 

special case of the proposed algorithm, where the number of 

subspace clusters 𝐾 = 1. Both algorithms perform scalar 

quantization on principal components and allocate bits among 

dimensions non-uniformly. The novelty of the proposed 

method comes from the definition and minimization of the er-

ror term in (6). The proposed method introduces multiple sub-

spaces and iteratively searches for the quantization centers in 

those subspaces while jointly minimizing the quantization er-

ror. Since multiple subspace representation provides a mini-

mized distance to a subspace for each sample in the dataset, 

this distance can be introduced in the distance approximation 

for ANN, as explained in Section 3.8. However, in TC, this 

distance does not have any effect since it is constant for all 

samples and does not change ANN search order. In the pro-

posed approach an improved bit allocation procedure differ-

ent than TC is presented, as explained in Section 3.3. The per-

formance comparison of both methods is also given in Sec-

tion 4.  

3.9.2 Product Quantization 

Due to the links of the proposed method with TC, a relation 

with Product Quantization (PQ) [12] can also be mentioned. 

Both methods define subspaces but the two definitions are 

quite different. In PQ, subspaces are defined using subvec-

tors, and subquantizers quantize these subvectors and then a 

Cartesian product is calculated in order to obtain the final vec-

tor. However, in the proposed method, subspaces are defined 

by affine shift vectors and transformation matrices. The pro-

posed method does not involve any Cartesian product calcu-

lations as in PQ, and the subquantizers are independent from 

each other in that sense.   

3.9.3 Locally Optimized Product Quantization 

If each cluster in Locally Optimized Product Quantization 

(LOPQ) [18] is considered as an affine (sub)space with 𝐷 di-

mensions, a relation can be established between LOPQ and 

the proposed method. However, the two methods are different 

in many aspects.  Firstly, in the proposed method the dimen-

sions of subspaces are allowed to be less than 𝐷, and each 

subspace may have a different number of dimensions. In other 

words, the clustering in LOPQ is a specific case, where 𝐿 =
𝐷, while the proposed method is more generic, allowing 𝐿 ≤
𝐷.  

Another difference between the two methods is the purpose 

of clustering. LOPQ achieves localization by a coarse quan-

tizer first, and later quantizes the residuals separately, using 

the coarse quantizer for indexing. In the proposed method, 

however, the subspace clustering is not a coarse quantization 

step, but part of an iterative approach to obtain different quan-

tization centers located in different affine subspaces. The 

samples are quantized to the corresponding nearest cluster 

centers, whereas in LOPQ, they are quantized to the nearest 

subspace first then to the nearest center within that space. 

Finally, in LOPQ, after coarse quantization, each cluster is 

further quantized by a local Optimized Product Quantizer 

(OPQ) [15], while in the proposed method, the quantization 

centers are searched within different subspaces using a vari-

ant of Transform Coding (TC) [14]. Both OPQ and TC rely 
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on PCA, however, since bits are allcoated non-uniformly in 

TC, it has a natural dimension reduction property, while OPQ 

uses all dimensions. This property of TC is quite beneficial 

for the proposed method as the dimension reduction is com-

bined with subspace clustering, i.e., the dimension of the sub-

space in question is decided according to the proposed bit al-

location method. By using such subquantizers, the required 

storage overhead is reduced significantly. For example, for 

the GIST feature, for each subquantizer, one needs to store a 

960x960 PCA transformation matrix for OPQ, while the TC 

variant requires only a matrix of 960x40 (64-bit coding, on 

average). 

3.9.4 M-PCA Binary Embedding 

As stated above, in our recent study [28] (MPCA-E), we 

have further optimized the second error term in (3), by using 

multiple PCA clustering as a preprocessing step. Then we 

train a subquantizer for each cluster. However, in this paper, 

we take it one step further by performing the optimization of 

the quantizers and the subspaces jointly, with the help of the 

proposed iterative approach.  

In MPCA-E, the data is clustered according to the distance 

of samples to subspaces. This reduces the transformation er-

ror, which also affects the total quantization error. However, 

in this approach, clustering is performed using the quantiza-

tion error obtained in the corresponding subspaces. In other 

words, each sample is assigned to the cluster that results in 

the lowest quantization error. This iterative approach de-

creases the overall quantization error directly.  

