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Abstract: Massive MIMO is a promising 
technology to improve spectral efficiency, 
cell coverage, and system capacity for 5G. 
However, these benefits take place at great 
cost of computational complexity, especially 
in systems with hundreds of antennas at the 
base station. This paper aims to address the 
minimum mean square error (MMSE) detection 
in uplink massive MIMO systems utilizing 
the symmetric complex bi-conjugate gradients 
(SCBiCG) and the Lanczos method. Both the 
proposed methods can avoid the large scale 
matrix inversion which is necessary for MMSE, 
thus, reducing the computational complexity 
by an order of magnitude with respect to the 
number of user equipment. To enable the 
proposed methods for soft-output detection, we 
also derive an approximating calculation scheme 
for the log-likelihood ratios (LLRs), which 
further reduces the complexity. We compare 
the proposed methods with existing exact and 
approximate detection methods. Simulation 
results demonstrate that the proposed methods 
can achieve near-optimal performance of MMSE 
detection with relatively low computational 
complexity.

Keywords: massive MIMO; soft-output detec-
tion; SCBiCG; Lanczos; low-complexity
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I. INTRODUCTION

The theoretically predicted capacity properties 
of massive (also called large-scale) multiple 
input multiple output (MIMO) make it one of 
the most promising technologies to significantly 
improve spectral and energy efficiency [1]-[3]. 
Comparing to conventional small-scale MIMO 
systems, such as LTE-A with 8 antennas at 
most, the base stations (BSs) of massive MIMO 
systems can be equipped with hundreds of 
antennas [4], [5]. Using such a large number of 
antennas has been deemed as a good approach 
to exploit the degree of freedom in the spatial 
dimension in future wireless systems. As a result, 
massive MIMO has been listed as one of the key 
enabling technologies for the upcoming 5G. 

Despite the attractive benefits, massive 
MIMO faces some challenges in implementation 
[4], such as high pre-coding complexity [6], 
pilot contamination and increased multi-user 
interference. The multi-user interference problem 
requires sophisticated as well as practical signal 
processing to reconstruct the desired signal 
for each user from the mixed received signal, 
which is known as the task of uplink data 
detection. The optimal uplink detector should 
be the maximum likelihood (ML) detector 
[7], which searches for the signal with the 
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maximum likelihood in the whole solution space. 
However, its complexity scales exponentially 
with the number of transmitting antennas. 
This is prohibitive in massive MIMO systems. 
Instead, some suboptimal detectors with reduced 
complexity and slightly discounted performance 
are proposed. We can generally put these 
detection algorithms into two categories, i.e. 
non-linear detection methods and linear detection 
methods. Non-linear detection can often obtain 
a better performance than the linear ones when 
the number of antennas at the BS is not that 
large, e. g. block iterative generalized decision 
feedback equalizer (BI-GDFE) proposed in [8] 
and the LR-aided K-best algorithm proposed 
in [9]. Some local neighborhood search based 
detection methods such as likelihood ascent 
search (LAS) [10] and tabu search (TS) [11] can 
also achieve near-optimal performance. But the 
computational complexity of these non-linear 
algorithms is still more than O(NK2), where N 
and K are the number of antennas at BS and 
mobile station (MS) respectively. It’s especially 
unaffordable if a high order modulation (e.g. 
16QAM or 64QAM) is adopted. Although 
linear detectors such as zero-forcing (ZF) and 
minimum mean square error (MMSE) [12], [13] 
have relatively lower complexity, they tend to 
show poor bit error performance with a moderate 
N. Nevertheless, when N is fairly large, i.e. in 
the massive MIMO regime, linear detectors can 
also achieve near optimal performance due to 
the asymptotic orthogonality of the channels 
between different users. Because of the need 
of large matrix inversion in MMSE detection 
in massive MIMO systems, which occupies 
most of the detection complexity, it is often 
the case that we pursue a tradeoff between the 
detection performance and the detection cost 
including computational complexity and power 
consumption. Recently, [14] proposes a new 
approximate matrix inversion algorithm relying 
on a Neumann series expansion, which attempts 
to avoid matrix inversion. But the reduction 
of complexity is quite limited within a given 
performance loss.

