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Access Time Oracle for Planar Graphs
Ke Deng, Jianxin Li, Chaoyi Pang, Jiuyong Li, Xiaofang Zhou,
Abstract—The study of urban networks reveals that the accessibility of important city objects for the vehicle traffic and pedestrians is
significantly correlated to the popularity, micro-criminality, micro-economic vitality and social liveability of the city, and is always the
chief factor in regulating the growth and expansion of the city. The accessibility between different components of an urban structure are
frequently measured along the streets and routes considered as edges of a planar graph, while the traffic ultimate destination points
and street junctions are treated as vertices. For estimation of the accessibility of destination vertex j from vertex i through urban
networks, in particular, the random walks are used to calculate the expected distance a random walker starting from i makes before j
is visited (known as access time). The state-of-the-art of access time computation is costly in large planar graphs since it involves
matrix operation over entire graph. The time complexity is O(n2.376 ) where n is the number of vertices in the planar graph. To enable
efficient access time query answering in large planar graphs, this work proposes the first access time oracle which is based on the
proposed access time decomposition and reconstruction scheme. The oracle is a hierarchical data structure with deliberate design on
4
the relationships between different hierarchical levels. The storage requirement of the proposed oracle is O(n 3 log log n) and the
2
access time query response time is O(n 3 ). The extensive tests on a number of large real-world road networks (with up to about 2
million vertices) have verified the superiority of the proposed oracle.
Index Terms—Frequent peer, Frequent dominator, Preference, Dominance, Sampling.
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I NTRODUCTION

The study of urban networks has a long history (e.g., [1],
[2], [3], [4], [5]). It reveals that the accessibility of important
city objects for the vehicle traffic and pedestrians is significantly
correlated to the popularity, micro-criminality, micro-economic
vitality and social liveability of the city, and is always the chief
factor in regulating the growth and expansion of the city. The
issues of accessibility of the vertices in finite graphs are the
classical fields of researches in graph theory [6]. The relations
between different components of an urban structure are frequently
measured along the streets and routes considered as edges of a
planar graph, while the traffic ultimate destination points and street
junctions are treated as vertices. For estimation of the accessibility
of destination vertex j from vertex i through urban networks, in
particular, one can use the expected distance that a random walker
starting from i makes before j is visited (known as access time).
It has been applied for estimation of the accessibility of certain
streets and districts from the rest of city [7], [8].
Let G = (V, E) be a weighted planar graph where V is the
set of vertices and E is the set of edges, each associated with
nonnegative weight to represent transition cost. Given a starting
vertex u, we select uniformly at random one of the us adjacent
vertices, say u0 , and move to u0 . The selection uniformly at
random means that the adjacent vertices have the same probability
to be selected. Then we select uniformly at random one of u0 s
adjacent vertices and move to it, and so on. The sequence of the
selected vertices is a random walk in the planar graph. The access
time from u to v , denoted as AT (u, v), can be defined as.
X
AT (u, v) :=
w(p)P r(p).
(1)
p∈P (u,v)

•
•
•
•
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where P (u, v) is the set of paths from u to v in G, that do not pass
through v , P r(p) is the probability of a path p ∈ P (u, v), and
w(p) is the summation of weights of the edges in p. Figure 1.(a)
illustrates a weighted planar graph with the corresponding transition probability matrix (Figure 1.(b)) and transition cost matrix
(Figure 1.(c)). AT (v1 , v4 ) = 58.55 and AT (v1 , v6 ) = 278. It
indicates that the accessibility from v1 to v4 is better than that
from v1 to v6 . The access time is asymmetric, i.e., AT (u, v) may
be different from AT (v, u). In some applications, the adjacent
vertices of some vertex may not have uniform probabilities to be
selected. Once the transition probability matrix is given, that is,
the probability for each adjacent vertex is known and unchanged;
it does affect the concepts and techniques in this work
We would like to point out that the shortest path distance and
the access time are different measures between locations and they
cannot be replaced each other. In Figure 1, (v1 ,v6 ) and (v1 ,v4 )
have the same shortest path distance (i.e., 11) but they have very
different access time. Suppose a business plans to open a new
branch. There are two options, one is at v4 and the other is at
v6 . Suppose the target customers are 10000 residents living in
v1 . The shortest path distance between v1 and v6 is equal to that
between v1 and v4 . Also, it is hard in most situations in practice,
if not impossible, to have additional information to understand
the behaviour patterns of the residents. To evaluate whether the
residents in v1 more likely appear in v4 or v6 , the access time
helps since the statistical properties of a large number of residents
travelling in the city is similar to those of random walkers appear.
The smaller access time indicates the expected distance of the
possible paths is shorter. It means that the moving objects such as
vehicles and pedestrians in one location more likely diffuse to the
other location no matter which paths are used.
Given two vertices u, v in a planar graph, AT (u, v) can be
computed as follows. It first transforms the transition probability
matrix of the planar graph into the canonical form and then
performs matrix left division. This process is time costly because
the entire planar graph needs to be accessed and the matrix
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experimental results are reported in section 6. Finally, we conclude
this work in section 7.

AT (v1, v4) = 58.55
AT (v1, v6) = 278
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(a) A simple graph
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(c) Transition cost matrix

Fig. 1. A simple planar graph.

operation is complex. To enable AT (u, v) query answering in
large planar graphs, access time oracle is needed. The simple
method is to pre-compute answers to all possible queries, e.g.,
by solving the all-pairs access time problem, or by computing
the transitive closure of the network. Each query could then be
answered in constant time. This however is not a viable option as
the data structure produced for an n-vertex graph would be of size
Ω(n2 ).
This work is the first effort on access time oracle. The
contributions of this work focus on the following aspects.
•

•

This work proposes a decomposition and reconstruction
scheme for access time. This scheme allows us to maintain
a small portion of all vertex pairs in the proposed oracle
for answering access time query of all vertex pairs.
This work develops a robust access time oracle. The
4
storage requirement is O(n 3 log log n), and the query
2
time is O(n 3 ) where n is the number of vertices in the
planar graph. Compared to the state-of-the-art of access
time computation O(n2.376 ), the query response time is
significantly improved at the cost of almost linear storage
requirement. The proposed oracle needs to be updated only
if the city road networks change permanently. Extensive
experiments have been conducted on several planar graphs
(i.e., real world road networks with up to about 2 million
vertices 1 ). The results illustrate the advantage of the
proposed oracle.