Since multiple PCA clustering is a preprocessing step for 

MPCA-E, all subspaces have the same predefined dimension. 

Yet, in this paper, thanks to the joint optimization scheme, 

each subspace is allowed to have different number of dimen-

sions, hence removing an important restriction from the opti-

mization process. Furthermore, in this study, a subspace se-

lection scheme is developed, which does not require projec-

tion onto all subspaces. This improves the encoding speed of 

the proposed method considerably.  

Finally, a variant of Transform Coding is developed for a 

non-uniform bit allocation in this paper, while (MPCA-E) fo-

cuses on and compares only traditional PCA based methods. 

All these provide a much better quantization scheme, with a 

lower quantization error and a state-of-the-art performance, 

as will be presented in the experiments. 

3.9.5 Performance Evaluation Using a Toy Example 

The application of the proposed method along with a set of 

recent methods from the literature on a toy example is shown 

in Fig. 2. Each method is tested on a small 2D dataset, and 2-

bit quantization is performed. For LOPQ and KSSQ, the num-

ber of subquantizers is 2 and for K-Means there are obviously 

4 centroids. Samples encoded by different codevectors, are 

presented with different colors. Since these methods are de-

signed for large-scale datasets with a high number of dimen-

sions, this toy example does not provide a quantization per-

formance comparison but it is beneficial to visualize the main 

differences between the methods. For example, it is evident 

that TC uses only one dimension to perform the quantization, 

since the variance in the first principal component is much 

greater than the second one. Another observation could be the 

rotation in OPQ with respect to PQ, as the principal compo-

nents are not aligned with the coordinate axes. Since the num-

ber of subquantizers is 2, LOPQ first coarsely divides the data 

into two clusters, then each cluster is quantized with an OPQ. 

The proposed method, KSSQ, also starts with the same two 

subspaces, but then iterates to minimize the quantization er-

ror, and yields a quantization scheme more similar to the one 

obtained by K-Means.  

3.9.6 Relations with Summation Based Algorithms 

As mentioned in Section 1, recent state-of-the-art methods 

use summation based quantization as in [19]–[22]. In these 

methods, a quantized vector is represented as a sum of several 

centroids. This representation can be formulated as given in 

(13). Here 𝑄𝑘 is the subquantizer which quantizes a given 

vector 𝒙 to one of the centroids in the codebook  𝑘. 

𝑄(𝒙) = ∑ 𝑄𝑘(𝒙)

𝐾

𝑘=1

 

(13) 

Among these methods, Optimized Cartesian K-Means 

(OCKM) [19] starts with the rotation of the Cartesian K-

Means, then instead of chosing one centroid to quantize the 

given vector in the subspace in question, the quantized sub-

vector is represented by the addition of two centroids. Addi-

tive Quantization (AQ) [20] proposes the addition of 

codevectors obtained from many different codebooks, but 

since the computational complexity is quadratically depend-

ent on the number of subcodebooks, an Additive Product 

Quantization (APQ) [20] method is proposed, which per-

forms Additive Quantization on subspaces of Product Quan-

tization seperately. Composite Quantization (CQ) [21] pro-

poses an additional constraint on the generation of centroids 

in order to reduce the asymmetric distance calculation com-

plexity. Moreover, Tree Quantization (TQ) [22] brings a 

graph structure to codewords called the “coding tree”, where 

each vertex corresponds to a subcodebook of AQ. Each di-

mension of the given vector is assigned to an edge, resulting 

in disjoint edges. So any codewords coming from any code-

books, which are not adjacent in the tree, are orthogonal. Fi-

nally a global rotation as in [15] for further optimization is 

proposed resulting in a variant of TQ called Optimized Tree 

Quantization (OTQ).    

 The main difference between such methods and the proposed 

method is, while summation based methods require the addi-

tion of the codevectors from subcodebooks, in KSSQ, the 

most suitable one among them is selected, i.e., 

 



1041-4347 (c) 2015 IEEE. Translations and content mining are permitted for academic research only. Personal use is also permitted, but republication/redistribution requires IEEE permission. See
http://www.ieee.org/publications_standards/publications/rights/index.html for more information.

