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Abstract—Generalized frequency division multiplexing
(GFDM) as a non-orthogonal waveform aims at diverse
applications in future mobile networks. To evaluate its
performance, its capacity limits are of particular importance.
Therefore, this paper analyzes its constellation-constrained
capacities for cases where the channel state information (CSI) is
unknown at the transmitter and perfectly known at the receiver.
In frequency selective channels, GFDM may provide advantage
over the conventional orthogonal frequency division multiplexing
(OFDM) scheme. In order to achieve near-capacity performance,
the interaction of data symbols in time and frequency combined
with multiple antennas (MIMO) challenges the design of GFDM
receivers. This paper therefore applies expectation propagation
(EP) for systematic receiver design. It is shown that the resulting
iterative MIMO-GFDM receiver with affordable complexity
can approach optimum decoding performance and outperform
MIMO-OFDM in a rich multipath environment. Simulations
are also used to illustrate the impact of channel delay spread on
the constellation-constrained capacities and on the performance
of the novel receiver algorithm.

Index Terms—5G, non-orthogonal waveforms, GFDM, MIMO,
mutual information, expectation propagation

I. INTRODUCTION

Future fifth-generation (5G) communications systems need
to handle a wide range of applications [1]. The demand
for throughput requires a high capacity modulation scheme.
Low out-of-band (OOB) emission is mandatory to spectrum
aggregation and dynamic spectrum allocation. Tactile Internet
needs ultra-low latency [2]. Internet of Things (IoT), with a
multitude of devices, must allow fast coarse synchronization or
even completely asynchronous transmission to prevent energy
waste [3]. As orthogonal frequency division multiplexing
(OFDM) falls short of fulfilling these requirements, a new
and more flexible waveform is needed for 5G networks. In
fact, it was believed in [1] that the orthogonality of OFDM
constitutes a major obstacle for the envisioned 5G applications.
This understanding has been motivating the invention and also
rediscovery of non- and quasi-orthogonal waveforms, such as
filterbank multi-carrier [4], universal-filtered multi-carrier [5]
and generalized frequency division multiplexing (GFDM) [6].

This paper considers GFDM because of its flexibility to
cover different scenarios foreseen for 5G networks [6]. Within
one GFDM block, each subcarrier carries multiple data sym-
bols in different time slots, known as subsymbols, and they
are individually filtered using circular convolution. This means
each GFDM block has a fixed length and all necessary pulse-
shapes are obtained by circularly shifting a prototype filter

in time and frequency. The block structure of GFDM without
filter tails favors latency constrained applications. By choosing
a pulse shaping filter with good spectral localization, GFDM
can achieve low OOB emission and its subcarriers can be eas-
ily arranged to provide fragmented and opportunistic spectrum
allocation. As a non-orthogonal waveform, GFDM can tolerate
loose time and frequency synchronization for IoT applications.
Last but not least, GFDM can emulate OFDM and single car-
rier frequency domain equalization (SC-FDE) [6], supporting
a smooth migration from 4G to 5G.

Besides the above mentioned advantages of GFDM, its non-
orthogonality may provide additional freedom of exploiting
frequency selectivity of rich multipath channels. Assume no
knowledge of channel state information (CSI) at the trans-
mitter but CSI perfectly known by the receiver. This paper
presents an information theoretic analysis of GFDM, showing
its constellation-constrained capacity can be higher than that of
OFDM under frequency selective channels. In order to achieve
the gain offered by GFDM, the optimum receiver needs to
deal with both intercarrier interference (ICI) and intersymbol
interference (ISI). The receiver task becomes even more chal-
lenging for multiple-input multiple-output (MIMO) systems
using spatial multiplexing, where interantenna interference
(IAI) also takes place. Given such three-dimensional interfer-
ence, the complexity of optimal decoding is prohibitively high.
Therefore, approximations are inevitable and losses compared
with the theoretic limit are expected.

Expectation propagation (EP) has been successfully applied
in the literature for iterative receiver designs, e.g., [7]–[14]
and references therein. It can be visualized as a message
passing algorithm operating on a factor graph (FG). To use
it efficiently, it is critical to explore special features of the
underlying system and also understand practical constraints.
For instance, the authors of [10] have revealed how to link
the EP algorithm for small-scale MIMO detection to conven-
tional MIMO detection using a linear minimum mean square
error (LMMSE) based interference cancellation (LMMSE-IC)
algorithm. Considering large-scale MIMO systems, the goal
of [12], [13] was to approximate the message update equations
of EP for achieving a manageable complexity at the receiver.
In [7], [9], [14], the application of EP is based on a vector-form
FG representation of the probabilistic model of the considered
ISI channels. Another example is [8], which is based on a flat
fading channel. As the time-varying feature of the channel
is modeled as an autoregressive moving-average process, the
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system can be written as a state-space model. The correlation
between two state vectors decreases as their time spacing
increases. Due to this property, the authors of [8] developed a
window-based EP algorithm such that a subset of observations
is sufficient to yield a reliable estimate.

In this paper, we tailor EP for near-optimum detection of
MIMO-GFDM signals. That includes FG construction, deriva-
tion of message update equations and also scheduling. Briefly,
the FG is first constructed based on the channel input-output
relation in frequency domain (FD). This is not only because
the presence of cyclic prefix (CP) eases equalization in FD, but
also because GFDM adopts circular filters with good spectral
localization. Due to the latter, the variable nodes in the FG are
coupled in a localized manner. Next, we derive the message
update equations to iteratively resolve ICI, ISI and IAI. The
third issue addressed in this paper is scheduling. Scheduling
is not a concern of orthogonal waveforms, since the detection
tasks on different subcarriers can be treated independently. On
contrary, the application of EP for GFDM requires to take into
account the spatial, spectral and temporal correlation of data
symbols. The order of message passing influences not only
the decoding performance, but also the degree of parallelism
in computation. Taking advantage of spectrally-localized cor-
relation in GFDM, this paper proposes a hybrid scheduling
mechanism, showing near-optimum decoding performance can
be achieved with a high level of parallelism in computation.

In summary, this paper contributes with the following as-
pects. First, we introduce the FD model of the considered
MIMO-GFDM system in Section II. Based on this model,
Section III provides an information theoretic analysis of the
MIMO-GFDM system. The detailed derivation of the EP-
based iterative equalization and detection algorithm is pre-
sented in Section IV, followed by remarks on its complexity
and scheduling in Section V. Finally, Section VI evaluates
its performance by means of simulation. In particular, the
evaluation includes 1) comparison against a lower bound
(LB) of optimal maximum likelihood (ML) decoding and 2)
investigation of impact of imperfect CSI on the decoding
performance. Section VII concludes the paper. A brief intro-
duction of EP is presented in Appendix A.

Notations: In general, letters in normal type stand for
scalars. The letter j is reserved for

√
−1. Letters in bold

type represent vectors and matrices, where IN represents the
N ×N identity matrix. Calligraphic letters are used to denote
sets. The cardinality of a discrete set X is denoted as |X |.
We also use {xi,i′}i′=1,2,...,N to denote a set containing N
scalars, whose first subscript is fixed at i and the second one
can take any integer from 1 to N . If the feasible values of
i′ are not given explicitly, it is assumed to be determined
based on the context. The set {xi,i′} contains scalars with
all possible subscript combinations (i, i′). Several operations
are denoted as follows. The modulo operation, i.e., a modulo
n, is expressed as 〈a〉n. Assume x is a random vector with
length N . The operation marg {xn; f(x)} defined as

marg {xn; f(x)} ∆
=

∫
x1

. . .

∫
xn−1

∫
xn+1

. . .

∫
xN

f(x)dx (1)

means marginalizing the function f(x) with respect to the nth

entry of x and f(xn) is the resulting marginal. If some entries
of x are discrete variables, we simply need to replace their
corresponding integral operators with summation operators. If
x is a proper Gaussian random variable with mean µ and co-
variance matrix Σ, its distribution is denoted as CN (x;µ,Σ).
Let Q represent a family of distributions. The projection of a
given distribution p(x) into the family Q is defined as

projQ {p(x)} = arg min
q(x)∈Q

KL [q(x)‖p(x)] , (2)

where KL [· ‖ ·] represents the Kullback-Leibler (KL) diver-
gence of two distributions. The Dirac delta function is denoted
as δ(·). The entropy of a discrete random variable x with
possible values in X and distribution P (x) is defined as

h(x) = −
∑
x∈X

P (x) log2 P (x). (3)

The mutual information I(x; y) of two discrete random vari-
ables x and y can be computed as I(x; y) = h(x) − h(x|y),
where the conditional entropy h(x|y) is defined as

h(x|y) = −
∑
y∈Y

P (y)
∑
x∈X

P (x|y) log2 P (x|y). (4)

For continuous random variables, the summation in both (3)
and (4) is replaced by an integral. Given a vector x, we can
construct a diagonal matrix diag(x) by assigning the entries
of x to the diagonal entries. ‖x‖ is the Euclidean norm of x.
The nth entry of the vector x is denoted as [x]n and [X]n,m is
the (n,m)th entry of the matrix X. We denote the conjugate
complex, transpose and conjugate transpose as (·)∗, (·)T and
(·)H, respectively.