The rest of the paper is structured as follows. We first introduce
the preliminary of access time in section 2, and the related work is
briefly reviewed in section 3. The proposed access time decomposition and reconstruction scheme is presented in section 4. After
that, section 5 introduces the proposed oracle, and demonstrates
the access time query processing with support of the oracle. The
1. Even though many road and public transportation networks are actually
not exactly planar because of overpasses or tunnels, it does not influence the
storage requirement and query response time of the proposed oracle.

P RELIMINARIES ON ACCESS T IMES
Definition

In a planar graph G = (V, E), the access time from u ∈ V to
v ∈ V depends only on the current state and not on the past ones
(i.e., the first-order Markov chain). The transition from one vertex
to one of adjacent vertices is a step. The single-step transition
probability among vertices in G can be represented in a square,
stochastic matrix A (see an example in Figure 1.(b)). If there is
an edge between vertex i and vertex j , then the entry aij in A has
a transition probability moving from i to j . All other entries have
the value 0. The cost of single-step transition among vertices in
G can be represented in a square, transition cost matrix W (see
an example in Figure 1.(c)). If there is an edge between vertex
i and vertex j , then the entry wij in W has the transition cost
from i to j . All other entries in W have the value 0. Let out(v)
be the degree of v (i.e., the number of v ’s adjacent vertices). The
1
transition probability from v to one of adjacent vertices is out(v)
.
Let {v1 , v2 , .., vn−1 , vn } be the path from v1 to vn passing a
number of vertices sequentially. The probability that this path is
used by a random walker is out(v1 )×out(v21)×..×out(vn−1 ) . The
recurrence relation of access time from u to v can be obtained by
first step analysis.
(
AT (u, u) = 0
P
P
AT (u, v) = i∈V aui wui + i∈V aui AT (i, v), for u 6= v
(2)
where wui is the transition cost from vertex u to i in transition
cost matrix W, and aui is the transition probability from vertex
u to i in transition probability matrix A. At the right side of
Equation (2) for u 6= v , there are two items and the number
of items increases exponentially when the number of steps taken
increases. Suppose the average degree of each vertex is 4; the
number of items generated after 20 steps would be over 1012 .
So, it is impractical to directly iterate the recurrence relation in
Equation (2) to compute AT (u, v).
2.2

Computation

We first introduce how to compute access time in the case
wuw = 1 for all u, w ∈ V . In this case, the access time defined in
Equation (2) is equivalent to the hitting time in graph theory [9],
[10]. Hitting time computation in graph has been well studied (see
[9], [11], [12]).
Definition 1. (Absorbing Vertices). In a planar graph G, a subset
of vertices Va ⊂ V are absorbing vertices, if a random walker
from any u ∈
/ Va stops when any vertex v ∈ Va is reached for the
first time.
The absorbing vertices can be any subset of vertices in the
graph. In specific, if we are interested in the hitting time to a
subset of vertices from any other vertex in the graph, the vertices
in this subset are called absorbing vertices.
Definition 2. (Hitting Time). Given a subset of absorbing vertices
Va ⊂ V in a planar graph G, the absorbing time, denoted as
H(Va |u), is the expected number of steps that a random walker
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Fig. 2. Canonical form of transition probability/cost matrix (v4 , v5 are
absorbing vertices).

from a particular vertex u ∈
/ Va reaches any vertex in Va for the
first time.
To compute hitting time, the transition probability matrix A
is transformed to the canonical form by re-organizing the vertices
so that the non-absorbing vertices come first (see Figure 2.(a)).
R is the t × r transition matrix where each of t non-absorbing
vertices corresponds to one row, and each of r absorbing vertices
corresponds to one column. I is an identity matrix. Q represents
the transition probabilities between the non-absorbing vertices.
Suppose v4 , v5 of the planar graph in Figure 1.(a) are absorbing
vertices. We have r = 2 absorbing vertices and t = 6 nonabsorbing vertices. The canonical form of the transition probability
matrix is shown in Figure 2.(b).
In Q, the entry aij is the probability that a random walker
arrives j after one step if the starting vertex is i. If the random
walker continues the roam, after n steps, the probability that j is
arrived, given the starting vertex i, is the entry aij in Qn . The
following equation can be used to compute hitting time from each
non-absorbing vertex to absorbing vertices.

H = Nc.

(3)

The left item H is a column vector, the entry Hi is the hitting
time if a random walker starts from vertex i; c is the column
vector all of whose entries are 1. N is the fundamental matrix for
a random walker with absorbing vertices; the entry Nij in N gives
the expected number of times that the vertex j has been passed if
the random walker is started at vertex i, that is,

N = I + Q + Q2 + . . . .

(4)

Definition 3. (Absorbing Probability) Given a set of absorbing
vertices Va ⊂ V , the probability that a random walker, from any
u∈
/ Va , will be absorbed by an absorbing vertex k ∈ Va is the
absorbing probability of k , denoted as P r(k|u).

Fig. 3. An example of access time computation.

P
is p∈P (v1 ,v4 ) P r(p) P
where P (v1 , v4 ) indicates all paths from
v1 to v4 ; P r(v5 |v1 ) is p∈P (v1 ,v5 ) P r(p). Clearly, P r(v5 |v1 )+
P r(v4 |v1 ) = 1. The following equation can be used to compute
P r(k|u):

B = NR.

B is a t×r matrix where entry bij is the probability that a random
walker will be absorbed by the absorbing vertex j if it starts from
the non-absorbing vertex i.
To compute access time, we now consider the weight of edges
by modifying N to N0 .
N0 = N(Q ◦ QW ).

(6)

Where QW is the upper-left part of the canonical form of W.
The counterpart of QW , as shown in Figure 2 (c), is Q in the
canonical form of A; Q ◦ QW is the Hadamard product for Q
and QW , also known as the element-wise product.
Theorem 1. Given a set of absorbing vertices Va ⊂ V , let AT
be a column vector where entry ATi is AT (i, Va ), i.e., the access
time that a random walker starts from vertex i ∈ {V − Va } to Va .
We have
AT = N0 c.
(7)
where c is the column vector all of whose entries are 1.
Proof. Let P be all paths from vertex i to the absorbing vertices
V
Pa . For each p ∈ P , the probability is P r(p). The access time is
p∈P w(p)P r(p) as defined in Equation (1). Moving from one
vertex to the next vertex along the path is one step. For a path
p ∈ P , pk denotes the k th step in p starting from vertex i. If p
reaches Va before the k th step, w(pk ) is 0. We have
X

w(p)P r(p) =

p∈P

∞
XX

w(pk )P r(p).