This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication. Citation information: DOI
10.1109/TKDE.2016.2535287, IEEE Transactions on Knowledge and Data Engineering

8 IEEE TRANSACTIONS ON KNOWLEDGE AND DATA ENGINEERING 

 
 

 

 
Fig. 2: A comparison of the methods (a) K-Means, (b) TC, (c) PQ, (d) OPQParametric, (e) LOPQ and our method (f) KSSQ for 2-bit quantization, 
obtained by running the algorithms on a 2-D toy example. For LOPQ and KSSQ there are 2 subquantizers and for K-Means obviously the 
number of centroids is 4. Gray arrows are the principal components.  

the one with the lowest quantization error, as given in (8). 

This is first of all, computationally advantageous because the 

summation based algorithms are usually computationally ex-

pensive as shown in TABLE 13. This is due to the limited 

constraints put on the generation and selection of codevectors 

in order to obtain better quantization performance.  

In the proposed method however, the constraints of many 

Cartesian product based approaches such as [12], [14], [16] 

are retained, which require much less computations. Thanks 

to the jointly optimized subspace generation approach, the as-

sumptions of the given constraints are much more realistic for 

the given dataset, resulting in a quantization scheme with im-

proved performance. 

As discussed later in Section 5.7, the distance calculation 

complexity of the proposed method is comparable to other 

Cartesian product based approaches. Besides, one big disad-

vantage of the summation based approaches is that, the dis-

tance calculation is more expensive than the Cartesian prod-

uct based approaches, because of the nonorthogonality be-

tween subcodebooks, as also stated in [22]. Hence using the 

proposed method, a faster exhaustive search is possible.   

4 EXPERIMENTS 

The proposed approach is tested on two publicly available 

datasets, SIFT1M and GIST1M [12]. SIFT1M consists of 1 

Million samples of 128-dimensional SIFT vectors for test, 

100,000 vectors for training and 10,000 for queries. GIST1M 

consists of 1 Million samples of 960-dimensional GIST vec-

tors for test, 500,000 vectors for training and 1,000 queries.  

The proposed method is trained using the given training 

sets and exhaustive search is performed on both datasets for 

all queries. 𝐾 = 256 and 𝒦 = 16 for SIFT1M, and 𝐾 = 32 

and 𝒦 = 8 for GIST1M are selected, as later justified in Sec-

tion 5. The proposed method (KSSQ) is compared with the 

recent state-of-the-art methods from the literature such as, 

Transform Coding (TC*) [14], Product Quantization (PQ) 

[12], Cartesian K-Means/Optimized Product Quantization 

(CKM/OPQ) [15], [16], Distance Encoded Product Quanti-

zation (DEPQ) [17], an exhaustive implementation of Lo-

cally Optimized Product Quantization (E-LOPQ*) [18], Op-

timized Cartesian K-Means (OCK) [19], Additive Quantiza-

tion (AQ/APQ) [20], Composite Quantization (CQ) [21], 

Optimized Tree Quantization (OTQ) [22] and MPCA Binary 

Embedding (MPCA-E*) [28].  

The results for most of the competing methods are obtained 

from the figures in the original publications while our own 

implementations of TC*, DEPQ*, E-LOPQ* and MPCA-E* 

are used. For DEPQ*, 𝐾 = 128 is selected and 1 bit is allo-

cated for distance encoding as suggested in [17]. For E-

LOPQ* an exhaustive version of LOPQ is developed for fair 

comparison with other exhaustive methods. 𝐾 = 256 is se-

lected, allocating 8 bits for cluster index overhead. For 

MPCA-E, the multiple PCA version of the Transform Coding 

is selected as it provides the best retrieval performance [28]. 