II. SYSTEM MODEL

Consider an Nr×Nt MIMO system using spatial multiplex-
ing and GFDM modulation. A GFDM block can be seen as a
time-frequency grid, consisting of K subcarriers and M time
slots (also known as subsymbols). The data symbol dnt,k,m

transmitted via the ntth antenna, on the kth subcarrier and
at the mth time slot is chosen from the constellation X with
cardinality equal to 2Nbps . On each subcarrier, M temporally
equally spaced data symbols are filtered by a circular pulse
shaping filter g(t). Assume the time spacing between con-
secutive subsymbols is Ts. The duration of one GFDM block
equals MTs. Sampling the GFDM signal transmitted via the
ntth antenna at rate K/Ts, the resulting N = MK samples
can be written as

snt
[n] =

Kon/2−1∑
k=−Kon/2

M−1∑
m=0

dnt,k,mg[〈n−mK〉N ]ej
2πnk
K , (5)

where Kon ≤ K represents the number of active subcarriers1

and {g[n]} are samples of g(t) with
∑N−1
n=0 |g[n]|2 = 1. For

more details of GFDM modulation, we refer readers to [6].
Consider a quasi-static frequency-selective Rayleigh fading

MIMO channel. The impulse response of the channel between

1An even number is chosen for notational simplicity.
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k = k′ − 1 k = k′ k = k′ + 1

G[〈ν − kM〉N ]

k′M
ν

Figure 1: G[〈ν − kM〉N ] versus the frequency bin ν for three consecutive subcarriers, where g(t) is constructed from the RC filter with
roll-off factor α = 0.5 and M equals 5.

the ntth transmit and nrth receive antenna is expressed as

hnr,nt [n] =

Lch−1∑
υ=0

hυ,nr,ntδ[n− υ]. (6)

For each antenna pair, the Lch path gains {hυ,nr,nt
}

are zero mean independent complex Gaussian random
variables with the total power normalized to one, i.e.,∑Lch−1
υ=0 E{|hυ,nr,nt |2} = 1. To combat the multipath fading

channel, a CP with length Ncp ≥ Lch is appended to the head
of each GFDM block. After CP removal at the receiver, the
N samples obtained at the nrth receive antenna are equal to

rnr
[n] =

Nt∑
nt=1

snt
[n] ~ hnr,nt

[n] + wnr
[n], (7)

where wnr [n] is spatially and temporally white proper Gaus-
sian noise with variance σ2

w. Circular convolution ~ in above
rather than linear convolution is due to the use of CP.

By applying N -point discrete Fourier transform (DFT)
of the received N samples per receive antenna, the time
domain (TD) input-output relation in (7) is converted to a FD
representation

Rnr [ν] =

Nt∑
nt=1

Snt [ν]Hnr,nt [ν] +Wnr [ν], (8)

where Rnr [ν], Snt [ν], Hnr,nt [ν] and Wnr [ν] are DFTs of
rnr [n], snt [n], hnr,nt [n] and wnr [n], respectively. In particular,
the noise Wnr

[ν] in FD remains to be white and follows
the Gaussian distribution, i.e., CN (Wnr

[n]; 0, Nσ2
w). By the

definition of snt
[n] given in (5), the GFDM block in FD is

expressed as

Snt
[ν] =

N−1∑
n=0

snt
[n]e−j

2πνn
N

=

Kon/2−1∑
k=−Kon/2

M−1∑
m=0

G[〈ν − kM〉N ]dnt,k,me
−j 2πmν

M (9)

with G[ν]
∆
=
∑N−1
n=0 g[n]e−j

2πnν
N . Substituting (9) back into

(8), we reach to

Rnr
[ν] =

Nt∑
nt=1

Kon/2−1∑
k=−Kon/2

M−1∑
m=0

dnt,k,mH̃nr,nt,k,m[ν] +Wnr
[ν]

(10)

with the effective channel gain in FD defined as
H̃nr,nt,k,m[ν]

∆
= e−j

2πmν
M G[〈ν − kM〉N ]Hnr,nt [ν].

For notation convenience, we respectively concatenate the
data symbols {dnt,k,m}nt

transmitted via Nt transmit anten-
nas, the observations {Rnr

[ν]}nr
and noise {Wnr

[ν]}nr
from

the Nr receive antennas into column vectors, i.e., dk,m ∈ XNt ,
R[ν] ∈ CNr×1 and W[ν] ∈ CNr×1. Analogously, the chan-
nel gains in FD {Hnr,nt

[ν]}nr,nt
are formed into a matrix

H[ν] ∈ CNr×Nt . We also define

H̃k,m[ν]
∆
= e−j

2πmν
M G[〈ν − kM〉N ]H[ν] ∈ CNr×Nt . (11)

And then, the input-output relations with respect to all receive
antennas can be written as

R[ν] =

Kon/2−1∑
k=−Kon/2

M−1∑
m=0

H̃k,m[ν]dk,m + W[ν]. (12)

The received samples are subject to ICI, ISI and IAI. In order
to have low OOB emission, it is desirable to limit ICI to
few adjacent subcarriers. To this end, we shall select a pulse
shaping filter with good spectral localization. This means the
corresponding G[〈ν − kM〉N ] equals zero at most values of
k for an arbitrary frequency bin ν. Fig. 1 shows an example,
in which g(t) is constructed from the raised cosine (RC) filter
with the roll-off factor α = 0.5. By the definition of H̃k,m[ν]
given in (11), G[〈ν − kM〉N ] equal to zero results in a zero-
valued channel matrix. As such, eq. (12) reduces to

R[ν] =
∑

k∈K(ν)

M−1∑
m=0

H̃k,m[ν]dk,m + W[ν], (13)

where the set K(ν) contains the indices of the subcarriers
yielding G[〈ν − kM〉N ] 6= 0. For pulse shaping filters with
spectrum narrower than [− 1

Ts
, 1
Ts

], e.g., Fig. 1, the cardinality
of K(ν) cannot exceed two, meaning ICI is limited to the
very adjacent subcarrier on either left-hand side or right-hand
side. For later use, R and H̃ are used to compactly denote the
observations {R[ν]}ν and channel matrices {H̃k,m[ν]}k,m,ν .

III. INFORMATION THEORETIC ANALYSIS

Based on the system model presented above, this section
analyzes GFDM from an information theoretic point of view.
Namely, the capacity of the coded modulation (CM) sys-
tem using GFDM and also the capacity of the binary-input
continuous-output (BICO) memoryless channel as illustrated
in Fig. 2 will be derived. Before proceeding to the detailed
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Figure 2: Block diagram of a MIMO-GFDM system.

derivations, some remarks are necessary. First, the code bits
{cl} input to the channel are assumed to be i.i.d. uniform
random variables. Second, we assume no CSI at the transmitter
and perfect CSI at the receiver. Third, the rate loss due to CP
removal is neglected. Fourth, GFDM in a MIMO system is
effectively a memoryless modulator (MOD) over an NtN -
dimensional signal set. The duration of one GFDM block can
be regarded as one channel use. Consider an ergodic channel,
where codewords can extend over an arbitrary number of
GFDM blocks. The information rates derived below can then
be interpreted as ergodic capacities. Last, the BICO memory-
less channel depicted in Fig. 2 is composed of NtKonMNbps

parallel binary-input sub-channels. The ideal interleaver Π
acting as a switch randomly selects a sub-channel to transmit
each code bit. The demodulator (DEM) in Fig. 2 maps the
outputs of the MIMO channel to a sequence of L-values (i.e.,
log-likelihood ratios) for the code bits, i.e., λl. For one channel
use, KonMNtNbps code bits are transmitted through such a
BICO memoryless channel. The BICO channel becomes the
so-called bit-interleaved coded modulation (BICM) channel if
we use the optimal demodulator that produces the set of ML
bit metrics [15]

λopt,l = log

[
P (cl = 1|R, H̃)

P (cl = 0|R, H̃)

]
− log

[
P (cl = 1)

P (cl = 0)

]
, (14)

where P (cl) represents the prior distribution of cl.