This paper proposes two low-complexity 
uplink signal detection algorithms for massive 

MIMO systems, based on symmetric complex 
bi-conjugate gradients (SCBiCG) method and 
Lanczos method respectively. We first solve 
the MMSE channel equalization problem [14] 
iteratively using the two algorithms in order to 
obtain the MMSE estimation of the transmitted 
symbols without matrix inversion. However, 
a soft-output detection typically requires to 
calculate the equivalent channel gain and the 
noise-plus-interference (NPI) which are needed 
for the computation of log-likelihood ratios 
(LLRs), claiming the explicit inverse of the 
MMSE equalization matrix [14]. This implies 
that the application of the SCBiCG and Lanczos 
algorithms to the uplink signal detection in coded 
massive MIMO systems isn’t straightforward 
if we want to implement the detection in a soft-
output manner with low complexity. To refrain 
from the complex matrix inversion, we next 
derive a method to calculate the ratio of the 
equivalent channel gain and the equivalent NPI, 
i.e. the post-equalization signal-to-interference-
and-noise ratio (SINR) within the equalization 
iterations for the two proposed detection 
algorithms respectively. We focus on the tradeoff 
relationship between detection performance and 
complexity and demonstrate via simulations that 
the proposed SCBiCG and Lanczos methods 
can attain the performance of MMSE detection 
with exact matrix inversion (EMI) within a 
small number of iterations. To the best of our 
knowledge, this paper is the first work to utilize 
the SCBiCG and Lanczos methods in the uplink 
signal detection in massive MIMO systems.

Notation: We use lowercase and uppercase 
boldface letters for column vectors and matrices 
respectively; (∙)T,  (∙)H and (∙) -1 denote the 
transpose, conjugate transpose and inversion of a 
matrix respectively.  Ai,j denotes the entry in the 
ith row and jth column of matrix A; ak denotes the 
kth entry of vector a. The N×N identity matrix is 
denoted by IN.  denotes the expectation of a 
random variable. 0K×K denotes a K×K zero matrix. 
<∙,∙> denotes inner product of two vectors.

II. SYSTEM MODEL

We consider a massive multi-user (MU) MIMO 
system with N antennas at the BS, which is 
communicating with K single-antenna users 
simultaneously. In massive MIMO regime, we 
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generally have N≫K. In the uplink, the parallel 
information bits sk (k=1,…,K) for K different 
users are encoded by the channel encoder 
of each user. The encoded bit streams ck are 
permuted by the interleaver and then mapped 
to the constellation points using 2Q QAM, the 
finite alphabet of which is denoted by Ξ with 
cardinality|Ξ|=M=2Q. Let x∈ΞK be the denotation 
of the transmitted symbol vector, the kth element 
of which is the modulation symbol transmitted 
by the kth user, then the received vector at the BS 
during one channel use can be modeled as:

= +y Hx n                      (1)
where  is the channel matrix whose 
entries are assumed to be independent and 
identically Gaussian with zero mean and unit 
variance,  is the additive white Gaussian 
noise (AWGN) whose entries are drawn from 

. It should be noted that the elements 
of the modulation constellation are normalized 
such that the average transmit power for any user 
k is unit, i.e. .
We then use the MMSE estimation method to 
reconstruct the transmitted symbols x from the 
received symbols y. Assume that exact channel 
state information (CSI) is available at the 
receiver (generally we can get CSI via channel 
estimation during the uplink training phase, 
though not exactly). From the estimation theory, 
we can write the linear MMSE estimation of the 
transmitted symbol vector as follows.

12
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d e f i n e  ,  a n d 

G=HHH, we can rewrite the estimated symbol 
vector as It’s clear that the com-
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Fig. 1. Transceiver structure of soft-output MU-MIMO detector

putation of (2) requires a K×K matrix inversion, 
the complexity of which is O(K3).