For AQ/APQ, AQ is compared for 32-bits coding and APQ 

for 64-bits as suggested by the authors.  NA indicates that the 

corresponding results are not presented in the original publi-

cation for the corresponding method.  
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TABLE 5 

RECALL@R RESULTS FOR SIFT1M, 32-BIT CODES 

 recall@1 recall@10 recall@100 

PQ 0.052 0.230 0.595 

TC* 0.057 0.197 0.519 

CKM/OPQ 0.068 0.273 0.658 

OCK NA 0.348 0.742 

AQ 0.106 0.415 0.825 

DEPQ* 0.017 0.086 0.310 

CQ NA NA NA 

E-LOPQ* 0.134 0.385 0.738 

OTQ 0.093 0.368 0.793 

MPCA-E* 0.124 0.404 0.784 

KSSQ 0.145 0.434 0.802 
 

TABLE 6 

RECALL@R RESULTS FOR GIST1M, 32-BIT CODES 

 recall@1 recall@10 recall@100 

PQ 0.023 0.068 0.176 

TC* 0.053 0.104 0.291 

CKM/OPQ 0.054 0.142 0.396 

OCK NA 0.172 0.467 

AQ 0.069 0.189 0.467 

DEPQ* 0.025 0.092 0.323 

CQ NA NA NA 

E-LOPQ* 0.049 0.131 0.362 

OTQ NA NA NA 

MPCA-E* 0.054 0.149 0.345 

KSSQ 0.078 0.191 0.437 
 

TABLE 7 

RECALL@R RESULTS FOR SIFT1M, 64-BIT CODES 

 recall@1 recall@10 recall@100 

PQ 0.224 0.599 0.924 

TC* 0.205 0.535 0.877 

CKM/OPQ 0.243 0.638 0.940 

OCK 0.274 0.680 0.945 

APQ 0.298 0.741 0.972 

DEPQ* 0.139 0.432 0.806 

CQ 0.288 0.716 0.967 

E-LOPQ* 0.297 0.703 0.957 

OTQ 0.317 0.748 0.972 

MPCA-E* 0.286 0.710 0.923 

KSSQ 0.325 0.754 0.976 
 

TABLE 8 

RECALL@R RESULTS FOR GIST1M, 64-BIT CODES 

 recall@1 recall@10 recall@100 

PQ 0.076 0.218 0.504 

TC* 0.096 0.223 0.547 

CKM/OPQ 0.118 0.334 0.715 

OCK 0.130 0.358 0.720 

AQ/APQ NA NA NA 

DEPQ* 0.096 0.308 0.668 

CQ 0.135 0.377 0.729 

E-LOPQ* 0.116 0.331 0.656 

OTQ NA NA NA 

MPCA-E* 0.110 0.312 0.662 

KSSQ 0.136 0.396 0.741 

 

The recall@𝑹 measure is selected as the performance met-

ric, which is the recall value for the first 𝑅 retrieved samples. 

It is assumed that the nearest sample in the test set is the 

ground truth for each query, as in [16], [18]–[22], [28]. The 

results for recall@1, recall@10 and recall@100 arecalcu-

lated. The results obtained on SIFT1M and GIST1M datasets 

for 32-bit coding are presented in TABLE 5 and TABLE 6 

and the results obtained on SIFT1M and GIST1M datasets for 

64-bit coding are presented in TABLE 7 and TABLE 8, re-

spectively. 

As observed from the results presented above, the proposed 

method outperforms all recent state-of-the-art methods for re-

call@1 and recall@10 scores, for all datasets and all code 

lengths. Only for recall@100 scores in 32-bit codes, the pro-

posed method has been outperformed by AQ/APQ, which is 

computationally much more expensive as discussed in the 

next section.  

Here it should again be emphasized that the results pre-

sented for E-LOPQ* are different from the ones presented in 

[18], for several reasons. First of all, since we test the methods 

for exhaustive search, in the exhaustive implementation of 

[18], all the cells have been visited for fair comparison, i.e., 

the number of visited cells w = K. Another reason of the dif-

ference is that, the authors did not include the localization 

overhead into the number of bits in [18], i.e., a sample is en-

coded with 10+64 = 74-bits in total, because of the coarse 

quantizer with 𝐾 = 1024. For fair comparison of E-LOPQ* 

with other methods, this overhead is included to the total 

number of bits, by sparing 8 bits for coarse quantization and 

the remaining 56 (24) bits for subquantizers for 64-bit (32-

bit) coding.  