A. CM Capacity

As can be seen in (15) and (16) at the top of next page,
the CM capacity for the MIMO-GFDM system is given by
the conditional average mutual information (MI) between the
data symbol vectors per MIMO-GFDM block and the MIMO
channel output. In both (15) and (16), the vector dk ∈ XNtM

is obtained by concatenating the M data symbol vectors
dk,m ∈ XNt on the subcarrier k one after another and {dk}
are i.i.d. uniform random variables. Here the CM capacity is
normalized by KonM , since one MIMO-GFDM block carries
KonM data symbol vectors. For evaluating (16), the most
computational intensive part is to marginalize the likelihood
function p(R|{dk}, H̃) over the Kon data vectors. For an
orthogonal waveform, e.g., OFDM, the likelihood function
can be factorized into a form such that each factor function
only depends on a single data symbol vector dk,m ∈ XNt .
Relying on such factorization, the computational complexity
of marginalization is exponential only in the number NtNbps

of bits per transmitted data symbol vector. On contrary, GFDM
is subject to ICI and ISI. Its factor functions can consist of

more than one data symbol vector, leading to a significant
increment on the computational complexity. The following
part contributes to build a trellis diagram and apply a mod-
ified Viterbi algorithm for marginalization with complexity
O(Kon2MNtNbps). Additionally, we derive an upper bound
(UB) on C ′cm by assuming perfect interference cancellation.
Since its complexity reduces to O(KonM2NtNbps), it can
be used as an approximate solution when the trellis-based
approach becomes unaffordable.

1) Trellis-based Approach: Fig. 1 illustrates that ICI is
limited to the very adjacent subcarrier either on the left-hand
side or the right-hand side. This implies the set K(ν) in (13)
can only have three possibilities, i.e., {k}, {k − 1, k} and
{k, k+ 1}. Under this identification, we can group the obser-
vation vectors and corresponding channel matrices into two
different cases: {R[t]

k , H̃
[t]
k } and {R[t]

k,k+1, H̃
[t]
k,k+1}. Here, R[t]

k

is the compact representation of all observation vectors that
only depend on the data vector dk ∈ XNtM modulated on the
kth subcarrier and H̃[t]

k compactly denotes the relevant channel
matrices. Analogously, R[t]

k,k+1 and H̃[t]
k,k+1 are associated to

the data vectors dk and dk+1. In terms of {R[t]
k , H̃

[t]
k } and

{R[t]
k,k+1, H̃

[t]
k,k+1}, the likelihood function p(R|{dk,m}, H̃)

can be factorized as (17). Note that besides the data vectors on
the active subcarriers k = −Kon/2, . . . ,Kon/2− 1 the above
factorization also involves the data vector dKon/2 associated
to the subcarriers Kon/2. If Kon < K, the unused subcarrier
Kon/2 implies dKon/2 equal to zero vector. If all subcarriers
are used, dKon/2 becomes equivalent to d−Kon/2 by noting
〈Kon/2〉K = 〈−Kon/2〉K when Kon = K.

First, let us consider the situation Kon < K. Fig. 3(a)
depicts a trellis diagram in accordance with (17). It has Kon+1
stages. On the first Kon stages, each realization of the data vec-
tor dk ∈ XNtM defines one state whose metric is calculated
from p(Rk|H̃k,dk). The transition between states on two con-
secutive stages is quantified by p(R[t]

k,k+1|H̃
[t]
k,k+1,dk+1,dk).

The trellis is terminated at the zero state on the final stage,
representing the unique realization of dKon/2. On top of the
trellis diagram, the standard Viterbi algorithm identifies the
sequence of data vectors dk that maximizes the likelihood
function by always selecting the maximum of all messages
incoming to each state. In order to marginalize the likelihood
function over all data vectors, we modify the Viterbi algorithm
such that the sum of all messages incoming to a state rather
than the maximum is computed. After traversing all stages in
the trellis, the value attained at the final stage is the result.
Plugging it into (16), the remaining terms for evaluating C ′cm

are easy to compute. The computational complexity of the
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C ′cm
∆
=

1

KonM
I({dk};R|H̃) =

1

KonM

[
h({dk})− h({dk}|R, H̃)

]
(15)

= NtNbps −
1

KonM
E

log2


∑

d′
−Kon

2

∈XNtM · · ·
∑

d′Kon
2
−1
∈XNtM p(R|{d′k}, H̃)

p(R|{dk}, H̃)


 . (16)

p(R|{dk}, H̃) =

Kon/2−1∏
k=−Kon/2

p
(
R[t]
k |H̃

[t]
k ,dk

)
p
(
R[t]
k,k+1|H̃

[t]
k,k+1,dk,dk+1

)
. (17)

I({dk};R|H̃)
(a)
=

Kon/2−1∑
k=−Kon/2

I(dk;R|H̃,d−Kon/2, . . . ,dk−1)

(b)

≤
Kon/2−1∑
k=−Kon/2

I
(
dk;R|H̃,d−Kon/2, . . . ,dk−1,dk+1, . . . ,dKon/2−1

)
(c)
=

Kon/2−1∑
k=−Kon/2

M−1∑
m=0

I
(
dk,m;R|H̃, {dk′}k′ 6=k,dk,m′=0, . . . ,dk,m′=m−1

)
(d)

≤
Kon/2−1∑
k=−Kon/2

M−1∑
m=0

I
(
dk,m;R|H̃, {dk′}k′ 6=k, {dk,m′}m′ 6=m

)
. (18)

Rk,m[ν]
∆
= R[ν]−

∑
k′ 6=k

M−1∑
m′=0

H̃k′,m′ [ν]dk′,m′ −
∑
m′ 6=m

H̃k,m′ [ν]dk,m′ = H̃k,m[ν]dk,m + W[ν], (19)

where the effective channel matrix H̃k,m[ν] is non-zero for any ν ∈ V(k).

State
#1

State
#2NbNtM

State
#1

State
#2NbNtM

State
#1

State
#2NbNtM

0

State
#i

State
#1

State
#2NbNtM

State
#1

State
#2NbNtM

State
#i

(a) (b)

Figure 3: Trellis diagram based on the factorization in (17).

modified Viterbi algorithm is linear in the number of states on
each stage, i.e., exponential in NtNbpsM .

Next, we proceed to the situation Kon = K which implies
dKon/2 = d−Kon/2. Under such tail-biting situation, marginal-
izing the likelihood function over the Kon data vectors is
equivalent to repeatedly applying the modified Viterbi algo-
rithm 2NtNbpsM times and then adding up the results. Each
time the trellis traversal starts from one realization of d−Kon/2

and terminates at the identical realization on the final stage
k = Kon/2, see Fig. 3(b).

2) Upper Bound: Next, an UB on C ′cm is derived from
a set of equalities and inequalities listed in (18), where the
equalities (a) and (c) are outcomes of applying the chain
rule; and the inequalities (b) and (d) are because conditioning

on extra data symbols increases information rates. In (18),
the MI between dk,m and R is computed given the perfect
knowledge of CSI and the rest transmit symbol vectors. This
motivates the construction of an interference-free observation
of dk,m, see (19). Defining Rk,m ∆

= {Rk,m[ν]}ν∈V(k) and
H̃k,m ∆

= {H̃k,m[ν]}ν∈V(k), we obtain (20), where the equality
(a) is because Rk,m is deterministic given the knowledge
of R, H̃, {dk′}k′ 6=k and {dk,m′}m′ 6=m; and the equality (b)
is because apart from Rk,m the conditional observation R
contains no more information of dk,m. Substituting (20) back
into (18) and then replacing I({dk};R|H̃) in (15) by the
derived UB, we consequently reach to (21). The complexity
for computing (21) grows exponentially with the number Nt
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I(dk,m;R|H̃, {dk′}k′ 6=k, {dk,m′}m′ 6=m)
(a)
= I(dk,m;Rk,m,R|H̃, {dk′}k′ 6=k, {dk,m′}m′ 6=m)

(b)
= I(dk,m;Rk,m|H̃k,m)

= NtNbps − E
{

log2

[∑
d′∈XNt p(Rk,m|d′, H̃k,m)

p(Rk,m|dk,m, H̃k,m)

]}
. (20)

C ′cm ≤ NtNbps −
1

KonM

Kon/2−1∑
k=−Kon/2

M−1∑
m=0

E

{
log2

[∑
d′∈XNt p(Rk,m|dk,m = d′, H̃k,m)

p(Rk,m|dk,m, H̃k,m)

]}
. (21)

C ′bicm
∆
=

1

KonM

KonMNtNbps−1∑
l=0

I
(
cl;R|H̃

)
= NtNbps −

1

KonM

∑
l

E

{
log2

[∑
c∈{0,1} p(R|cl = c, H̃)

p(R|cl, H̃)

]}
. (22)

C ′bicm ≤ NtNbps −
1

KonM

∑
l

E

log2

 ∑
d′∈XNt p(Rk(l),m(l)|d′, H̃k(l),m(l))∑

d′∈XNt
i(l),b=cl

p(Rk(l),m(l)|d′, H̃k(l),m(l))

 , (24)

where XNt

i(l),b ⊆ XNt contains the elements in XNt whose i(l)th bit label equals b ∈ {0, 1}.