We can model the received symbol from the kth 
user in a simple linear form: ˆk k k kx x zµ= + , where 
μk is the equalized channel gain and zk is the NPI. 
By modeling the NPI as a Gaussian random 
variable, the variance of zk can be presented as 
νk

2=E(|zk |
2 ). To realize the detection in a soft-

output manner, the max-log approximated LLR of 
the b^th bit in the symbol from the kth user can be 
calculated as [14]
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    (3)

where Ξb
0 and Ξb

1 are the sets of constellation 
symbols whose bth bit is 0 and 1, respectively. u 
denotes arbitrary elements in Ξb

0 and u’ denotes 
arbitrary elements in Ξb

1. By substituting (1) 
into (2), we can obtain the relationship between 
the transmitted symbol vector and the estimated 
symbol  vec tor  as  1 1ˆ H− −= +x A Gx A H n .  Le t 
P=A-1G and Z=A-1HH HA-1=PA-1, the effective 
channel gain and the NPI variance can be 
computed as μk=Pk,k and νk

2=∑i≠k|Pk,i |
2 +σ2 Zk,k. 

The transceiver structure of the MU-MIMO 
described above is shown in Fig.1.

Although the solution for (2) could be obtained 
without explicit matrix inversion (e.g. through 
iteration methods), the computation of the LLRs 
does require this procedure whose complexity is 
as high as O(K3). When we talk about massive 
MIMO systems, the detection complexity is 
unaffordable as the number of users tends to be 
large. In the next section, we will introduce the 
SCBiCG and Lanczos methods which iteratively 
solve (2) and accomplish the computation of 
the LLRs during the iterations free from explicit 
matrix inversion.

III. DETECTION FOR MASSIVE MIMO 
SYSTEMS BASED ON SCBICG AND 
LANCZOS METHODS

For massive MIMO systems with numerous 
antennas at the BS, the channel vectors of 
different users are asymptotically orthogonal. 
As a result, the Gram matrix G as well as A 
are asymptotically diagonally dominant and 
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the singular values of G tend to have a stable 
distribution [4]. Hence we can use the classical 
Krylov subspace methods such as SCBiCG 
and Lanczos to solve the linear equations in 
(2). Specifically, we derive the solution in each 
iteration in the form of ˆ = +x Px Rn  with low-
complexity so that the computation of the LLRs 
(or approximate LLRs) is straightforward. 
  
3.1 Detection based on SCBiCG

SCBiCG is one class of Krylov subspace 
methods for complex symmetric systems. It 
stands out due to the fact that it only requires 
one matrix-vector multiplication per iteration. 
Typically, the iteration can be terminated within 
a few steps while still obtaining a result close 
enough to the exact solution. 

Application of SCBiCG to MMSE channel 
equalization in the uplink detection for massive 
MIMO is straightforward. The main steps of this 
algorithm are summarized in Table I.

Although the calculation of the symbol vector 
estimation can be done in an iterative manner, 
the computation of the max-log LLRs still needs 
the explicit matrix inversion. To further reduce 
the detection complexity, we propose a method 
to compute the LLRs within the estimation 
iterations.

It should be noted that the estimated symbol 
vector can not only be computed in an iterative 
manner, but can also be computed by multiplying 
an equivalent equalization matrix with y ̃ in each 
iteration, i.e. j j( ) ( )x M=  y ̃. Notice that with a 
zero initial solution vector, we always have p(1)
(j+1)=Ap(0)(j) during the iterations. Substituting 
this into r(0)(j+1)=r(0)(j)-αj p(1)(j) results in r(0)
(j+1)=r(0)(j)-αj Ap(0)(j) . Hence, we can derive 
the recursion formulation of the p(0) vectors 
between different iterations and further the 
recursion formulation of j( )x̂ :
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Substituting  j j( ) ( )x M=  y ̃ into (4) directly 
results in the recursion formulation of M( j ):
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where for j<0 we set αj=1, βj=0 and M( j )=0K×K  ,            
Given P=M(T) G and Z=PM(T), μ(T) and ν2(T) 

can be computed immediately according to the 
definition of the equalized channel gain and 
the effective NPI variance in section II. The 
complexity of calculating M( j ) is still O(K3) 
since it requires multiplication between matrices. 
However, this complexity can be reduced by 
an order of magnitudes if we replace A and G 
with its diagonal elements. This approximation 
is reasonable although it may induce marginal 
deviation of μ(T) and ν2(T), which can be ignored 
since the asymptotically diagonally dominant 
of A and G is well suited when the number of 
receiving antennas is large enough. With the 
diagonal approximation, M(k) keeps the diagonal 
structure through the iterations, as well as P and 
Z. With T times of iterations, the complexity of 
the SCBiCG based detection is approximately 