p∈P k=1

w(p1 )P r(p) is j∈{V −Va } aij where aij is an entry
in I(QP◦ QW
P)2, that is, considering
P one step of every path
in P . p∈P k=1 w(pk )P r(p) is j∈{V −Va } aij where aij
P

p∈P

For example in Figure 1.(a), suppose the starting vertex is v1
and the absorbing vertices are v4 , v5 . The probability P r(v4 |v1 )

(5)

P
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is an entry in (I + Q)(Q ◦ QWP
), thatPis, considering two
3
steps of every path in P . Similarly, p∈P k=1 w(pk )P r(p) is
P
2
j∈{V −Va } aij where aij is an entry in (I+Q+Q )(Q◦QW ),
that is, consideringP
three steps
of
every
path
in
P
.
By
P∞
P inducing in
such way, we have p∈P k=1 w(pk )P r(p) is j∈{V −Va } aij
where aij is an entry in (I + Q + Q2 + · · · )(Q ◦ QW ), that is,
considering infinite steps of every path in P . According
to EquaP
tion (4)(6), AT = N0 c and entry ATi in AT is j∈{V −Va } aij
where aij is an entry in (I+Q+Q2 +· · · )(Q◦QW ). So, if starting from i, the access time taken by a random walker before the
absorbing vertices are reached is entry ATi in AT = N0 c.

N is obtained by performing (I − Q) \ I where the operator
. \ . refers to matrix left division. The matrix left division is
solved using LU decomposition [13]. Suppose n is the number
of vertices in the graph. An O(n2.376 ) LU decomposition algorithm exists based on the Coppersmith-Winograd algorithm. It is
an improvement over the naive O(n3 ) time algorithm and the
O(n2.807355 ) time Strassen algorithm [14]. Special algorithms
of LU decomposition have been developed for factorizing large
sparse matrices [15]. These algorithms attempt to find sparse
factors L and U. The cost of computation is determined by the
number of nonzero entries, rather than by the size of the matrix.
In practice, we do not compute N first and then N0 in order
to get AT. Instead, AT is computed by solving (I − Q) \ U
where U = [I(Q ◦ QW )c] and U is processed before matrix
left division. This is because U is a column vector which is much
easier to process in matrix left division compared to square matrix
I.
Figure 3 presents N, Q ◦ QW , AT and B for the example
shown in Figure 2. In AT, the value AT1 , AT2 , AT3 , AT4 , AT5
and AT6 are the access times from v1 , v2 , v3 , v6 , v7 and v8
respectively to the absorbing vertices Va = {v4 , v5 }. In B, the
value B11 and B12 are the probabilities that the random walker
will be absorbed by v4 and v5 respectively.
Although the practical arrangement of processing order is applied, access time computation needs to access the entire network,
and conduct left matrix division over entire network. To enable
efficient access time query answering in large planar graphs, this
work introduces an access time oracle. The notations used in this
work are summarised in Table 1.

3

RELATED WORK

Access time in planar graphs has been widely used in urban
computation as introduced in section 1. In the graph with uniformly weighted edges, the access time is known as hitting time
in graph theory [9], [10]. Hitting time has been widely used in
clustering/community identification in social network [16], [17],
[18], proximity search in large graphs [19], collaborative filtering
in recommender networks [20], link prediction in social networks [21], collaborative recommendation [22], entity similarity
measure [23], query suggestion [24], global task achievement in
distributed computing in a distributed system [25], [26], [27], and
estimation of the accessibility of certain regions from the rest of
city through urban networks [7], [8], etc. The access time and
hitting time computation are introduced in section 2.
The shortest path query and index in planar graphs (often road
networks) have been widely studied [28], [29], [30], [31], [32].
To facilitate efficient processing, the simple approach is to precompute all-pairs shortest path distances. The disadvantage of

4

TABLE 1
Summary of Notations
Notation
G(V, E)
n
g+
Cg +
Vg +
Vg +
P (u, v)
P r(p)
w(p)
W
A
AT (u, v)
LAT (u, v)
P r(u|v)
LP r(u|v)
A-B
MN
M\N
M◦N

Interpretation
A planar graph with a set of vertices V and a set of edges
E.
The number of vertices in G, i.e., |V |.
A bounded subpart of G.
The boundary vertices of g + .
The interior vertices of g + .
S
All vertices in g + , i.e., Cg+ Vg+ .
the set of paths from u to v in G, that do not pass through
v.
The probability of a path p ∈ P .
The summation of weights of edges in a path p ∈ P .
Transaction cost matrix.
Transaction probability matrix.
Access time from u to v in G.
Access time from u to v in some g + .
The summation of probabilities of all paths from u to v
in G.
The summation of probabilities of all paths from u to v
in some g + .
The relative complement of set B in set A.
Multiplication for matrix M and N.
Matrix left division.
Hadamard product for matrix M and N.