C ′bico
∆
=

1

KonM

KonMNtNbps−1∑
l=0

I (cl;λk,l) = NtNbps −
1

KonM

∑
l

E

{
log2

[∑
c′∈{0,1} p(λl|c′)
p(λl|cl)

]}
. (25)

of transmit antennas, in the same order as that for conventional
MIMO-OFDM systems.

B. BICM Capacity

The BICM capacity is given by (22) at the top of present
page. Analogous to C ′cm given in (15), the BICM capacity
C ′bicm is normalized by the number KonM of data symbol
vectors per MIMO-GFDM block. The above-presented trellis-
based approach and the upper bounding technique are usable
for evaluating C ′bicm and deriving its UB as well.

Briefly, we can tailor the Bahl-Cocke-Jelinek-Raviv (BCJR)
algorithm [16] for computing p(R|cl, H̃). The computation
requires to traverse the trellis diagram twice, i.e., forwardly
and backwardly. For the UB, its derivation is based on the
perfect knowledge of interference

I(cl;R|H̃) ≤ I(cl;R|{dk′}k′ 6=k(l), {dk(l),m′}m′ 6=m(l), H̃).
(23)

Assume the code bit cl corresponds to the i(l)th bit label of
the data symbol vector dk(l),m(l) transmitted on the k(l)th
subcarrier and at the time slot m(l). Applying (23) into (22),
the obtained UB is given in (24).

C. Capacity of the BICO Channel

As depicted in Fig. 2, {λl} are the L-values produced by a
given demodulator. They are also the outputs of the equivalent
BICO channel, whose capacity is given by (25). For evaluating
C ′bico, we resort to the histogram approach presented in [17].

D. Relation among C ′cm, C ′bicm and C ′bico

In general, we have the inequalities

C ′gauss ≥ C ′cm ≥ C ′bicm ≥ C ′bico. (26)

The Shannon capacity C ′gauss achieved by Gaussian inputs is
an UB for the constellation constrained capacities. For each
scenario, we can select the minimum between C ′gauss and
the UB presented above to yield a tighter UB on C ′cm and
C ′bicm, respectively. Between the CM and BICM capacity,
the former one is guaranteed to be larger because of the
data-processing theorem [15], [18]. As mentioned in [15],
[17], their difference mainly depends the bits-to-symbol-vector
mapping rule. Since the BICM capacity is obtained under
the assumption of optimal demodulation, i.e., λl = λopt,l, it
is an UB on any BICO capacity associated to a suboptimal
demodulator. In fact, the difference between C ′bico and C ′bicm

can be used as a metric to quantify the performance loss of
suboptimal demodulation.

IV. EP FOR DETECTION OF MIMO-GFDM SIGNALS

In this section, we apply the EP algorithm for detection of
MIMO-GFDM signals. It consists of 1) constructing a FG and
2) deriving the message update equations.

Assume one codeword per MIMO-GFDM block. The code-
word c ∈ {0, 1}KonMNtNbps is interleaved and then split into
KonM bit vectors ck,m of length NtNbps bits each. The
code bit vectors are then one-to-one mapped onto the data
symbol vectors by the labeling map φ : {0, 1}NtNbps 7→ XNt .
According to the FD channel input-output relation in (12),
the joint posterior distribution of c and {dk,m} given the
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Figure 4: Graphic illustration of the factorization given in (27).

observation vectors and channel matrices in FD reads

p(c,dk,m|R, H̃) ∝
N−1∏
ν=0

fν
(
{dk,m}k∈K(ν),m

)
·
∏
k,m

p(dk,m|ck,m)P (ck,m), (27)

where the factor function fν
(
{d}k∈K(ν),m

)
is defined as

fν({dk,m}k∈K(ν),m)
∆
= p(R[ν]

∣∣{H̃k,m[ν],dk,m}k∈K(ν),m)

∝ e
− 1
Nσ2w

∥∥∥∥∥R[ν]− ∑
k∈K(ν)

M−1∑
m=0

H̃k,m[ν]dk,m

∥∥∥∥∥
2

. (28)

Note that we now treat dk,m as a vector of continuous
variables. Its bijective relation to the code bit vector ck,m,
i.e., the constellation constraint, is conveyed by the conditional
distribution p(dk,m|ck,m) ∝ δ(dk,m − φ(ck,m)). Since the
data symbol dnt,k,m ∈ X transmitted per antenna is modulated
independently, the Dirac delta function effectively consists of
Nt factor functions

δ(dk,m − φ(ck,m)) =

Nt∏
nt=1

δ (dnt,k,m − [φ(ck,m)]nt
) . (29)

The prior distribution of the code bit vector ck,m can be further
fully factorized as

P (ck,m) =

NtNbps∏
i=1

P ([ck,m]i). (30)

Fig. 4 is a graphical representation of the factorization in (27).
It consists of Kon clusters, each of which corresponds to one
active subcarrier. Due to the spectrally localized ICI, each clus-
ter only interacts with its neighbors. Their interaction depends
on the pulse shaping filter, see Fig. 1. Such localized coupling
justifies an effective use of message passing algorithms. Taking
the cluster k as an example, it consists of M data symbol
vectors carried by the subcarrier k and their corresponding

code bit vectors. It also consists of M factor nodes fν ,
representing the factor functions fν({dk,m}k∈K(ν),m) with
ν ∈ {〈kM + m′〉N}m′=−(M−1)/2,...,0,...,(M+1)/2. Due to
ISI, each factor node fν is connected to all variable nodes
{dk,m}m=0,...,M−1 in the same cluster. As a Dirac delta
function, p(dk,m|ck,m) is denoted by the factor node δk,m.
The factor node P (ck,m) represents the prior distribution of
the code bit vector ck,m.

As a generalization of belief propagation (BP), EP allows
to project beliefs onto an exponential family, see Appendix A.
This is particularly useful to statistical inference problems in
which BP suffers from computational intractability, e.g., when
dealing with continuous random variables. Here we constrain
the belief of dk,m to lie in a family of proper Gaussians, i.e.,

G ∆
=

{
q : q(z) =

Nt∏
nt=1

CN
(
[z]nt ;µnt , σ

2
nt

)
, z ∈ CNt

}
.

(31)

For code bit vectors, their beliefs are members of

B ∆
=

q : q(z) =

NtNbps∏
i=1

exp ([z]iλi)

1 + exp (λi)
, z ∈ {0, 1}NtNbps

 ,

(32)

where the L-values λi ∈ R are natural parameters.

A. ICI, ISI and IAI Equalization

This part derives the message update equation at the factor
node fν and further links it to the LMMSE-based equalizer,
aiming to separate superimposed data streams.