Table I Soft-output MMSE detection based on SCBiCG
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O((T+2)K2+8KT). If the iteration terminates 
early, the total complexity would be much lower 
than that of EMI-MMSE based detection.

3.2 Detection based on Lanczos

Lanczos method is also one of the Krylov 
subspace methods used to solve large sparse 
linear equations. It typically generates the 
orthogonal basis of the Krylov subspace of the 
coefficient matrix through Lanczos process 
and then finds out the solution whose residual 
is orthogonal to the Krylov subspace spanned 
by those basis. Strictly speaking, the solution 
given by the Lanczos method is just a subspace 
approximation of the exact solution. However, 
when the number of basis becomes larger, the 
approximation becomes better and converges to 
the exact solution quickly. The rest of this part 
introduces how we apply the Lanczos method to 
the low-complexity detection of massive MIMO 
systems.

Since A is diagonally dominant, it can be 
naturally deemed as a large sparse matrix in 
massive MIMO regime. So using Lanczos 
method to solve the problem in (2) is straight 
forward. In the ith iteration of Lanczos process, 
we get the (i+1)th orthogonal basis q(i+1) of the 
(i+1)th order Krylov subspace Li. The ith order 
Krylov subspace can be expressed as:

1
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where q(1), q(2),…,q(i) are the orthogonal basis of 
Li. q

(1) is the unit duplicate of y ̃   . Let Q(i) denote the 
matrix formed by the orthogonal basis produced 
in the first i-1 iterations, i.e. Q(i)=[q(1), q(2),…,q(i)]. 
Lanczos process computes the (i+1) th basis 
satisfying ( ) ( )i ii i( ) ( 1)AQ [Q ,q ]T+= , where ( ) ( )i ii i( ) ( 1)AQ [Q ,q ]T+=  is a 
(i+1)×i matrix whose first i rows form a symmetric 
tridiagonal matrix as expressed in (7). Equation (7) 
is delayed to the upper part of next page for a more 
compact composing. 

The main diagonal elements of ( ) ( )i ii i( ) ( 1)AQ [Q ,q ]T+=  are 
calculated as αi=q(i)H Aq(i) and the secondary 
diagonal elements of ( ) ( )i ii i( ) ( 1)AQ [Q ,q ]T+=  are calculated as βi=∣r(i)∣, 
where r(i)=Aq(i)-αi q(i)-βi-1 q

(i-1) is the residual vector 
in the ith iteration. If βi≠0 (i.e. no benign interrupts 

occur), then the unit duplicate of the residual vector 
in the ith iteration is chosen as the (i+1)th basis of the 
(i+1)th order Krylov subspace: q(i+1) = r(i)/βi.
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Assume the total number of iterations is I. 
Denote the symmetric tridiagonal matrix ((i.e. 
the first I rows of ( ) ( )i ii i( ) ( 1)AQ [Q ,q ]T+=  by T(I), then the Lanczos 
process rewrites (2) in the Krylov subspace as:

( ) ( ) (0)
1

I I H β= =T p Q r e                (8)
where e1 is a I×1 unit vector whose first element 
is 1. Because of the symmetric tridiagonal 
structure of T(I) , (8) can be solved by a simple 
LU decomposition combining with the chasing 
method, whose complexity is O(7I). Denote the 
solution of (8) by p, then the MMSE estimation 
of the transmitted symbol vector corresponding 
to p in the Ith Krylov subspace is  Substituting (1) 
and (8) into the MMSE estimation yields    