this approach comes from the high storage requirement O(n2 ).
Various index structures and techniques have been studied to balance the storage requirement and efficiency/effectiveness. In [29],
a data structure for representing all distances in a graph has been
proposed. The data structure is distributed in the sense that it may
be viewed as assigning labels to the vertices, such that a query
involving vertices u and v may be answered using only the labels
of u and v . The labels are based on 2-hop covers of the shortest
paths, or of all paths, in a graph. Such a cover is a collection
S of shortest paths such that for every two vertices u and v ,
there is a shortest path from u to v that is a concatenation of
two paths from S . This work has presented an efficient algorithm
for finding an almost optimal 2-hop cover of a given collection of
paths. In [30], the authors explores graph symmetry to reduce a
large graph substantially to a simplified skeleton which preserves
many essential properties of the original graph and removes the
structural redundancy. A graph is symmetric if some vertices
are automorphically equivalent to each other. On the simplified
skeleton, the space-efficient index has been developed for online
shortest path query answering. In [31], the author first decomposes
the graph G into a tree in which each node contains a set of
vertices in G. Based on the tree index, the shortest path search
is executed in a bottom-up manner. It pre-computes the local
shortest paths among the relevant vertices in the tree. In [32],
an algorithm to find the k nearest neighbors in a spatial graph
has been proposed. It also exploits the idea to pre-compute the
shortest paths between all possible vertices in the graph. Such
shortest path information is organized as a shortest path quadtree,
which is based on the spatial coherence of spatial graphs. The
shortest path distance oracles based on the property that the
shortest path between two vertices u and v can be decomposed
and reconstructed at any vertex in this path. However, the access
time between two vertices does not have this property.
Among various shortest path indices, the ones relevant to the
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proposed access time oracle in this work applies the divide-andconquer technique to index the shortest path distance using planar
graph separators [28], [33]. The preprocessing constructs decision
trees to identify the portions of a shortest path tree within each of
many very small regions. The decision trees implement a divideand-conquer approach that splits a region based on shortest paths
to a set of separator vertices. In the simplest form, a planar graph
G(V, E) is separated into A and B by finding a separator C
in G by applying the Lipton & Tarjan’s algorithm [34]. The
shortest path distance dsp (u, v) is maintained for u ∈ C and
v ∈ V . For A, Lipton & Tarjan’s algorithm is recursively applied.
It maintains the shortest path distances between all vertices of
A and the vertices of separators in A. In the same way, B is
processed. Answering the shortest path distance query between
two vertices u, v , if u ∈ A and v ∈ B , then just find the minimum
of min{du,w + dw,v |w ∈ C}. If both u, v ∈ A but in different
subparts, e.g., A1 and A2 , the task is to find the minimum of
min{du,w +dw,v |w ∈ C} and min{du,w +dw,v |w ∈ C 0 } where
C 0 are the separator between A1 and A2 in A. Thus, for any u, v
in some subparts, we need check the vertices on the boundaries.
The total storage requirement is O(n1.5 ) and the query time
is O(n0.5 ). To achieve better balance of storage requirement
and query processing time, various advanced approaches along
this direction have been developed. They maintain the levels of
recursive r-division, and the subparts in different levels are related
(the subparts in the same level are not) so as to save storage
requirement. The reconstruction of the shortest path distance
goes through different levels of subparts and multiple boundaries.
The current state-of-the-art is O(n log log
p n) in storage and the
corresponding query response time is O( n/ log log n) [33].
Even though sharing the similar structure, it is impossible to
simply extend the methods in [28], [33] to index access times. The
key reason is that the shortest path distance typically concerns a
single path while the access time concerns all paths. In particular,
the shortest path distance oracles are all based on the property that,
given two vertices u and v , the shortest path between them can be
simply decomposed and reconstructed at any vertex in the path.
However, this property is not held for their access time AT (u, v).
Since access time concerns all possible paths from u to v , in
order to decompose AT (u, v), we need to cut at a number of
vertices, say C = k1 , ..km , by removing which the planar graph
can be separated into disjoint subparts where u, v are in different
subparts. The challenge is that the access time AT (u, v) cannot be
reconstructed at the cut vertices k1 , .., km by simply aggregating
AT (u, ki ) and AT (ki , v), 1 <= i <= m. The reason is the
access time AT (ki , v) includes paths from each cut vertex ki to v
passing each of other cut vertices for many times, and AT (u, ki )
includes the paths from u to ki passing the destination v for
many times. So, in order to establish access time oracle, we need
first design unique techniques to enable proper decomposition and
reconstruction of access time.

4

ACCESS T IME D ECOMPOSITION AND R ECON -

STRUCTION

Suppose the planar graph is separated into two disjoint subparts by
cutting at a set of vertices C and two vertices u, v are in different
subparts. The stratagem is that a random walker from u to v is
asked to stop when any vertex of C is reached for the first time.
So, a random walker roams only in the subpart to which u belongs.
Then the random walker continues from ki ∈ C at which it stops

5

until the destination v is reached for the first time. Following this
scheme, the access time is decomposed into two sections where
one includes all paths from u to C in the subpart to which u
belongs, and the other section includes all paths in entire planar
graph G from each vertex of C to v . Such decomposition scheme
provides opportunity for us to reconstruct AT (u, v) at C . The
followings are some relevant concepts.
Definition 4. (Separator). Given a planar graph G, a separator
is a set of vertices C ⊂ V by removing which G will be separated
into disjoint subparts.
In a subpart g , we use Vg and Eg to represent the set of vertices
and edges in g respectively. Cg is the minimum subset of vertices
in C by removing which g is disconnected from any vertex in
V -Vg .
Definition 5. (Bounded Subpart). Suppose g is a subpart obtained
by removing Cg from G. The bounded subpart of g , denoted as g + ,
is the subpart in G where the vertices of g + is Vg+ = Vg ∪ Cg ,
the boundary of g + is Cg+ ≡ Cg , and the interior vertices of g +
is Vg+ ≡ Vg .
An example is shown in Figure 4. The planar graph is
separated into four disjoint subparts g1 , g2 , g3 , g4 by separator
C = {v3 , v4 , v5 , v6 , v7 , v25 , v26 }. For the bounded subpart
g4+ , Vg+ = {v1 , v2 , v3 , v4 , v5 } where the interior vertices are
4
Vg+ = {v1 , v2 } and the boundary vertices are Cg+ = {v3 , v4 ,
4
4
v5 }.

separator

g3

g2
g1

v9

v22
v3

v6
v25
v26

g4

v18

v2
v1

v21
v7

v5

v4

Fig. 4. A planar graph is separated into four disjoint subparts
g1 , g 2 , g 3 , g 4 .

Definition 6. (Local Access Time). Given an interior vertex u ∈
Vg+ , the access time that a random walker from u is absorbed by
Cg+ is called local access time, denoted as LAT (u, Cg+ ).
Definition 7. (Local Absorbing Probability). Given an interior
vertex u ∈ Vg+ and any boundary vertex k ∈ Cg+ , the probability
that a random walker from u will be absorbed by k is called local
absorbing probability, denoted as LP r(k|u).
The above access time and absorbing probability are so-called
“local” because they are only related to the random walk in the
bounded subpart g + due to the absorbing vertices Cg+ .
Theorem 2. (Access Time Decomposition and Reconstruction).
Given a planar graph G, g + is a bounded subpart in G. For any
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two vertices u ∈ Vg+ and v ∈ {V -Vg+ }, we have
X
AT (u, v) = LAT (u, Cg+ ) +
[LP r(k|u)AT (k, v)]. (8)
k∈Cg+

Proof. Let P be all paths P
from u to v in G. By definition, the
access time AT (u, v) is
p∈P w(p)P r(p). Given any vertex
k ∈ Cg+ , a path p ∈ P is allowed pass k for multiple times.
If Cg+ are defined as absorbing vertices, we can decompose the
path p into two separated path segments at the first vertex in Cg+
reached by p. In the same way, every path in P is decomposed
into two separated path segments. The first path segments of all
paths in P are denoted as P1 and the second path segments of all
paths in P are
Pdenoted as P2 .
For P1 , p∈P1 w(p)P r(p1 ) is equivalent to LAT (u, Cg+ )
by the definition of local access time where Cg+ are absorbing
vertices.
For P2 , all path segments start at some vertex in Cg+ and ends
at v . For the path segments in P2 which starts
P at the same vertex
k ∈ Cg+ , they are denoted as P2k . Clearly, p∈P2k w(p)P r(pk2 )
is LP r(k|u)AT (k, v) where LP r(k|u) is the probability of
the paths in P1 absorbed
P
P by k . For all k ∈ Cg+ , it is true
w(p)P
r(p
)
is
2
p∈P2
k∈Cg+ [LP r(k|u)AT (k, v)].
Combining the results for P1 and P2 , we have Equation (8).