Considering the family G of proper Gaussians, it is con-
venient to parameterize the messages incoming to the factor
node fν as

mdk,m→fν (dk,m)

∝
Nt∏
nt=1

CN
(
dnt,k,m;µdnt,k,m→fν , σ

2
dnt,k,m→fν

)
. (33)
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mfν→dk,m(dk,m) =
projG

{
1
Zmarg

{
dk,m; fν({dk′,m′})

∏
k′∈K(ν),m′ mdk′,m′→fν (dk′,m′)

}}
mdk,m→fν (dk,m)

. (35)

marg

dk,m; fν({dk′,m′})
∏

k′∈K(ν),m′

mdk′,m′→fν (dk′,m′)

 ∝ CN (dk,m;µdk,m
,Σdk

)
, (36)

where the mean vector µdk,m
and covariance matrix Σdk,m are equal to

µdk,m
= µdk,m→fν+ Σdk,m→fν H̃

H
k,m[ν]Σ−1

R,ν

(
R[ν]− ∑

k′∈K(ν),m′
H̃k′,m[ν]µdk′,m′→fν

)
,

Σdk,m = Σdk,m→fν− Σdk,m→fν H̃
H
k,m[ν]Σ−1

R,νH̃k,m[ν]Σdk,m→fν

(37)

with ΣR,ν
∆
=
∑
k′∈K(ν),m′ H̃k′,m′ [ν]Σdk′,m′→fν H̃

H
k′,m′ [ν] +Nσ2

wINr
.

mfν→dk,m(dk,m) ∝
∏Nt

nt=1 CN
(
dnt,k,m; [µdk,m

]nt , [Σdk ]nt,nt

)
mdk,m→fν (dk,m)

(38)

∝
Nt∏
nt=1

CN
(
dnt,k,m;µfν→dnt,k,m

, σ2
fν→dnt,k,m

)
, (39)

where the mean and variance is given as

µfν→dnt,k,m
= µdnt,k,m→fν +

h̃H
nt,k,m

[n]Σ−1
R,ν

(
R[ν]−∑k′∈K(ν),m′ H̃k′,m′ [ν]µd

k′,m′→fν

)
h̃H
nt,k,m

[ν]Σ−1
R,ν h̃nt,k,m[ν]

,

σ2
fν→dnt,k,m

= 1
h̃H
nt,k,m

[ν]Σ−1
R,ν h̃nt,k,m[ν]

− σ2
dnt,k,m→fν

(40)

with h̃nt,k,m[ν] standing for the ntth column of the effective channel matrix H̃k,m[ν] ∈ CNr×Nt .

For compact notation, we also introduce a mean vector and a
diagonal covariance matrix

µdk,m→fν
∆
=
[
µd1,k,m→fν , . . . , µdNt,k,m→fν

]
Σdk,m→fν

∆
= diag

{[
σ2
d1,k,m→fν , . . . , σ

2
dNt,k,m→fν

]} . (34)

In terms of mdk,m→fν (dk,m), the message outgoing from fν
computed according to (A.1) is expressed as (35). In (35), the
marginal with respect to dk,m is proportional to a Gaussian
function as given in (36). Projecting the Gaussian function
onto the family G, eq. (A.10) yields (38). Plugging (33) into
(38) and then following (A.8), we obtain (39).

An intuitive way to derive (36) is presented as follows.
By the definition of the factor function fν(·) in (28), it is
the likelihood function of {dk,m}k∈K(ν),m under a Gaussian
channel. The product of all incoming messages can be treated
as the prior distribution of {dk,m}k∈K(ν),m. With proper
normalization, the product of the likelihood function and prior
distribution yields a posterior distribution of {dk,m}k∈K(ν),m,
which is Gaussian as well. Under this identification, the Gauss-
Markov Theorem [19, pp.391] can lead us to (36). Moreover,
the mean vector µdk,m

in (37) is an LMMSE estimate and
its error covariance matrix is Σdk,m . In other words, LMMSE
equalization has been adopted for resolving ISI, ICI and IAI.
However, the result is not directly applied to generate the
message outgoing from fν to dk,m. According to its update
equation in (35), the obtained posterior distribution of dk,m is

divided by its prior distribution. In the literature of message
passing algorithms, this step has been understood as a way of
removing the prior information from the posterior distribution.
One well-known instance under the framework of BP is the
so-called extrinsic information exchange in iterative decoding.
In our context, the message mfν→dk,m(dk,m) therefore rep-
resents an extrinsic information of dk,m.

B. Soft Detection

This part derives the message update equations at the
factor node δk,m. From δk,m, messages can propagate in
two directions, namely towards the variable node dk,m and
ck,m. Since the factor node δk,m captures the constellation
constraint, the former one effectively conveys this information
to the equalization nodes fν . On the contrary, the latter one
aims to produce the L-values for code bits. Therefore, it
corresponds to the task of soft detection.

1) Message Propagation from δk,m to dk,m: According to
(A.1), the message update equation for mδk,m→dk,m(dk,m)
is written as (41). The message incoming from dk,m equals
the product of messages outgoing from the equalization nodes
{fν} that are connected to dk,m, i.e., any fν with ν ∈ V(k)

mdk,m→δk,m(dk,m) =
∏

ν∈V(k)

mfν→dk,m(dk,m). (42)
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mδk,m→dk,m(dk,m) =
projG

{
1
Zmarg

{
dk,m; δ(dk,m − φ(ck,m))mdk,m→δk,m(dk,m)mck,m→δk,m(ck,m)

}}
mdk,m→δk,m(dk,m)

. (41)

mdk,m→δk,m(dk,m) ∝
Nt∏
nt=1

CN
(
dnt,k,m;µdnt,k,m→δk,m , σ

2
dnt,k,m→δk,m

)
, (43)

where the mean µdnt,k,m→δk,m and variance σ2
dnt,k,m→δk,m can be computed according to (A.9).

mδk,m→dk,m(dk,m) ∝
Nt∏
nt=1

CN
(
dnt,k,m, µδk,m→dnt,k,m

, σ2
δk,m→dnt,k,m

)
(46)

with the mean and variance given as

µδk,m→dnt,k,m
=

µdnt,k,m
↔δk,mσ

2
dnt,k,m

→δk,m
−µdnt,k,m

→δk,mσ
2
dnt,k,m

↔δk,m
σ2
dnt,k,m

→δk,m
−σ2

dnt,k,m
↔δk,m

,

σ2
δk,m→dnt,k,m

=
σ2
dnt,k,m

↔δk,m
σ2
dnt,k,m

→δk,m
σ2
dnt,k,m

→δk,m
−σ2

dnt,k,m
↔δk,m

.
(47)

mδk,m→ck,m(ck,m) =
projB

{
1
Zmarg

{
ck,m; δ(dk,m − φ(ck,m))mdk,m→δk,m(dk,m)mck,m→δk,m(ck,m)

}}
mck,m→δk,m(ck,m)

∝
∏NtNbps

i=1 marg
{

[ck,m]i; δ(dk,m − φ(ck,m))mdk,m→δk,m(dk,m)mck,m→δk,m(ck,m)
}

mck,m→δk,m(ck,m)
, (48)

where the second step is the outcome of projecting a distribution of ck,m into the set B of fully factorized distributions of
code bits, see (A.10).

λ
[e]
k,m,i = log

[∑
ck,m:[ck,m]i=1mdk,m→δk,m(dk,m = φ(ck,m))mck,m→δk,m(ck,m)∑
ck,m:[ck,m]i=0mdk,m→δk,m(dk,m = φ(ck,m))mck,m→δk,m(ck,m)

]
− λ[a]

k,m,i. (49)

Based on (39), the product of Gaussians mfν→dk,m(dk,m) is
still a Gaussian, i.e., (43). The message mck,m→δk,m(ck,m)
represents the prior distribution of the code bits

mck,m→δk,m(ck,m) ∝
NtNbps∏
i=1

P ([ck,m]i)

=

NtNbps∏
i=1

exp([ck,m]iλ
[a]
k,m,i)

1 + exp([ck,m]iλ
[a]
k,m,i)

, (44)

where λ
[a]
k,m,i is the prior L-value equal to log

P ([ck,m]i=1)
P ([ck,m]i=0) .

Based on (43), (44) and (29), we can easily compute the
projection in (41) by following (A.7). Denoting the outcome as∏Nt

nt=1 CN (dnt,k,m;µdnt,k,m↔δk,m , σ
2
dnt,k,m↔δk,m), we obtain

mδk,m→dk,m(dk,m)

=

Nt∏
nt=1

CN
(
dnt,k,m;µdnt,k,m↔δk,m , σ

2
dnt,k,m↔δk,m

)
CN

(
dnt,k,m;µdnt,k,m→δk,m , σ

2
dnt,k,m→δk,m

) . (45)

Based on (A.8), the division of two Gaussians in (41) yields
(46). Note that we may encounter the "negative variance"
problem [7] when computing (47). In the literature, sev-
eral heuristic approaches, e.g., in [7], [10], [14], have been
presented to tackle this problem. Here, we adopt the ap-
proach in [10] because of its connection to the conven-
tional LMMSE-based equalizer working with posterior feed-

back [20]. Whenever the variance σ2
δk,m→dnt,k,m

is nega-
tive, we simply set µδk,m→dnt,k,m

= µdnt,k,m↔δk,m and
σ2
δk,m→dnt,k,m

= µdnt,k,m↔δk,m . This is equivalent to omit
the division in (45), meaning the posterior rather than extrinsic
information is propagated to the equalization nodes fν .