(9)

let Z=ΛΛH. As has been described in Section II, 
the effective channel gain and NPI variance can 
be computed as μk=Bk,k and νk

2=∑i≠k|Bk,i |
2 +σ2 Zk,k 

respectively.
The computation of  B=Q (I)T (I)-1Q (I)HG 

needs the explicit inversion of T(I), which can 
be obtained by solving I linear equations T(I) 
(t inv) i

(I)=e i for 1≤i≤I, where (t inv) i
(I) is the ith 

column of the inversion of  T(I). All of the I 
equations can be worked out by combining the 
LU decomposition and chasing method with 
complexity of O(7I). Hence, the complexity 
of the explicit inversion of a I×I symmetric 
tridiagonal matrix is O(7I2). Taking the matrices 
multiplications into consideration, the overall 
complexity of generating the max-log LLRs is 
O(7I2+4IK2+2KI2). Besides, the generation of the 
orthogonal bases and the symmetric tridiagonal 
matrix only involves the multiplication between 
matrices and vectors, the complexity of which 
is O(IK2), leading the total complexity of the 
Lanczos based detection algorithm to about 
O(5IK2+2KI2+7I2+7I)=O(5IK2). The equation 
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holds since the Lanczos based soft-output 
MMSE detection algorithm can usually attain 
a good BER performance within only a few 
iterations (i.e. a small I) as can be verified in the 
simulation results.

IV. SIMULATION RESULTS AND ANALYSIS

4.1 Performance analysis

We now demonstrate the advantages of the 
proposed SCBiCG and Lanczos based soft-
output MMSE detection algorithms over the 
recently proposed Neumann series expansion 
based algorithm (NSA) [14] in terms of BER 
performance. The performance of the MMSE 
detection via exact matrix inversion is also given 
and serves as a baseline. To run the detection 
algorithms in massive MIMO regime, the BS 
is equipped with N=128 antennas and serves 
K=16 single-antenna users simultaneously. In 
addition, the modulation scheme of 64QAM 
with convolution coding of rate 1/2 is adopted. 
At the BS, the detectors specified above are 
used to extract the estimated symbols as well 
as the LLRs as the soft-output. Furthermore, a 
Bahl, Cocke, Jelinek and Raviv (BCJR) decoder 
is employed to turn the LLRs into binary bits. 
For the fairness of comparison, the signal-to-
noise-ratio (SNR) in all the simulations refers to 
the average SNR defined in (10) at the receive 
antennas as in [14].

    (10)2
x

ave
NESNR
σ

=
                  

Fig.2 compares the BER performance between 
the NSA based detector and the two proposed 
detectors in the uplink massive MIMO. It can be 
clearly seen that the larger the iteration number, 
the better the BER performance for all the 
detectors while at the same number of iterations, 
the proposed SCBiCG and Lanczos based 
detectors greatly outperform the NSA based 
detector. There is also an observation that when 
the number of iterations is larger than a threshold 
(i.e. iter≥3), no obvious improvement is found 
for the SCBiCG and Lanczos based detectors 
in terms of BER performance. Since this 
threshold is generally rather small, the proposed 

Fig. 2 BER performance against receiving SNR for the NSA [14] 
and the proposed SIBiCG and Lanczos based soft-output MMSE 
detector with different iteration number. The detector based on 
EMI serves as a baseline.

Fig. 3  BER performance against N/K ratio for the NSA [14] and 
the proposed SCBiCG and Lanczos based soft-output MMSE 
detector with different iterations.

two detectors usually converge quickly, thus 
contributing to their low-complexity. Moreover, 
we note that when the BER performance of the 
proposed two detectors converge, they are almost 
the same with the MMSE detector aided by exact 
matrix inversion. This implies that the SCBiCG 
and Lanczos based detectors are near optimal 
MMSE detectors.

