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Abstract—We study the energy efficiency issue in 5G com-
munication scenario, where cognitive femtocells coexist with
picocells operating at the same frequency bands. Optimal energy-
efficient power allocation based on the sensing-based spectrum
sharing (SBSS) is proposed for the uplink cognitive femto users
operating in a multiuser MIMO mode. Both hard-decision and
soft-decision schemes are considered for the SBSS. Different from
the exiting energy-efficient designs in multiuser scenarios, which
consider system-wise energy efficiency, we consider user-wise
energy efficiency and optimize them in a Pareto sense. To resolve
the non-convexity of the formulated optimization problem, we
include an additional power constraint to convexify the problem
without losing global optimality. Simulation results show that the
proposed schemes significantly enhance the energy efficiency of
the cognitive femto users compared with the existing spectral-
efficient designs.

Index Terms—Energy efficiency, cognitive radio, femtocell,
sensing-based spectrum sharing.

I. INTRODUCTION

The 5G wireless networks are expected to provide 1000
times higher capacity compared with the 4G wireless networks
[1]. To improve the system throughput, cellular networks have
evolved to heterogeneous networks (HetNets), where various
types of base stations (BSs) such as macro BSs, pico BSs,
and femto BSs (also called home eNodeBs) coexist. LTE-
Advanced (LTE-A) considers a macro-pico scenario, where
operators deploy pico BSs underlaid in a macro cellular
network [2], [3]. While the macro BSs provide fairly large
coverage and support high mobility, the pico BSs support
high capacity transmission for hot spots. Contrary to macro
and pico BSs which are deployed by operators according to
detailed network planning, femto BSs are usually installed by
users often indoors without network planning. Therefore, the
random deployment of femtocells may occur severe interfer-
ence to macrocells and picocells. To address this problem,
cognitive radio (CR) technology [4] has been integrated with
femto BSs. CR-enabled femto BSs [5], [6] can monitor and
adapt to the surrounding communication environments. The
operator-owned BSs (macro and pico BSs) and the cognitive
femto BSs correspond to the primary users (PUs) and the
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secondary users (SUs) in the CR model, respectively. There are
three main spectrum access approaches in CR: 1) opportunistic
spectrum access (OSA) [7]-[9], 2) spectrum sharing (SS) [10]-
[15], and 3) sensing based spectrum sharing (SBSS) [16]-
[21]. Among them, SBSS performs the best because its power
control considers all the combinations of the sensing result
and the status of the primary user. Depending on the type of
the sensing results, both hard- and soft-decisions are possible.

On the other hand, energy efficiency (EE) is becoming
increasingly important in 5G wireless systems as well as
spectral efficiency due to economic reasons, environmental
concerns, and limited battery capacity. By increasing the EE of
wireless communications, we can cut down operation expendi-
ture (OPEX) of wireless service providers, reduce greenhouse
gas emission, and prolong the battery life of mobile terminals.
For this reason, energy-efficient design has been studied for
CR SBSS systems in [22]. In [22] the authors consider a
single-user CR SBSS system and propose an optimal power
control to maximize the EE of the secondary user according
to the hard decision on the sensing result.

In this paper, we investigate energy-efficient power control
of cognitive femto users. The cognitive femtocells need to limit
their interference to macrocells and picocells through spectrum
sensing and adequate power control. However, sensing the pico
BSs’ signal is more challenging than sensing the macro BSs’
signal due to the limited transmit power of pico BSs. There-
fore, designing advanced CR techniques of the femtocells for
the coexistance with the picocells is of great interest. With this
motivation, we consider employing SBSS for the cognitive
femtocells and focus on the scenario, where the primary
users are picocells. More specifically, we consider cognitive
femto users that perform SBSS in an uplink multiuser MIMO
scenario. Multiuser MIMO utilizes space dimension to support
multiple users satisfying their QoS requirement, and therefore,
can enhance the system throughput. Different from other EE
papers in multiuser MIMO scenario [23], [24], where system-
wise EE have been considered, we consider user-wise EE.
Note that powers of different users cannot be shared and so
are their throughput and EE. Since each cognitive femto user
gets its own data rate at the cost of its own power consumption,
EE needs to be considered user-wise. To enhance the EE of
the femto users, we consider maximizing the weighted sum
of the EEs of the individual femto users. The main technical
challenge of the problem is that the considered problem is non-
convex. Since the objective function is a weighted sum of EEs
of the femto users and each femto user’s EE is quasi-concave,
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the objective function is non-convex, and the optimization
is not easy. However, we discover the hidden convexity of
the problem by confining its feasible set. We prove that the
feasible set reduction preserves the global optimality of the
solution. For this reason, the obtained EEs are a Pareto-optimal
point of the considered problem.