2) Message Propagation from δk,m to ck,m: The message
update equation for mδk,m→ck,m(ck,m) is given by (48). Plug-
ging (43), (44) and (29) into (48), we can use the parameter
λ

[e]
k,m,i determined as (49) to parameterize the message

mδk,m→ck,m(ck,m) ∝
NtNbps∏
i=1

exp([ck,m]iλ
[e]
k,m,i). (50)

From above, λ[e]
k,m,i effectively corresponds to the extrinsic

L-value of the ith code bit in the bit vector ck,m.

C. BICM Decoding

After several iterations between the equalization and detec-
tion nodes, we pass the resulting extrinsic L-values {λ[e]

k,m,i}
through the de-interleaver. The output is a sequence of L-
values λl that is sorted in accordance with the code bit
sequence cl. Based on {λl}, we can perform BICM decod-
ing [15] to retrieve the transmitted message.
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D. BICM with Iterative Decoding (BICM-ID)

The output of decoder can be fed back to update the
prior L-values of code bits, i.e., {λ[a]

k,m,i}. Relying on this
new information, we can re-calculate the messages between
the equalization and detection nodes. The presence of such
feedback loop yields the structure of BICM-ID [21].

V. SCHEDULING AND COMPLEXITY ANALYSIS

In the framework of EP, the order of message passing, i.e.,
scheduling, is not specified. In particular for a cyclic graph,
scheduling can impact not only the performance but also the
convergence behavior. It has been empirically shown that up-
dating messages in a sequential rather than parallel way yields
better convergence results, e.g., in the context of low-density
parity-check (LDPC) decoding [22]. However, one disadvan-
tage of sequential scheduling is latency, as messages have to be
updated one after another. This problem becomes even more
severe if we have to refine each message several times. This
section aims to introduce a hybrid scheduling scheme that can
deliver good decoding performance for latency sensitive cases.
On top of it, the computational complexity is analyzed.

A. Scheduling

The FG in Fig. 4 is divided into Kon clusters. The schedul-
ing scheme presented below consists of two levels, namely,
inter- and intra-scheduling. The task of inter-scheduling is
to decide the activation order of the Kon clusters. Due to
the coupling of adjacent clusters, we propose to first activate
the clusters with even indices and then activate those with
odd indices. By doing so, each cluster is able to use the
newly updated messages from its neighbors. Equipped with
sufficient computation resources, the even(odd) clusters can
simultaneously accomplish their message updating. Within
each cluster, a sequential scheduling scheme is adopted for
intra-scheduling. Taking the cluster k in Fig. 4 as an example,
the messages are first propagated from the bottom of the
cluster k to the top and then propagated in the reverse
direction:

1: P (ck,m)→ ck,m → δk,m → dk,m for m = 0, 1, ..,M−1.
2: for each fν in the cluster do
3: {dk,m}k∈K(ν),m=0,..,M → fν → {dk,m}k∈K(ν),m=0,..,M

4: end for
5: dk,m → δk,m → ck,m → P (ck,m) for m = 0, 1, ..,M−1.

Note that the computations at the step 1 and 5 for different m
can be executed in parallel. With respect to the above-proposed
hybrid scheduling scheme, we can estimate the processing time
for J iterations. Assume we have the computation resources
to activate γ clusters at the same time and the execution time
of each cluster equals Tcluster. Then, the total processing time
for J iterations equals 2JdKon

2γ eTcluster. In the following, we
will link Tcluster to the most computational intensive task in
one cluster.

B. Complexity of Equalization and Detection

Within each cluster, every message update effectively boils
down to the calculation of the mean and variance of a

Gaussian function. From Section IV, we can observe that
most calculations only require a few number of arithmetic
operations, except (40) in Section IV-A. In other words, the
most computational intensive task within each cluster is to
compute the messages outgoing from the factor nodes {fν}
as illustrated in Fig. 4.

The complexity of (40) is mainly determined by the number
of multiplications. Here, we assume one complex-valued mul-
tiplication has complexity O(1). Then, the total complexity
for computing all messages outgoing from one factor node
fν is O(N3

r + N2
r Nt + N2

t Nr + NtM). In particular, the
matrix inversion Σ−1

R,ν ∈ CNr×Nr contributes to O(N3
r ), while

the other matrix-vector operations yield O(N2
r Nt + N2

t Nr +
NtM). Since the number of factor nodes {fν} residing in
one cluster is M , the total complexity for Kon clusters equals
O(KonMN3

r + KonMN2
r Nt + KonMN2

t Nr + KonNtM
2),

which is linear in the number Kon of active subcarriers and
quadratic in the number M of subsymbols.

Hardware implementation of the proposed algorithm is
beyond the scope of this paper. However, the remark given at
the end of Section IV-A has linked the computational intensive
part of the message update equation in (40) to standard
LMMSE equalization. Such connection indicates that we can
actually rely on existing energy efficient implementations of
LMMSE equalization in the literature, e.g., [23]–[25] for both
small and large scale MIMO systems. In addition, the execu-
tion time TLMMSE of LMMSE filtering dominates the execution
time Tcluster per cluster, meaning Tcluster ≈MTLMMSE.

VI. SIMULATION RESULTS

In this section, we evaluate the performance of the pro-
posed EP-based iterative equalization and detection algorithm
in MIMO-GFDM systems with Gray-mapped modulation
schemes. The obtained performance is also compared to that
of conventional MIMO-OFDM systems. For all simulations,
the Rayleigh fading channels associated to all transmit-receive
antenna pairs are modeled as i.i.d. random processes, i.e.,
no spatial correlation is present. Each fading channel has a
uniform power-delay profile characterized by the number Lch
of independent delay taps. The length of CP in both the GFDM
and OFDM system is identical and greater than Lch. With
the channel gain normalized to one, the signal-to-noise ratio
(SNR) is defined as (NtEs)/N0 where Es is the transmit
energy per symbol duration Es = E{|dnt,k,m|2} and the N0

represents the noise spectral density. The configuration for
GFDM is given in Table I, where the corresponding setting
for OFDM is listed as well.

In all plots, the labels, i.e., Par-EP, Seq-EP, Hyb-EP, denote
the derived EP algorithm combined with parallel, sequential
and hybrid scheduling, respectively. Hyb-EP has been de-
scribed in Section V-A. In the context of sequential scheduling,
the Kon clusters depicted in Fig. 4 are executed one after
another. Par-EP simultaneously activates the Kon clusters.
Within each cluster, the messages from the M factor nodes fν
are also computed in parallel. For OFDM systems, detection is
conducted on subcarrier basis and the order of message passing
among subcarriers is not a concern. Therefore, we simply
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Nr. of subsymb. (M ) subcarrier spacing DFT size (K) active subcarriers (Kon) pulse shaping flt.

GFDM 5 15 · 5 kHz 64 30 RC with α = 0.5

OFDM 1 15 kHz 64 · 5 30 · 5 rect.

Table I: Configurations of GFDM and OFDM

use the label EP. The well-known sphere decoding (SD)
algorithm [26] achieving the maxlog maximum a posteriori
(MAP) optimum is available for MIMO-OFDM. It is labeled
as SD in the corresponding plots.

A. Efficiency of EP

The BICM capacity C ′bicm and BICO capacity C ′bico are
performance metrics independent of channel coding schemes.
By comparing C ′bico achieved by Hyb-EP with C ′bicm or its
UB, this part assesses the efficiency of Hyb-EP in approaching
the optimum performance.

Fig. 5(a) considers a 2 × 2 MIMO-GFDM system. In this
case, the BICM capacity can be evaluated by the trellis-
based approach introduced in Section III. Analogous to the
observation of applying EP for MIMO detection [10], EP
shows near-optimum performance in the low and high SNR
regions, e.g., below 0 dB and above 12 dB. The observed 1 dB
performance loss in the medium SNR region can be explained
by noting the quality of Gaussian approximation. In the
process of tailoring EP for detection of MIMO-GFDM signals,
we have treated data symbols as continuous variables and
constrain their beliefs to be Gaussians. Such approximation
is good if the true beliefs tend to be uniform or peak at
a single constellation point. On contrary, the existence of
multiple peaks can yield a loose approximation. This situation
often occurs when the channel condition is not good enough to
generate an unequivocal decision. Fig. 5(a) also reveals GFDM
benefits from large delay spread. The gain increases along with
the SNR until the maximum normalized information rate is
reached, i.e., NtNbps = 2. At low SNRs, the noise plus the
interference determines the performance.