6

vertices, we have

v18
v5
v4

AT (v3,v18)
v1

g+4

v2

v3

AT(v4,v18)

Fig. 5. Access time decomposition and reconstruction.

We use the example in Figure 5 (i.e., the subpart g4+ in
Figure 4.) to illustrate the access time decomposition and reconstruction. Suppose AT (v1 , v18 ) is interested. After a random
walker takes the first step from v1 ,

AT (v1 , v18 ) = 31 (wv1 v5 + wv1 v4 + wv1 v2 )+
1
3 (AT (v5 , v18 ) + AT (v4 , v18 ) + AT (v2 , v18 )).
where wvi vj is the transition cost from vertex vi to vj . Since v4
and v5 are in Cg+ = {v3 , v4 , v5 }, the random walker is absorbed
4
once v4 or v5 is reached for the first time. So, only AT (v2 , v18 )
goes to next step.

AT (v1 , v18 ) = 31 (wv1 v5 + wv1 v4 + wv1 v2 ) + 31 AT (v4 , v18 )+
1
1
3 AT (v5 , v18 ) + 6 (wv2 v1 + wv2 v3 )+
1
1
6 AT (v1 , v18 ) + 6 AT (v3 , v18 ).
v3 is in Cg+ . So, only AT (v1 , v18 ) goes to next step and so on.
4
Eventually, the probability of the random walker being absorbed
by each boundary vertex, say v4 , is LP r(v4 |v1 ). For all boundary

k∈Cg+ [LP r(k|v1 )AT (k, v18 )].

Besides the

4

items related to AT (., v18 ), other items together constitute the
local access time the random walker taken from v1 to Cg+ in g4+ ,
4
i.e., LAT (v1 , C.g4+ ). Then,

AT (v1 , v18 ) =LAT (v1 , Cg+ )+
4
X
[LP r(k|v1 )AT (k, v18 )].
k∈Cg+
4

If LAT (u, Cg+ ), LP r(k|u) and AT (k, v) have been precomputed for each u ∈ Vg+ , k ∈ Cg+ and v ∈ {V -Vg+ },
AT (u, v) query for any u ∈ Vg+ and any v ∈ {V -Vg+ } can be
answered by aggregating the relevant values using Equation (8).
Note in the situation that both u, v are the interior vertices
of the same bounded subpart, the proposed decomposition and
reconstruction scheme is ineffective. To obtain AT (u, v) in this
situation, the bounded subpart needs to be further separated until
u, v are not interior vertices of the same bounded subpart. This
issue is solved in section 5.

5

ACCESS T IME O RACLE

Based on the proposed decomposition and reconstruction scheme,
we develop an oracle to boost access time query answering in
planar graphs.
5.1

AT(v5,v18)

P

Graph Separation

In graph theory, the planar separator theorem is a form of isoperimetric inequality for planar graphs, that states any planar graph
can be separated into smaller pieces by removing a small number
of vertices,
i.e., the planar separator. Specifically, the removal of
√
O( n) vertices from an n-vertex graph can partition the graph
2
into disjoint subgraphs each of which has at most
√ 3 n vertices. A
weaker form of the separator theorem
with
O(
n
log
n) vertices
√
in the separator instead of O( n) was originally proven by
Ungar [35], and the form with the tight asymptotic bound on the
separator size was first proven by Lipton & Tarjan [34]. Using the
linear-time algorithm of Lipton & Tarjan, the separator partitions
the vertices of G into three sets A, B , and C . After removing
C , no path exists between any vertex in A with any vertex in B .
Neither A nor B has total vertices exceeding 32 n. C is the planar
separator or boundary of A and B .
A planar graph can be recursively decomposed into smaller
graphs and the separators are combined into a separator hierarchy [28]. A separator hierarchy may be represented by a binary
tree in which the root vertex represents the planar graph, and the
two children of the root are the roots of recursively constructed
separator hierarchies for the induced subparts. The example in Figure 6 shows a separator binary tree of the planar graph in Figure 4
with two levels of decomposition recursion. In the first recursion,
the planar graph is separated by {v6 , v7 } into two bounded
subparts G1 , G2 . In the second recursion, the subparts are further
separated into four bounded subparts {g1+ , g2+ , g3+ , g4+ }.
5.2

Oracle

An r-division of G is a decomposition into O(n/r) bounded
subparts by recursively applying Lipton & Tarjan’s algorithm,
√
each bounded subpart with O(r) internal vertices and O( r)
boundary vertices [28]. We denote the base of the r-division
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s2.2
G

The access time, and absorbing probability
in G from each k ∈ Cga+ to each k 0 ∈
Cg+ ;
b

G1

G2

g+2

g+1

v6

v25

g+3

v22
v3

v6

v26

v26

v7

v3

g+4

v18

v25

v1

v4

v7

For each bounded subpart gb+ in subpart(.), the access time in G from each k ∈ Cg+ to each v ∈ Vg+ .

s3

v5

v5

v4

Fig. 6. An example of separator tree.

recursion as level-z , and the top of the r-division recursion as
level-0. G is defined to be the only item at level-0, and each
bounded subpart in level-z has one interior vertex only. The
bounded subparts in level-i of the r-division recursion are obtained
by computing an ri -division for each bounded subpart in level(i−1). Such z levels (from level-1 to level-z ) of bounded subparts
constitute the structure of the proposed oracle of G. The notation
ri suggests that we may use a different parameter r in the rdivision at every level of the recursion.
As illustrated in Figure 7, for each bounded subpart g + in
level-i, the bounded subparts in level-(i + 1) obtained by applying
the r-division to g + are called the subparts of g , denoted as
subpart(g). All bounded subparts in level-1 are the subparts in
G, i.e., subpart(G). For each bounded subpart g in level-1, its
subparts in level-2 are subpart(g), and so on.

b

2

values maintained for S2 is cm cn nr1 . The total values maintained
for S1, S2 and S3 are:

√
n2
(9)
+ ck n r1 .
r1
where ct and ck are constants. We are interested in the problem
S(r1 ) := ct

arg min S(r1 ).