As pointed out in [12], the ratio between 
the number of BS antennas N and the number 
of users K has a significant impact on the 
performance of massive MIMO systems. To 
exclude the situation that our proposed detectors 
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only work well under some certain N/K ratios, 
we give the BER performance of the different 
detectors against that ratio in Fig.3. In the 
simulation, K is fixed to 16 while N varies from 
K to 15 K (i.e., the ratio changes from 1 to 15). 
The received SNR is chosen to be some moderate 
value such as 14dB. It can be easily seen that with 
the increase of the N/K ratio, all the detectors see 
a BER performance improvement. When the ratio 
is large enough (e.g., N/K≥10), the curves tend to 
have a platform, no obvious BER performance 
improvement is obtained. This implies that 
when N is much larger than K, employing more 
antennas at the BS no longer leads to better BER 
performance when the total receiving power is 
constrained. As in Fig.2, we can also draw the 
same conclusion that larger iteration number 
results in better BER performance, and SCBiCG 
and Lanczos based detector still outperform 
the NSA based detector under the same N/K 
ratio and iteration number. However, when N/
K ratio becomes relatively large, this advantage 
tends to vanish. This is because that under such 
circumstance, the channel vectors for different 
users become more orthogonal to each other and 
the diagonally dominant property of the Gram 
matrix is better suited, on which all the three 
detectors heavily rely.

4.2 Complexity analysis

As ment ioned in  [14] ,  the  approximate 
computational complexity of the NSA based 
detector is O(K2) for iteration number T=2 
and O((T-2)K3) for larger T. This is much 
higher compared to the O(K2) complexity of 
the SCBiCG and Lanczos based detectors. 
Specifically, the computational complexity 
of the NSA based detector is O(12K2-4K), 
O(8K3+4K2-2K) and O(16K3-4K2) for T=2, T=3 
and T=5 respectively. The relations between the 

computational complexity and iteration number 
of the SCBiCG based detector and the Lanczos 
based detector has been detailed in section III.

To make a comparison, we list the com-
putational complexity of the three simulated 
detection algorithms in different numbers of 
iterations in Table II. Here, to get a compact 
layout, we set the number of users to be 
16 so that the computational complexity is 
directly shown as the number of complexity 
multiplications. 

It can be seen from Table II that the complexity 
of both the SCBiCG and Lanczos based 
detection scale much better than NSA based 
detection. That is to say, the proposed algorithms 
could achieve better BER performance than NSA 
at much lower complexity. It should be noted 
that the complexity of Lanczos based detection 
is slightly higher than that of SCBiCG based 
detection. However, the performance of Lanczos 
based detection is better than that of SCBiCG 
based detection under a low N/K ratio from the 
observation in Fig 2. Thus Lanczos algorithm 
is more suitable to perform low-complexity 
detection in the scenario where the number of 
users is large, while SCBiCG well fits the sparse 
scenario.

V. CONCLUSIONS

This paper applied two methods to solve 
large sparse linear equations in the detection 
of uplink massive MIMO and proposed two 
novel low-complexity soft-output detectors. 
We a l so  der ived  low-complex i ty  LLRs 
calculation methods without matrix inversion 
for the proposed SCBiCG and Lanczos based 
approaches respectively, enabling soft-output 
uplink signal detection in coded massive MIMO 
systems. Simulation results and analysis showed 
that with the same iteration number, the proposed 
detectors outperformed the existing NSA in terms 
of both computational complexity and BER 
performance. Besides, the proposed SCBiCG 
and Lanczos based detectors can converge to 
the performance of the exact MMSE detector 
within only a few iterations in massive MIMO 
regime, contributing to their low-complexity 
and near optimal performance. Additionally, 
the proposed methods can also be applied to 

Table.II  Comparison of computational complexity

Number of 
iterations

NSA[14] SCBiCG Lanczos

2 3008 1280 2730
3 33760 1664 4212
4 64512 2048 5772
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other problems involving large matrix inversion 
such as downlink precoding for massive MIMO 
systems. Furthermore, many other algorithms for 
solving large sparse linear equations such as the 
minimum residual (MINRES) method and the bi-
conjugate gradients conjugate residual (BiCGCR) 
methods from Krylov methods can be tried to 
solve the large matrix inversion in detection and 
precoding.
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