As it can be seen, formulating vector quantization as a joint 

optimization problem has resulted in an improved perfor-

mance as expected. While [28] proves that the use of multiple 

PCAs improves the retrieval performance, optimizing the 

centroids together with affine subspace clustering as proposed 

in this paper  has shown to outperform the state-of-the-art 

methods. Note that, [28] is outperformed by many state-of-

the-art methods and the proposed solution brings a very sig-

nificant improvement over it. 

5 DISCUSSIONS 

In this section, the parameter selections, quantization error, 

computational and storage costs of the proposed algorithm are 

discussed and compared with other methods. 

5.1 Parameter Selection  

The only parameters for the proposed method are the num-

ber of affine subspaces 𝐾 and the number of selected sub-

spaces for encoding, 𝒦. In the experiments, it has been ob-

served that, there is an upper limit for the number of affine 

subspaces 𝐾, which is brought by the training set. As the num-

ber of clusters is increased exponentially, after a certain point, 

empty clusters are generated, which are not assigned any sam-

ples in the update stage of the training. So the number 𝐾 is 
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selected as the highest number for which none of the clusters 

is empty.  

The proposed method is tested for values of 𝐾 from 16 to 

256 (4-bit to 8-bit) and the recall@10 scores for 64-bit coding 

on both SIFT1M and GIST1M dataset are presented in Fig. 3. 

As it can be seen, after 𝐾 = 32 in GIST1M dataset, the oc-

currence of empty clusters brings down the performance. For 

SIFT1M dataset, no empty clusters are observed until 𝐾=256. 

Considering the number of samples in the training set, and the 

number of samples per cluster, cases with 𝐾 ≥ 512 are not 

tested. For 32-bit and 64-bit coding, 𝐾 = 256 (8 bits) for 

SIFT1M and 𝐾 = 32 (5 bits) for GIST1M are selected. Here 

note that, each bit spent on indexing the subspace is deduced 

from the bits spent for quantization. For example, a 64-bit 

code consists of 8 bits for subspace indexing and 56 bits for 

quantization.  

 
Fig. 3: recall@10 vs. K on SIFT1M and GIST1M with 64-bit codes. 
(left vertical axis: recall@10 for SIFT1M, right vertical axis: recall@10 
for GIST1M, horizontal axis: number of subspaces 𝐾) 

In order to determine 𝒦, the quantization error on the train-

ing set for the proposed method is calculated. Starting from 

𝒦 = 𝐾, 𝒦 is decreased exponentially while keeping the in-

crease in the quantization error less than 1% compared to the 

initial error where 𝒦 = 𝐾. The change in quantization error 

for different datasets and different code lengths is presented 

in TABLE 9. According to this, for SIFT1M dataset 𝒦 = 16 

and for GIST1M 𝒦 = 8 is chosen. 
TABLE 9 

CHANGE IN QUANTIZATION ERROR WITH 𝓚 

 SIFT1M 

64-bits 

SIFT1M 

32-bits 

GIST1M 

64-bits 

GIST1M 

32-bits 

Encoding (K) 15253.1 26341.1 0.644 0.826 

Encoding (𝓚) 15313.9 26406.2 0.645 0.833 

Difference (%) 0.398 0.247 0.155 0.847 

5.2 Breakdown of Quantization Error 

As stated in Section 3, in the proposed method the error 

term in (6) is minimized by optimizing both terms. The errors 

obtained separately from the first and the second terms are 

shown in TABLE 10. It is compared with the case of 𝐾 = 1, 

i.e., TC variant, 𝐾 = 256, MPCA-E and OPQ using 64-bit 

codes. As observed from the results, the quantization error is 

decreased significantly, and an important part of this decrease 

comes from the transformation error. Comparison with 

MPCA-E also shows that, joint minimization of both terms 

results in less quantization error in total as expected. The de-

crease in the quantization error is presented in Fig. 4.  
TABLE 10 

BREAKDOWN OF QUANTIZATION ERROR ON SIFT1M  

 ‖𝑹𝑇𝒙𝑖 − 𝑄(𝑹𝑇𝒙𝑖)‖2 ‖𝑹⊥𝑇
𝒙𝑖‖

2
 Total 

TC 16724.1 16346.1 33070.2 

OPQ 22239.8 0 22239.8 

MPCA-E 8988.2 7350.9 16339.1 

KSSQ 5560.7 9692.4 15253.1 

 