The rest of this paper is organized as follows. In Section II,
we present the system model. In Section III, we formulate the
energy-efficient power allocation problem for multi-user CR
SBSS systems based on hard decision and find its Pareto op-
timal solutions. In Section IV, we extend the energy-efficient
power allocation scheme to the case when soft decision is
employed for the SBSS. Simulation results are provided in
Section V. Finally, the conclusions are drawn in Section VI.

Notation: R+ denotes the set of nonnegative real numbers.
The distribution of a circularly-symmetric-complex-Gaussian
random variable with mean m and the variance σ2 is denoted
by CN (m,σ2), and ∼ means “distributed as”. Q(x) =∫∞
x

1√
2π
e−u

2/2du is the Q-function. The quantity ‖x‖ denotes
the Euclidean norm of a vector x. 0 and I denote the zero
matrix and the identity matrix, respectively. (·)T and (·)H
denote transpose and Hermitian transpose, respectively.

II. SYSTEM MODEL

We consider K cognitive femto users and a femto BS
coexisting with N pico users and a pico BS, where the
nodes are considered as K secondary user transmitters (SU-
TXs), a secondary user receiver (SU-RX), N primary user
receivers (PU-RXs), and a primary user transmitter (PU-TX),
respectively as shown in Fig 1. From now on for brevity,
we use the terminologies SU-TXs, SU-RX, PU-RXs, and
PU-TX instead of femto users, femto BS, pico users, and
pico BS, respectively. The N PU-RXs and the K SU-TXs
have a single antenna, while the PU-TX and the SU-RX
have L and M (M ≥ K) antennas, respectively. The SU-
RX employs zero-forcing receiver to detect the multiuser
signals transmitted simultaneously from the K SU-TXs in
the same frequency band. Besides, the SU-RX collects, from
the K SU-TXs, the individual sensing results and the cross-
channel information between each SU-TX and the PU-RXs for
cooperative spectrum sensing and centralized power control.
We assume that the secondary system, i.e., cognitive femto
cell, employs a separate control channel, which does not
overlap with the primary users’ channel, for the transmission
and reception of the control signals such as sensing results
and the channel information.

The primary (pico) network operates in a time division
duplexing mode using a synchronous slotted communication
protocol with slot duration T . The state of PU is modeled as a
random process that randomly switches between inactive (H0)
and (H1). The secondary (femto) network is synchronized with
a primary network. The slot of the secondary network using
the SBSS consists of two phases: i) a spectrum sensing phase
of duration τ and ii) a data transmission phase of duration
T − τ .

During the spectrum sensing phase, the mth received signal

1
h

p
G

K
h

Fig. 1. System model

sample at the kth SU-TX is

yt,k(m) =

{
wt,k(m), when H0

cHk qxp + wt,k(m), when H1

for k ∈ K , {1, · · · ,K}, where wt,k(m) ∼ CN (0, σ2
t ) is the

noise of the kth SU-TX, ck is the channel from the PU-TX
to the kth SU-TX, q is the normalized beamforming vector at
the PU-TX, and xp ∼ CN (0, σ2

p) is the transmit signal of the
PU-TX. Each SU-TX uses the energy detector for spectrum
sensing. The test statistic vk of the kth SU-TX is

vk =
1

Ns

Ns∑
m=1

|yt,k(m)|2

for k ∈ K, where Ns is the number of samples. Each SU-TX
forwards its local sensing result vk to the SU-RX. Then, the
SU-RX makes hard- or soft-decision on the state of the PU
based on the sample mean of the collected sensing results,
i.e., v = 1

K

∑K
k=1 vk. Since {yt,k(m)}Nsm=1 (for a given k)

are independent and identically distributed, for a sufficiently
large Ns, vk can be well-approximated to a Gaussian random
variable according to the central limit theorem [25]. Then, v
can be considered as a sum of Gaussian random variables,
which is also a Gaussian random variable, i.e.,

v ∼

{
N (m0, σ

2
0) when H0

N (m1, σ
2
1) when H1,

where m0 = Kσ2
t , m1 = Kσ2

t + ‖Cq‖2σ2
p, σ2

0 =
2Kσ4

t /Ns, and σ2
1 = 2σ2

t (Kσ2
t + 2‖Cq‖2σ2

p)/Ns with C =
[c1, · · · , cK ]H . Denote P (Hi) and

f̆(v|Hi) =
1√

2πσi
e
− (v−mi)