Level-1
subpart(G)

(10)

r1

By solving

dS(r1 )
dr1

4

= 0, the optimal S(r1 ) is c1 n 3 when setting
2

2

g

b

Note no values across different subpart(.)s are maintained
in the oracle. Given two vertices u, v for AT (u, v), we find the
relevant subpart(.) such that both u, v are in it, and u, v are not
interior vertices of the same bounded subpart. The values maintained for the subpart(.) are sufficient to answer AT (u, v) in
various scenarios. We will introduce the details later in section 5.3.
Next, the complexity of the oracle in terms of storage is analysed.
The storage of the oracle in level-i, denoted as S(ri ), is a
function of ri . We use the level-1 as example. In S1, the number
√
of values maintained for subpart ga+ is ca r1 r1 , and the number
of subparts in level-1 is cb rn1 where ca and cb are constants. So, the
√
total number of values maintained for S1 is ca cb n r1 . Similarly,
√
the total number of values maintained for S3 is ca cb n r1 . In S2,
the number of values maintained for the pair of subpart ga+ and
subpart gb+ is cm r1 , and the total number of such pairs in level-1
is cn ( rn1 )2 where cm and cn are constants. So, the total number of

3
r1 = cr n 3 with constants c1 and cr . For z ≥ i ≥ 2, ri = cr ri−1
is applied in the oracle. Since the constant cr does not affect
the complexity analysis, we set cr = 1 for the sake of concise
presentation in the rest of this section.
2

g1

Level-2

g2
subpart(g)

Level-kz

3
Lemma 1. Given ri = ri−1
for z ≥ i ≥ 2, the storage of the
2 (i−1)
1
.
oracle in level-i is S(ri ) = ci n(n 3 )( 3 )
2
3
for z ≥ i ≥ 2, the number
Proof. Due to ri = ri−1
2 (i−1)
of subpart(.) in level-i is n/n( 3 )
. For each subpart(.),
4
2 (i−1)
the storage is (n 3 )( 3 )
. The number of subpart(.) in
level-i times the storage of each subpart(.) is S(ri ) =
1
2 (i−1)
ci n(n 3 )( 3 )
.

Theorem 3. Given a planar graph G, the total storage of the
4
oracle is O(n 3 log log n).
Fig. 7. Oracle.

2

For each subpart(.) in the oracle, the following values are
maintained.

s1

s2

For each bounded subpart ga+ in subpart(.), the local
access time, and local absorbing probability in ga+
from each u ∈ Vga+ to Cga+ .
For each bounded subpart ga+ in subpart(.) and each
bounded subpart gb+ in subpart(.) (a = b or not ) ,

s2.1

The local access time, and local absorbing
probability in G-gb from each k ∈ Cga+ to
each k 0 ∈ Cg+ ;
b

4

3
Proof. When setting ri = ri−1
for z ≥ i ≥ 2, S(r1 ) = c1 n 3 .
The proposed distance oracle consists of z levels. From Lemma 1,
the storage in level-i is less than that in level-j if j > i. That is,
S(r1 ) is greater than S(ri ) for z ≥ i ≥ 2. So the total storage is
4
O(zn 3 ). The decomposition of a subpart g stops when g contains
2 (z−1)
only one interior vertex. So, n 3
≥ 2. It is equivalent to
2
(z − 1) log 3 + log log n ≥ log log 2, and ultimately leads to
z = O(log log n). As a consequence, the total storage of the
4
oracle is O(n 3 log log n) for G.

A planar graph of n vertices can be divided into an r-division
in O(n log n) time [28].
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2
3

Lemma 2. Given ri = ri−1 for z ≥ i ≥ 2, the time of
r-division to partition all bounded subparts in level-i is O(n
2 (i−1)
log(n( 3 )
)).
2
3
Theorem 4. Given ri = ri−1
for z ≥ i ≥ 2, the oracle can be
constructed in time O(n log n log log n).

Proof. The r-division to partition G to the bounded subparts in
level-1 is O(n log n). From Lemma 2, the time of r-division to
partition all bounded subparts in level-i is less than that in levelj if j > i. So, the oracle construction time is O(zn log n). As
discussed above, z = O(log log n) and so we conclude that the
oracle can be constructed in time O(n log n log log n).
Note that the oracle is not a balanced tree. For any bounded
subpart at level-f (f < z ) with 1 interior vertex, it is not
decomposed further. But, this is not a big issue because the tree
has a limited number of levels, i.e., O(log log n) where n is the
number of vertices in G as shown in Theorem 3. Suppose we
have a planar graph with 1.5E+14 vertices, i.e., each square meter
of land surface on the Earth has one vertex. For such graph, the
proposed tree has at most 10 levels.
For any access time maintained in the oracle, it is computed
using the method described in section 2.2. To each vertex v , the
access times from other vertices are required in G (S2.2 and S3
where the set of absorbing vertices is {v}), that is, computing the
access time in G for n times. To each subpart g in the oracle,
the access times from other vertices are required in G-g and in g
respectively (S2.1 and S1 where the set of absorbing vertices is
P
2 i
Cg+ ). The number of subparts in the oracle is zi=1 n(1−( 3 ) ) .
So, the total number of access time computations required in the
Pz
2 i
oracle is n + i=1 n(1−( 3 ) ) . Time complexity for computing
all access times maintained in the oracle is O(n3.376 log log n)
where n is the number of vertices in G.
5.3

Given an access time query from vertex u to v , we proceed
to answer AT (u, v) using the proposed oracle. The first step
identifies the relevant subpart(.) such that: i). both u, v are in
it, and ii). u, v are not interior vertices of the same bounded
subpart. To facilitate this step, an inverted index is used. For each
vertex v , the inverted index records a list of < level, subpart(.),
g + , f lag > to indicate that v is a vertex (boundary vertex
f lag = 0 or interior vertex f lag = 1) of bounded subpart g +
of subpart(.) in level-i. These four-item sets are sorted in order
from level-1 to level-z . The storage requirement of inverted index
is O(n). Using the inverted index, the first step is performed by
comparing < level, subpart(.), g + , f lag > from level-1 to
level-z . Suppose subpart(g) is the relevant subpart, and ga and
gb are the two bounded subparts in subpart(g) such that u ∈ Vga+
and v ∈ Vg+ (a 6= b). We compute AT (u, v) using the values
b
maintained for subpart(g). Specifically, Equation (8) is extended
by replacing AT (k, v) for each k ∈ Cga+ with the following
formula:
X
AT (k, v) = LAT (k, Cg+ ) +
[LP r(k 0 |k)AT (k 0 , v)].
k0 ∈Cg+
b