Fig. 5(b) resorts to an UB of the BICM capacity for a
4 × 4 MIMO system. Relying on it, we tend to estimate
the performance loss of Hyb-EP in a pessimistic manner,
meaning its true performance loss must be smaller than 4 dB
as observed in Fig. 5(b). Since the Gaussian family G used in
the derivation of EP ignores the spatial correlation of data
symbols for the sake of low complexity, it is expected to
experience a larger performance loss in a system with more
transmit antennas. Furthermore, we also observe the impact of
the delay spread on C ′bico and the UB of C ′bicm is consistent
with that in Fig. 5(a).

B. OFDM vs. GFDM

For the comparison between GFDM and OFDM, we start
from the BICM capacity, CM capacity, and their UBs as
depicted in Fig. 6. Being more specific, Fig. 6(a) shows the
BICM and CM capacities of GFDM and OFDM. OFDM is
an orthogonal waveform. Ignoring the information loss due
to CP removal, it is optimal to conduct MIMO detection on
subcarrier basis. This means its ergodic capacities actually

equal the sum of MIs with respect to each active subcarriers.
Since the MIs depend on the statistics of channel matrices
on individual subcarriers rather than the channel correlation
between subcarriers [27], frequency selectivity does not affect
the BICM and CM capacities of OFDM. In other words,
both C ′bicm and C ′cm of OFDM depicted in Fig. 6(a) are
invariant to the number of delay taps. On contrary, GFDM
is a non-orthogonal waveform. The presence of ICI and ISI
on the one hand poses a challenge to the detection task. On
the other hand, since the information of each data symbol is
contained by multiple FD observations, it opens an opportunity
to exploit frequency selectivity for an increased information
rate. Therefore, we can observe the gain of GFDM over
OFDM in Fig. 6(a) increases as the frequency selectivity of
the experienced channel improves. This is particularly true at
higher SNRs, since it becomes easier for the optimal receiver
to resolve ICI and ISI. Fig. 6(b) illustrates the tightness
of the UBs on C ′bicm and C ′cm in a 2 × 2 MIMO-GFDM
system, where the channel has 64 delay paths. Compared
to the UB on C ′cm, the UB on C ′bicm is looser. According
to Section III, both UBs are derived by means of perfect
interference cancellation. Since the BICM receiver ignores the
correlation of code bits conditional on the received samples
and CSI, the genie knowledge of interference plays a more
critical role in enhancing C ′bicm than C ′cm. Fig. 6(c) depicts
the UBs of C ′bicm and C ′cm for a 4× 4 MIMO system, where
the trellis-based approach becomes too complex to evaluate
C ′cm and C ′bicm exactly. Both of them show the dependence
of frequency selectivity on the information rates, which is
identical to that in Fig. 6(a).

Next, we compare both waveforms under the use of practical
channel coding schemes. Assume one codeword per OFDM
and GFDM block. The decoding performance is evaluated in
the context of BICM decoding and BICM-ID, respectively.

1) BICM Decoding: Using the turbo code with polynomial
generator {1, 15/13}8, Fig. 7(a) shows the the coded bit error
rates (BERs) achieved by 10 turbo iterations and at two
different code rates, i.e., 1/2 and 5/62.

In Fig. 7(a), we observe OFDM using SD delivers the best
decoding performance. The performance gap between OFDM-
SD and OFDM-EP enlarges as the code rate increases. Since
turbo codes are capacity-achieving, this observation can be
linked to their BICO capacities depicted in Fig. 7(b). The
BICO capacity achieved by using SD can approach to the
BICM capacity of OFDM. On the contrary, the performance
of EP is degraded with the SNR ranging from 11 dB to 25 dB
because of inaccurate Gaussian approximation. Therefore, it
becomes suboptimal for achieving higher information rates.

2For every 10 information bits input to the two identical and parallel-
concatenated recursive convolutional codes, we select all systematic bits plus
the first parity bit from the first component code and only keep the last parity
bit from the second one.
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Figure 5: Efficiency of the proposed Hyb-EP algorithm (after convergence), where the multipath fading channel has a uniform power delay
profile
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Figure 6: GFDM vs. OFDM in terms of BICM and CM capacities. Note that the curves related to OFDM are invariant under different
numbers of delay taps in the considered channel model.
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Figure 7: Coded BER of BICM decoding in a 4× 4 MIMO 64-path Rayleigh fading channel with the uniform power delay profile.

However, from the perspective of hardware implementation,
EP can still be a competitive option for MIMO detection.
According to [23], one critical implementation issue of SD
is its channel-dependent throughput. Good channel conditions
are needed for achieving a throughput, comparable to that of
LMMSE-based detection algorithms with iterative interference
cancellation. Furthermore, the complexity of SD grows expo-
nentially with the number of transmit antennas, while EP has
polynomial complexity. This makes it particularly attractive
when we extend to large-scale MIMO systems [12], [13].

For GFDM, SD is impractical due to ICI and ISI. The
proposed EP-based algorithm is a suboptimal solution with
manageable complexity. Due to ICI and ISI, GFDM requires
two more EP iterations than OFDM. Fig. 7(a) depicts the BERs
achieved by combining EP with different scheduling schemes.
Hyb-EP and Seq-EP achieve similar BERs, while Par-EP is
evidently worse. Since Hyb-EP supports a high level of paral-
lelism, it is more suitable than Seq-EP for latency constrained
applications. In Fig. 7(b), we can observe GFDM-Hyb-EP
starts to outperform OFDM-EP at SNRs beyond 20 dB. At
higher SNRs, it becomes easier to resolve interference. As a
result, the benefit of exploiting frequency selectivity appears
for GFDM at higher code rates, e.g., 5/6 in Fig. 7(a).

In [6], the LMMSE equalizer as well as the matched
filter with successive interference cancellation (MF-SIC) were
adopted for equalizing the GFDM signal in single antenna
systems. Here, they are extended for MIMO-GFDM cases and
labeled as LMMSE and MF-SIC in Fig. 7(a). In particular, the
application of LMMSE equalization for jointly tackling ICI,
IAI and ISI requires us to invert a matrix with dimension of
KonMNt, which is impractical. Extending MF-SIC [6] for
MIMO-GFDM, we first perform LMMSE FD equalization to
resolve IAI and then apply MF-SIC [6] with four iterations
to tackle the remaining ISI and ICI in the Nt GFDM blocks.
Since it treats IAI and ICI/ISI separately, the achieved decod-
ing performance is worse than that of LMMSE and Hyb-EP.

Fig. 7(c) shows that the convergence behavior of turbo de-
coding improves as the number of Hyb-EP iteration increases.
It also reveals more than one option to achieve a target BER.
For instance, targeting the BER of 10−6 at 14 dB, we can

choose either 3 Hyb-EP iterations plus 8 turbo iterations or 4
Hyb-EP iterations plus 5 turbo iterations. Since turbo decoding
is known to be time-consuming, the latter may be preferred
for a reduced overall decoding time.

2) BICM-ID: Using a rate-1/2 convolutional code with
polynomials {133, 171}8, the BCJR decoder [16] feeds back
the extrinsic information of the code bits to the detection unit
involved in the EP-based algorithm. The resulting BICM-ID
receiver consists of three functional units, i.e., the equalization,
detection and decoding unit. They form a doubly iterative
receiver. The inner iteration is between the equalizer and
detector and they together form the outer iteration loop with
the decoder.

In this scenario, the comparison is made against the perfor-
mance of ML decoding. Since ML decoding aims to find the
codeword that maximizes the likelihood function, it achieves
the minimum frame error rate (FER). Fig. 8 depicts LBs
on the FER of ML decoding. They are obtained with the
aid of the adopted BICM-ID receiver. Namely, the likelihood
of the codeword recovered by the suboptimal receiver is
compared to that of the transmitted codeword. If the former
is larger, the ML decoder would yield a decoding failure.
Otherwise, we assume the ML decoder can find the correct
codeword. Under this assumption, we effectively overestimate
the performance of the ML decoder. Therefore, the obtained
FER is a LB. The tightness of such LB depends on the
efficiency of the adopted suboptimal receiver in achieving the
ML decoding performance. Using a near-optimum receiver,
the gap is expected to be small.