 
Fig. 4: The decrease in MSEQ on SIFT1M, MSEQ vs Iterations. (left 
vertical axis: MSEQ, horizontal axis: iterations) 

5.3 Comparison of Bit Allocation Methods 

As mentioned in Section 3.3, in this paper it is proposed to 

use Modified d’Hondt method instead the greedy bit alloca-

tion procedure which was proposed in [14]. Note that the 

d’Hondt method creates allocation schemes which are similar 

to [14], but the Modified d’Hondt method emphasizes the di-

mensions with higher standard deviations more, creating sub-

spaces with a reduced number of dimensions. This creates a 

more suitable bit allocation scheme for the proposed method, 

since the transformation error is already taken into account in 

the iterative minimization. A comparison of performances of 

the proposed method using the d’Hondt and the Modified 

d’Hondt allocation schemes is presented in TABLE 11. As it 

can be seen, KSSQ with the Modified d’Hondt scheme per-

forms better than KSSQ with d’Hondt.  
TABLE 11 

RECALL@R RESULTS FOR DIFFERENT BIT ALLOCATION METHODS 

ON  SIFT1M, 64-BIT CODES 

 recall@1 recall@10 recall@100 

d’Hondt  0.312 0.733 0.974 

Modified d’Hondt 0.325 0.754 0.976 

5.4 Indexing and Non-Exhaustive Search 

Scalibility of binary embedding methods for billion scale 

datasets is usually provided by indexing methods as in [15], 

[18], [30], [31] . In these methods, first a coarse quantizer is 

applied to create an inverse file list, then, except LOPQ, the 

residuals of the coarse quantizer are quantized by a subquan-

tizer. In LOPQ, separate subquantizers are trained for each 

coarse quantizer codeword. So a given query is compared to 

only a subset of the original dataset, which corresponds to the 

samples of the nearest cells. This provides faster, non-exhaus-

tive search. The proposed method can be easily replaced with 

the subquantizer (PQ in [30], [31] or OPQ in [15]) and  scale 

up for large scale datasets.  
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As an example, we follow the approach in [31] and replace 

the residual quantizer 𝑞𝑟 with the proposed method and test 

the performance for non-exhaustive search on SIFT1B dataset 

[12]. SIFT1B consists of 1 billion samples with 128 dimen-

sions. The results of the proposed method are compared with 

the state-of-the-art single index methods such as IVFADC 

[31], I-OPQ [18] and LOPQ [18], as presented in [18]. Sim-

ilar to [18], 8192 clusters are used for indexing, and the search 

is performed in the nearest 64 cells. The results are presented 

in TABLE 12. 
TABLE 12 

RECALL@R RESULTS FOR SIFT1B, 64-BIT CODES, 13-BIT INDEXES 

 recall@1 recall@10 recall@100 

IVFADC  0.088 0.372 0.733 

I-OPQ  0.114 0.399 0.777 

LOPQ 0.199 0.586 0.909 

I-KSSQ  0.141 0.472 0.840 

 As it can be seen, the proposed method performs better 

than other global methods, yet it is outperformed by LOPQ. 

Here it should be emphasized that, the local optimization re-

quires a great amount of additional storage, around 3GB with 

these parameters [18], while the proposed method requires 

only around 20MB. Since in this paper the focus is drawn on 

the quality of quantization, the improvements on non-exhaus-

tive search for KSSQ are left for future work. 

5.5 Computational Cost of Training 

The computational cost of the proposed training scheme 

can be calculated as follows. For each of the 𝐾 affine sub-

spaces, 𝐾 PCAs are calculated, each with a cost of 

Ο(𝐷3 + 𝐷2𝑁). Then, each sample is projected onto each af-

fine subspace with a cost of Ο(𝐷𝐿), where 𝐿 is the number of 

dimensions after dimension reduction. To calculate the dis-

tance to the corresponding subspace, another projection with 

the same cost is needed. The cost of obtaining centroids in 

each subspace is Ο(𝑁𝐺𝑇𝑀𝐿), where 𝑇𝑀𝐿  is the number of it-

erations for Max-Lloyd algorithm and 𝐺 is the number of bits. 