2

2σ2
i (1)

to be the probability of Hi and the conditional PDF of v under
Hi, respectively, for i = 0, 1. Then, the PDF of v is

f(v) = f0(v) + f1(v), (2)

where f0(v) = P (H0)f̆(v|H0) and f1(v) = P (H1)f̆(v|H1).
Finally, the SU-RX calculates energy-efficient transmit power
of the SU-TXs based on the hard- or soft-decision on the state
of the PU-TX and forwards them to the SU-TXs.
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III. ENERGY EFFICIENT POWER ALLOCATION BASED ON
HARD DECISION

In this section, we calculate energy-efficient power alloca-
tion for the CR SBSS system based on hard-decision. The SU-
RX makes a hard decision on the state of the PU-TX based on
the test statistic v; If v is smaller than the detection threshold
γth, the SU-RX decides that the PU-TX is inactive (Ĥ0).
Otherwise, the SU-RX decides that the PU-TX is active (Ĥ1).
Then, the detection probability and the false alarm probability
can be written as

pd , Pr[v > γth|H1] = Q
(
γth −m1

σ1

)
and

pf , Pr[v > γth|H0] = Q
(
γth −m0

σ0

)
,

respectively. Based on the decision result Ĥj , the SU-RX
determines the transmit power of the kth SU-TX as Pk,j
and forwards it to the corresponding SU-TX for k ∈ K and
j ∈ B , {0, 1}.

During the transmission phase, under the sensing result Ĥj ,
the K SU-TXs transmit their data to the SU-RX with the
transmit power {Pk,j}Kk=1. Then, the received signal vector of
dimension M × 1 at the SU-RX is

yr =

{∑
k∈K hk

√
Pk,jxs,k + wr, when H0∑

k∈K hk
√
Pk,jxs,k + Gpqxp + wr, when H1,

where hk is the channel between the kth SU-TX and the
SU-RX, Gp is the channel between the PU-TX and the SU-
RX, xs,k ∼ CN (0, 1) is the kth SU-TX’s signal, and wr ∼
CN (0, σ2

rI) is the noise vector at the SU-RX. The SU-RX
performs zero-forcing detection using U = (HHH)−1HH ,
where H = [h1, · · · ,hK ] is the channel matrix of dimension
M × K between the K SU-TXs and the SU-RX. Then,
depending on the state of the PU-TX and the sensing result
pair (Hi, Ĥj), the achievable rate of the kth SU-TX is

(H0, Ĥ0) : rk,0(Pk,0) = ε log2 (1 + ρk,0Pk,0) ,

(H1, Ĥ0) : rk,1(Pk,0) = ε log2 (1 + ρk,1Pk,0) ,

(H0, Ĥ1) : rk,0(Pk,1) = ε log2 (1 + ρk,0Pk,1) ,

(H1, Ĥ1) : rk,1(Pk,1) = ε log2 (1 + ρk,1Pk,1) , (3)

where ε = (T − τ)/T and ρk,0 = ([σ2
rUUH ]k,k)−1 and

ρk,1 = ([U(σ2
pGpqq

HGH
p + σ2

rI)U
H ]k,k)−1 are effective

channel power gain for the kth SU-TX under H0 and H1, re-
spectively. Considering all possible combinations of (Hi, Ĥj),
the average achievable throughput of the kth SU-TX is

rk(Pk) =
∑
i∈B

∑
j∈B

pijrk,i(Pk,j), (4)

where Pk = [Pk,0, Pk,1] is the transmit power vector of the
kth SU-TX and pij = Pr[Ĥj |Hi] · Pr[Hi] is the probability of
(Hi, Ĥj). From above, the average EE of the kth SU-TX can
be written as

ηk(Pk) =
∑
i∈B

∑
j∈B

pijηk,i(Pk,j) (5)

for k ∈ K, where

ηk,i(Pk,j) =
rk,i(Pk,j)

εPk,j + Pk,c
(6)

is the instantaneous EE of the kth SU-TX under (Hi, Ĥj) and
Pk,c is the circuit power of the kth SU-TX. Note that we
consider user-wise EE rather than system-wise EE because
each individual SU-TX gets its own throughput rk,i(Pk,j) at
the cost of its own power consumption (εPk,j + Pk,c) for
k ∈ K, i ∈ B and j ∈ B.