When the SNR is larger than 10.5 dB, Fig. 8 shows the EP-
based algorithm approaches the ML decoding performance in
both systems. It is noted that the performance of OFDM is in-
sensitive to the number of delay taps. Because of interleaving,
correlated code bits are carried by subcarriers with sufficient
spacing. For such rich multipath channels, its performance
approaches to that of an i.i.d. fading channel case. On the
contrary, GFDM permits ICI and ISI and the information of
code bits spreads over multiple frequency bins. Exploiting
frequency diversity, GFDM outperforms OFDM and the gain
increases with the number of delay taps.



1536-1276 (c) 2015 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See
http://www.ieee.org/publications_standards/publications/rights/index.html for more information.

This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication. Citation information: DOI
10.1109/TWC.2015.2482479, IEEE Transactions on Wireless Communications

IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS 14

9 9.5 10 10.5 11 11.5 12
10−4

10−3

10−2

10−1

100

SNR (dB)

F
E
R

9 9.5 10 10.5 11 11.5 12
10−4

10−3

10−2

10−1

100

SNR (dB)

F
E
R

GFDM (Hyb-EP 2. iter.) OFDM (SD) OFDM (EP 2. iter.)
2. outer iter. 4. outer iter. 5. outer iter.

GFDM (ML LB) OFDM (ML LB)

(a) 64 taps (b) 128 taps
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Figure 9: Impact of imperfect CSI on the decoding performance, where the system setup is identical to that for generating Fig. 8(a).

C. Impact of Imperfect Channel Knowledge
This part studies the impact of imperfect CSI on the

performance of the proposed algorithm. We exemplarily adopt
a preamble-based LMMSE channel estimator to estimate CSI
for subsequent data blocks under the same channel realization
and SNR. The adopted preamble is made from Nt orthogonal
pilot vectors that are alternately and periodically inserted in
FD. Due to imperfect CSI, Fig. 9(a) reveals performance
degradation. The SNR loss can be analyzed by reformulating
the channel input-output relation in (13)

R[ν] =
∑

k∈K(ν)

M−1∑
m=0

H̃
[est]
k,m[ν]dk,m

+
∑

k∈K(ν)

M−1∑
m=0

(H̃k,m[ν]− H̃
[est]
k,m[ν])dk,m + W[ν],

(51)

where H̃
[est]
k,m[ν] is the estimated channel matrix. Interpreting

channel estimation error as an additional noise term, we can
compute the effective SNR by analogy with the approach
in [28]. Fig. 9(b) shows a good match to the decoding
performance in Fig. 9(a).

VII. CONCLUSION

Applications for 5G networks will demand outstanding
performance and flexibility from the physical layer. Achieving
higher capacity and better BER performance under MIMO
multipath fading channels is mandatory for future wireless
systems. An advanced receiver with manageable complexity
and latency can strengthen the benefits of using the flexible
non-orthogonal waveform GFDM in 5G networks. This work
has modeled the input-output relation of a MIMO-GFDM
system in FD. On this basis, we have analyzed constellation
constrained GFDM from an information theoretic perspective.
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By permitting the presence of interference, the results have
demonstrated that GFDM can be more efficient than OFDM
in achieving higher data rates in frequency selective fading
channels. On the other hand, the presence of interference
challenges the design of optimum receivers. We therefore
have applied the EP algorithm for achieving near-optimum
decoding performance. The resulting iterative solution consists
of an LMMSE based equalization unit and a soft detection
unit. On top of the receiver structure, we have subsequently
proposed a scheduling scheme. It allows for a high-level
form of parallel computation, desirable for latency constrained
applications. The overall computational complexity is linear in
the number of active subcarriers and quadratic in the number
of subsymbols. By means of simulation, GFDM adopting the
EP-based iterative receiver has finally achieved better decoding
performance than OFDM using the optimal ML decoder in a
rich multipath environment.
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APPENDIX A
EP FOR APPROXIMATE BAYESIAN INFERENCE

This section presents a brief introduction of EP. Here, we
assume readers are familiar with basic concepts of FG and BP.
A comprehensive introduction of them can be found in [29].

Analogous to BP, EP can be visualized as a message passing
algorithm that operates on a FG. There are two rules for
message passing, one for each direction (see Fig. A.1). Assume
a vector x of variables and its subvector xν is the argument
of a factor function fν(xν). The set K(ν) contains the indices
of entries in x that are also entries of xν . Then, the message
from the factor node fν representing fν(xν) to the variable
node xk with k ∈ K(ν) is calculated as

mfν→xk(xk) =

projQ

{
1
Zmarg

{
xk; fν(xν)

∏
k′∈K(ν)

mxk′→fν (xk′)

}}
mxk→fν (xk)

,

(A.1)

where Z is a normalization constant and Q here represents
an exponential family. If ignoring the projection step (or the
argument of the projection is already an element in Q), the
message update rule in (A.1) is completely identical to that of
BP. The key use of projection here is to ensure the messages
can remain manageable forms during the procedure of mes-
saging passing. The update rule for messages propagating in
the reverse direction is completely identical to BP

mxk→fν (xk) =
∏

ν′∈V(k), ν′ 6=ν
mfν′→xk(xk), (A.2)

where the set V(k) contains the indices of factor nodes that are
connected to xk. The product of messages from both directions
yields a belief of xk

q(xk) = mfν→xk(xk)mxk→fν (xk). (A.3)

It is a member of the exponential family Q. With proper
normalization, exponential families are closed under multipli-
cation. Therefore, it is convenient to presume the message
mfν→xk(xk) and mxk→fν (xk) after normalization lie in Q.
In many applications, it is enough to work with unnormalized
distributions. For more details of EP, we refer readers to [30].

Consider a special case, in which Q is chosen to be the
family G of proper Gaussians. The message update equation
given in (A.1) becomes

mfν→xk(xk) =
1

mxk→fν (xk)
CN

(
xk;µxk↔fν , σ

2
xk↔fν

)
,

(A.4)

where the Gaussian function is the outcome of projection

CN
(
xk;µxk↔fν , σ

2
xk↔fν

)
∆
= projG

 1

Z
marg

xk; fν(xν)
∏

k′∈K(ν)

mxk′→fν (xk′)


 .

(A.5)

Here, we use ↔ in the notation of the mean µxk↔fν and
variance σ2

xk↔fν , since the Gaussian function parameterized
by them is the product of the messages from the direction
fν → xk and xk → fν , see (A.4). The message mfν→xk(xk)
and mxk→fν (xk) are parameterized as

mfν→xk(xk) ∝ CN
(
xk;µfν→xk , σ

2
fν→xk

)
mxk→fν (xk) ∝ CN

(
xk;µxk→fν , σ

2
xk→fν

) . (A.6)

By doing so, the message update equations in (A.2) and
(A.4) are converted to the update equations for the mean
and variance associated to each message. Specifically, the
argument of projG {·} in (A.5) is a distribution function de-
pending on {µxk′→fν , σ2

xk′→fν}k′∈K(ν). Denoting it as p(xk),
the outcome of projection is

µxk↔fν =
∫
xk
xkp(xk)dxk

σ2
xk↔fν =

∫
xk
|xk − µxk↔fν |2p(xk)dxk

. (A.7)

In terms of µxk↔fν and σ2
xk↔fν , the update equation in (A.4)

boils down to

µfν→xk =
µxk↔fνσ

2
xk→fν

−µxk→fνσ
2
xk↔fν

σ2
xk→fν

−σ2
xk↔fν

σ2
fν→xk =

σ2
xk→fν

σ2
xk↔fν

σ2
xk→fν

−σ2
xk↔fν

. (A.8)

By analogy, under the choice of Q = G, the update equation
in (A.2) becomes

σ2
xk→fν =

(∑
ν′∈V(k), ν′ 6=ν σ

−2
fν′→xk

)−1

µxk→fν = σ2
xk→fν

[∑
ν′∈V(k), ν′ 6=ν

µf
ν′→xk

σ2
f
ν′→xk

] . (A.9)

Apart from projection into the Gaussian family G, another
one that is used in this paper is to project a multivariate
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(a) (b)

Figure A.1: Message passing in two directions. (a) message passing from the factor node fν to the variable node xk, see (A.1). (b) message
passing from xk to fν , see (A.2).

distribution p(x) into the set F of fully factorized distributions,
i.e., F ∆

= {q(x) : q(x) =
∏
k q(xk)}. The outcome is the

product of the marginals of p(x), i.e.,

projF {p(x)} =
∏
k

p(xk). (A.10)
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