To update the subspaces each sample is encoded, with a cost 

of Ο(2𝐾𝐷𝐿) as explained below. These steps are repeated for 

𝑇𝑇𝑅 iterations. 𝑇𝑀𝐿 = 10 and 𝑇𝑇𝑅 = 50 are chosen. The total 

training cost can thus be computed as follows: 

𝑂 (𝑇𝑇𝑅(𝐾(𝐷3 + 𝑁𝐷2) + 𝑁(2𝐷𝐿 + 𝐺𝑇𝑀𝐿 + 2𝐾𝐷𝐿)))  (14) 

5.6 Computational Cost of Encoding 

The encoding cost for the proposed method can be calcu-

lated as follows. First the first 𝒦 subspaces among 𝐾 are 

found with centers closest to the given sample, with a cost of 

Ο(𝐾𝐷) (𝒦 ≪ 𝐷). For a given sample, 𝒦 projections are per-

formed and each projection costs Ο(2𝐷𝐿), including the dis-

tance calculation to a given subspace. After projecting the 

sample to the subspace, approximately 𝐺 comparisons are 

needed to find the corresponding code. So the total encoding 

cost is Ο(2𝒦𝐷𝐿 + 𝐾𝐷 + 𝒦𝐺). The cost comparison of the 

proposed method is presented in TABLE 13. As observed, 

KSSQ has comparable cost with respect to most of the com-

peting methods and much less cost than the best performing 

competitors AQ/APQ and OTQ. For example, for 32-bit cod-

ing on GIST1M dataset, the proposed method is 4 times less 

costly than OTQ and 44 times less costly than AQ/APQ.  

5.7 Computational Cost of the Distance 
Calculation 

Given that projections on different subspaces are precom-

puted and stored for a given sample, the asymmetric distance 

can be calculated in less than 𝐿 table lookups, i.e., one lookup 

for each dimension. However, if some dimensions are stored 

together in the lookup table, the number of lookups can be 

decreased to the same level as in [12], [15], [16].  

5.8 Additional Storage Costs 

The additional storage cost of the proposed method is com-

parable to that of the competing methods. For KSSQ, it is re-

quired to store the transformation matrix, the affine shift vec-

tor and the centroids for each affine subspace. The cost can 

be approximately expressed as Ο(𝐾𝐷𝐿). Note that this cost is 

independent from the size of the dataset, but depends on the 

number of subspaces, the dimension of the input space and 

the number of bits used for coding. For example, for the 960-

dimensional dataset GIST1M, KSSQ requires an additional 

space of about 9 𝑀𝐵. However, for example, the storage cost 

of OPQ can be approximately expressed as Ο(𝐷2 + 𝐻𝐷) and 

for LOPQ it is Ο(𝐾(𝐷2 + 𝐻𝐷)), resulting in 9 𝑀𝐵 for OPQ 

and 2 𝐺𝐵 for LOPQ. OTQ has a storage cost of Ο(𝐷2 +
𝑀𝐻𝐷) corresponding to 22 𝑀𝐵. Considering these figures, it 

can be said that the storage costs of KSSQ are comparable to 

the competing methods. A detailed comparison of the storage 

space requirements of KSSQ and the competing methods is 

given in TABLE 13. 

6 CONCLUSION 

In this study a novel vector quantization algorithm is pro-

posed for the approximate nearest neighbor search problem. 

The proposed method explores the quantization centers in af-

fine subspaces through an iterative technique, which jointly 

attempts to minimize the quantization error of the training 

samples in the learnt subspaces, while minimizing the projec-

tion error of the samples to the corresponding subspaces. The 

proposed method has proven to outperform the state-of-the-

art-methods, with comparable computational cost and addi-

tional storage. In this paper it is also shown that, dimension 

reduction is an important source of quantization error, and by 

exploiting subspace clustering techniques the quantization er-

ror can be reduced, leading to a better quantization perfor-

mance. 