(11)
where LAT (k, Cg+ ) is the local access time in G-gb from k
b
to Cg+ , LP r(k 0 |k) is the local absorbing probability from k to
b

Theorem 5. Given any vertices u, v in a planar graph G,
2
AT (u, v) query is answered in O(n 3 ) time with the proposed
oracle.
Proof. To answer AT (u, v), we retrieve a number of maintained
values in the oracle and then aggregate them together using Equation (8)(11). The following is the time used in each breakdown
step. The time to identify the relevant subpart(.) is O(log log n).
Suppose in the case that v ∈ Vga+ and v ∈ Vg+ (a 6= b). The time
2

b

aggregating the retrieved values is O(n 3 ) since the pair of each
1
vertex in Cga+ (with O(n 3 ) vertices) and each vertex in Cg+
b

1

(with O(n 3 ) vertices) need to be multiplied. So, AT (u, v) query
2
is answered in O(n 3 ) time for this case.
In comparison, others cases (i.e., u and v are boundary
vertices, or u ∈ Vga+ and v ∈ Cga+ , AT (u, v), or u ∈ Cga+ and
v ∈ Vga+ , or u ∈ Cga+ and v ∈ Vg+ , or u ∈ Vga+ and v ∈ Cg+ )
b

2

b

are simpler. So, AT (u, v) query is answered in O(n 3 ) time for
all cases.

5.4

Access Time Query

b

k 0 ∈ Cg+ , AT (k 0 , v) is the access time in G from k 0 to v . Note
b
these values and other values required in Equation (8) have been
maintained for subpart(g) in the oracle.
In the case that u and v are boundary vertices, AT (u, v)
is directly answered since it is maintained in the oracle. In the
case that u ∈ Vga+ and v ∈ Cga+ , AT (u, v) is a special case
of Equation 8 where AT (k, v) = 0 for k ≡ v . In the case that
u ∈ Cga+ and v ∈ Vga+ , AT (u, v) is directly answered since it is
maintained in the oracle. In the case that u ∈ Cga+ and v ∈ Vg+
b
(or u ∈ Vga+ and v ∈ Cg+ ) where a 6= b, AT (u, v) is answered
b
by directly using Equation (8).

Remarks

The access times are expected to service applications such as the
micro-economic vitality, micro-criminality and social livability,
etc. These applications concern the accessibility between locations
through city road networks in a long term view. The temporal
changes (for example, a road is blocked for a couple of days)
are irrelevant. So, the proposed oracle is not designed to update
whenever the nodes/edges insertions/deletions in graphs happen.
In other words, the proposed oracle needs to be updated only if the
city road networks change permanently. In practice, the city road
networks are largely stable, that is, change happens but slowly.
Desirably, the oracle is updated (i.e., reconstructed) regularly (e.g.,
yearly, or monthly if necessary) for the latest city road networks
Planar graphs are widely used to model various transportation networks [28], [33], [36]. However, many road and public
transportation networks are actually not exactly planar because of
overpasses or tunnels. In [37], Eppstein et al.√has shown that the
real-world road networks tends to have O( n) edge crossings
where n is the number of vertices in the√ networks. The edge
crossings can be removed by removing O( n) vertices such that
the remaining graph is a planar graph. As discussed in section 5,
the planar graph can be recursively decomposed using Lipton &
Tarjan’s algorithm to construct the proposed oracle; the removed
vertices can be treated as boundary vertices in level-1 in the
oracle. It does not change the storage complexity and query time
complexity of the oracle.
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2E+9

E XPERIMENTS

Road network
OL
TG
CAL
SF
NA
PA
TX
CAL

# of vertices
6104
18262
21047
174955
175812
1088092
1379917
1965206

7034
23895
21692
223000
179178
3083796
3843320
5533214

All tests are conducted using a laptop with Intel(R) Core 2 Duo
2.4GHz CPU, and 4GB of main memory. Access time is computed
using sparse matrix operations including matrix left division of
Matlab R2011b which, to the best of our knowledge, is the
most efficient implementation of matrix left division. The query
answering with the proposed oracle are implemented using Java
2
2
3
JDK 1.7.0. In the proposed oracle, r1 = cr n 3 and ri = cr ri−1
for z ≥ i ≥ 2 are applied. By default, cr = 1.
Storage

The oracle storages of different road networks are presented in
Figure 9. The value of the vertical axis is the total number of
values maintained in the oracle. In our experiment, each value
is stored in double-precision floating-point format. The storage
required for inverted index of vertices are no counted in since
they are trivial. From the trend shown in the results, the number of
values maintained in the oracle is greater for the road network with
more vertices. It illustrates that the increase rate is more than linear
but in a reasonable range. For the small road network (with about
10K vertices), the oracle maintains about 200 × 10K values. For
the medium road network (with about 200K vertices), the oracle
maintains about 500 × 200K values. For the large road network
(about 1M vertices), the oracle storage is about 1000 × 1M . This
result is consistent with the theoretical analysis that storage of
4
oracle is O(n 3 log log n).
6.2

2E+9

CA

1E+9
1E+9
TX

1E+9
8E+8
6E+8

OL

CAL

PA

TG

4E+8
2E+8

SF

0E+0
0E+0

NA

5E+5

Query Response Time

Each query response time presented is the average of test results
of 100 pairs of randomly selected vertices. In Figure 10, the time
consumed by using Matlab is compared with the time consumed
by using the proposed oracle for answering the same queries.
Using Matlab, both transition probability matrix and the transition
cost matrix need to be loaded into memory and transformed to
2. www.cs.fsu.edu/ lifeifei/SpatialDataset.htm
3. Stanford Large Network Dataset Collection (snap.stanford.edu/data/)

1E+6

Number of Vertices

# of edges

Fig. 8. Information of road networks.

6.1

y = 2.5964x1.4029

2E+9

Number of Values in Oracle

The evaluations focus on 1) storage of oracle, 2) efficiency of
access time query answering, 3) the impact of settings of c.
In experiments, eight widely cited real-world road networks are
used. Five road networks are California road network (CAL), San
Francisco Road Network (SF), Road Network of North America
(NA), City of San Joaquin County (TG), and City of Oldenburg
(OL) Road Network 2 . Three much larger road networks are Road
network of California (CA), Road network of Pennsylvania (PA),
and Road network of Texas 3 . In Figure 8, the number of vertices
and edges are summarized for each data set.