So far we have focused mainly on exhaustive search but an 

index-based non-exhaustive extension for the proposed 

method can be further investigated. Our approach can also be 

extended to labeled datasets in order to test k-nearest neighbor 

classification performance. These will be the topics of our fu-

ture work.  
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TABLE 13 

COMPARISON OF COMPUTATIONAL AND STORAGE COSTS  

Method Encoding Cost Encoding Cost for Different Datasets and Code Lengths 

 SIFT1M-32 SIFT1M-64 GIST1M-32 GIST1M-64 

PQ Ο(𝐻𝐷) 32768 32768 245760 245760 

TC Ο(𝐷𝐿 + 𝐺) 2592 5184 19232 38464 

CKM/OPQ  Ο(𝐷2 + 𝐻𝐷) 49152 49152 1167360 1167360 

OCK Ο(𝑇𝐻𝐷) 327680 327680 2457600 2457600 

AQ Ο(𝑀2𝐻2(𝑀 + log(𝑀𝐻)) + 𝐻𝐷) 14712832 79724544 14925824 79937536 

APQ Ο (𝐷2 +
𝑀

4
(42𝐻2(4 + log(4𝐻)) + 𝐻𝐷) ) 14729216 14761984 15847424 16093184 

DEPQ Ο(𝐷2 + 𝐻𝐷/2) 32768 32768 1044480 1044480 

CQ Ο(3𝑀𝐻𝐷) 393216 786432 2949120 5898240 

E-LOPQ Ο(𝜘𝐷 + 𝐻𝐷 + 𝐷2) 81920 81920 1413120 1413120 

OTQ Ο(𝐷2 + 𝐻𝐷 + 𝑀𝐻2) 311296 573440 1429504 1691648 

MPCA-E Ο(2𝐾𝐷𝐿 + 𝐾𝐺) 1318912 2637824 1229824 2459648 

KSSQ Ο(𝐾𝐷 + 2𝒦𝐷𝐿 + 𝒦𝐺) 115200 197632 338176 645632 

 

Method Storage Cost Storage Cost for Different Datasets and Code Lengths (MB) 

 SIFT1M-32 SIFT1M-64 GIST1M-32 GIST1M-64 

PQ Ο(𝐻𝐷) 0.25 0.25 1.88 1.88 

TC Ο(𝐷𝐿) 0.02 0.04 0.15 0.29 

CKM/OPQ  Ο(𝐷2 + 𝐻𝐷) 0.38 0.38 8.91 8.91 

OCK Ο(𝐷2 + 2𝐻𝐷) 0.63 0.63 10.78 10.78 

AQ Ο(𝑀𝐻𝐷) 1.00 2.00 7.50 15.00 

APQ O(𝐷2 + 𝑀𝐻𝐷 ) 1.13 2.13 14.53 22.03 

DEPQ Ο(𝐷2 + 𝐻𝐷/2) 0.25 0.25 7.97 7.97 

CQ Ο(𝑀𝐻𝐷) 1.00 2.00 7.50 15.00 

E-LOPQ Ο(𝜘(𝐻𝐷 + 𝐷2)) 96.00 96.00 2280.00 2280.00 

OTQ Ο(𝐷2 + 𝑀𝐻𝐷) 1.13 2.13 14.53 22.03 

MPCA-E Ο(𝐾𝐷𝐿) 5.00 10.00 4.69 9.38 

KSSQ Ο(𝐾𝐷𝐿) 5.00 10.00 4.69 9.38 

 

𝑯: number of subcodevectors 256 256 256 256 

𝑫: number of dimensions 128 128 960 960 

𝑴: number of subcodebooks  4 8 4 8 

𝑳: number of reduced dimensions (on average) 20 40 20 40 

𝝒: number of subspaces for LOPQ 256 256 256 256 

𝑲: number of subspaces for KSSQ and MPCA-E 256 256 32 32 

𝓚: number of selected subspaces for encoding 16 16 8 8 

G: number of bits used for encoding. 32 64 32 64 

𝑻: search depth for OCK  10 10 10 10 
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