2E+6

2E+6

Fig. 9. Storage of oracle.

canonical forms. In our implementation, the canonical transformation is done before loading the matrixes into Matlab by scanning
the road network once. This is much more efficient than doing the
transformation after loading into Matlab. In addition, the average
degree of the planar graphs is less than 4. That is, the matrix
Q is sparse, i.e., most elements in Q are zeros. So, we use
Matlab sparse matrix operations to perform matrix left division.
As discussed in section 2.2, the cost of sparse matrix operation
for matrix left division is determined by the number of nonzero
entries, rather than by the size of the matrix. Using the proposed
oracle, the response time shown in Figure 10, Figure 11 and
Figure 14 consists of the I/O time for accessing the inverted index
and the oracle, and the CPU time for reconstructing the access
time.
In Figure 10, the average response times using Matlab have
been broken down into three components, i.e., the times for matrix
loading, matrix operations and canonical transformation. For the
small road networks (with up to 22K vertices), it is efficient to
answer the queries no matter using Matlab or using the proposed
oracle. For the medium road networks (with up to 180K vertices),
the proposed oracle begins to show 5 times faster than using
Matlab. For the large road networks (with over 1M vertices),
the time for matrix loading and matrix left division increase
significantly. The total processing time is over 50 seconds. On the
contrary, the proposed oracle can return query results efficiently in
4 seconds. It is faster than that using Matlab by at least 1 order of
magnitude.
Average AT(u,v) response time (sec.)

6

9

100
90

sparse matrix operation

80

Canonical transformation

70

Network loading

60

Oracle

50
40
30
20
10
0
OL

TG

CAL

SF

NA

PA

TX

CA

Road networks

Fig. 10. Average query response time.
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3.5

OL

TG

CAL

SF

NA

PA

TX

that the smaller networks are more sensitive to the setting of cr .
Look closely, this is because, if ri−1 is greater, the weight of cr
2
3
and, on the other hand, if ri−1 is smaller,
decreases in ri = cr ri−1
2

3
the weight of cr increases in ri = cr ri−1
.
The impact of cr to the query response time is presented
in Figure 14. Using the oracle where cr = 0.1, the query
responses slightly slower compared to that using the oracle where
cr = 1. The reason is that, given the same two vertices, the query
processing tends to involve larger subparts in the oracle where
cr = 0.1. So, it tends to access more values maintained in oracle
in order to reconstruct access time. Using the oracle where cr ≥ 4,
the query responses in the similar time compared to that using the
oracle where cr = 1.

1E+9

CA

Number of values maintained in oracle

Average AT (u,v) response time (sec.)

If two vertices have long shortest path distance, the relevant
subpart(.) tends to be in the higher level in the oracle, i.e.,
level-i where i is small. So, the number of boundary vertices
involved in query answering tends to be greater. To understand
such effect, we organize a number of vertex pairs into groups
based on the shortest path distances. For each group, the query
response time are averaged. The results are presented in Figure 11.
In horizontal axis, 0.1-0.2 indicates that the ratio of the shortest
path distance against the diameter of the road networks (i.e., the
longest shortest path distance of all pairs of vertices in the road
network) is in range [0.1, 0.2). The results illustrate the query
response time increases slowly but steadily when the shortest path
distance increases. Generally, the effect is limited because it does
not change the time complexity.
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Fig. 11. Average query response time v.s. the shortest path distance.
Fig. 12. Storage of oracle at different settings of cr .

Impact of cr
2

2

3
In the proposed oracle, r1 = cr n 3 and ri = cr ri−1
for z ≥
i ≥ 2 are applied. This section aims to test the impact of different
settings of cr to the generated oracle in terms of storage, query
response time and the number of levels. In specific, we compare
the oracles which are created by setting cr to be 0.1, 1, 4, 7 and
10 respectively. 4
In Figure 13, it illustrates the number of levels in the oracles
at different settings of cr . We can see the number of levels in
the oracle increases where cr increases from 0.1 to 10. Compared
to cr = 1, as demonstrated in Figure 12, the storage of oracle
noticeably increases in the case cr = 0.1 and presents a slightly
increases in the case when cr increases from 1 to 10. The same
trend have been observed for all road networks. In the case
cr = 0.1, one decomposition generates smaller subparts in the
next level. That is, in the next level, the total number of boundary
vertices tends to be more and the number of interior vertices in
each bounded subpart tends to be less. So, the first component of
Equation (9) tends to increase. Even though the second component
of Equation (9) tends to decrease and the number of levels in the
oracle tends to decrease, the total number of values maintained
in the oracle tends to increase since the first component of
Equation (9) increases quadratically. In the case of cr greater than
1, the first component of Equation (9) tends to decrease and the
second component of Equation (9) tends to increases. The overall
storage of oracle increases slightly even though the number of
levels in the oracle tends to increase. It is interesting to notice

4. In the case cr > 1, ri > ri−1 may happen if ri is small enough. To
handle this situation, cr is set to be 1 once ri + 100 ≥ ri−1 .

20
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TX

CA
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14
Levels of oracle

6.3
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10
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6
4
2
0
cr=0.1

cr=1

cr=4

cr=7

cr=10

Fig. 13. Levels in oracle at different settings of cr .

7

C ONCLUSION AND F UTURE W ORK

The random walks are used to calculate and analyze the expected
distance a random walker starting from vertex i makes before
destination vertex j is visited (known as access time). It is
suitable for estimation of the accessibility of certain streets and
districts from the rest of city through urban networks. The stateof-the-art of access time computation involves matrix computation
over entire planar graph. If the planar graph is large, accessing
and preparing the matrix itself is costly. In particular, access
time computation includes left matrix division where the time
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Average AT(u,v) search response time (sec.)

4
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CAL

SF

NA

PA

TX

CA

3

2

1

0
cr=0.1

cr=1

cr=4

cr=7

cr=10

Fig. 14. Average query response time at different settings of cr .

complexity is O(n2.376 ). Therefore, an oracle is necessary to
enable access time query in large planar graphs. The proposed
4
oracle optimizes the storage requirement to O(n 3 log log n) and
2
the query response time is O(n 3 ). The tests on several real-world
road networks have verified that our oracle boosts query response
by up to 1 orders of magnitude at reasonable storage requirement.
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