We aim at finding optimal transmit power allocation that
maximizes the EEs of the SU-TXs {ηk(Pk)} under the trans-
mit power constraint and the interference power constraint.
Specifically, we consider 1) the average transmit power con-
straint to meet the long-term power budget of each SU-TX:

ε[(p00 + p10)Pk,0 + (p01 + p11)Pk,1] ≤ Pmax,k, k ∈ K, (7)

where Pmax,k is maximum average transmit power at the kth
SU-TX, and 2) the average interference power constraint to
protect the long-term QoS of each PU-RXs:

ε
∑
k∈K

|gk,n|2(p10Pk,0 + p11Pk,1) ≤ Imax,n, n ∈ N , (8)

where gk,n is the channel between the kth SU-TX and the nth
PU-RX, Imax,n is maximum average interference power for the
nth PU-RX, and N , {1, · · · , N}.

The above can be recast into the following optimization
problem (P1):

maximize
{Pk}Kk=1

η , [η1(P1), · · · , ηK(PK)] (9)

subject to (7) and (8).

Note that P1 is a multi-objective optimization problem [26]
and its objective function is a vector-valued function η :
RK×2 → RK×1. Since the transmit powers of the SU-
TXs P1, · · · ,PK are coupled by the average interference
power constraint (8), the EEs of the SU-TXs {ηk(Pk)}Kk=1

conflict with each other. Therefore, they cannot be maximized
individually, i.e., there does not exist {Pk}Kk=1 ∈ F1 such
that ηk(Pk) ≤ ηk(P′k) for all {P′k}Kk=1 ∈ F1 and k ∈ K,
where F1 is the feasible set of P1. In this case, finding Pareto-
optimal solutions of P1 plays an important role. For a given
optimization problem with a vector-valued objective function
q : Rn → Rk, we say that a feasible point x ∈ Rn is a
Pareto-optimal solution if there does not exist x′ 6= x such
that

qi(x
′) ≥ qi(x), ∀i = 1, · · · , k,

where qi(x) is the ith element of q(x). To find Pareto
optimal solutions, we scalarize1 the objective function of P1
by forming the weighted sum EE (P2):

maximize
P

η(P)

subject to (7) and (8),

1Note that in general the scalarization technique does not guarantee finding
all the Pareto optimal solutions.
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where P = [PT1 , · · · ,PTK ]T is K× 2 power allocation matrix
of the K SU-TXs and

η(P) =
∑
k∈K

wkηk(Pk) =
∑
k∈K

∑
i∈B

∑
j∈B

wkpijηk,i(Pk,j) (10)

is a weighted sum EE of the K SU-TXs with weight factors
{wk}Kk=1. Note that η(P) is a sum of quasi-concave functions,
which is not a quasi-concave function in general. In Appendix
A, we show that η(P) is not quasi-concave. Due to the non-
convexity of P2, finding the globally optimal solution of P2
is a challenging problem.

However, to find the globally optimal solution of P2, we
include an additional power constraints Pk,j ≤ P ok,j to P2 for
k ∈ K and j ∈ B, where

P ok,j , arg max
Pk,j≥0

uk,j(Pk,j) (11)

with

uk,j(Pk,j) ,
∑
i∈B

wkpijηk,i(Pk,j) (12)

for k ∈ K and j ∈ B. Then, we obtain P3:

maximize
P

η(P)

subject to (7) and (8),
P ∈ FHD

op ,

where

FHD
op =

{
P|0 ≤ Pk,j ≤ P ok,j for k ∈ K and j ∈ B

}
.

Note that P3 is a convex optimization problem, whose proof
is in Appendix B. Moreover, the optimal solutions of P2 and
P3 are the same, whose proof is in Appendix C. The basic idea
of the above technique is to modify the original non-convex
problem into a convex problem by reducing the feasible set of
the original problem without loss of global optimality.2

Since strong duality holds for P3, we can find the optimal
solution of P3 using the Lagrange duality method. The (par-
tial) Lagrangian of P3 is

L(P,λ,µ) = η(P)−
∑
k∈K

λkf
HD
P,k(Pk)−

∑
n∈N

µnf
HD
I,n(P),

(13)
where λ = [λ1, · · · , λK ]T and µ = [µ1, · · · , µN ]T are
Lagrange multipliers, and

fHD
P,k(Pk) , (p00 + p10)Pk,0 + (p01 + p11)Pk,1 −

1

ε
Pmax,k

and

fHD
I,n(P) ,

∑
k∈K

|gk,n|2(p10Pk,0 + p11Pk,1)− 1

ε
Imax,n.

2This approach also has been used in [27] to maximize sum EE (See
(31) of [27]). However, we introduce, in Lemma 2, a wider range of
objective functions for which the feasible set reduction technique can be
used. Moreover, we rigorously prove the global optimality of the feasible set
reduction technique for the hard-decision case and the soft-decision case in
Appendix C and Appendix E, respectively. Besides, we extend this technique
to the problem whose objective function is “functional”, i.e., a mapping from
a function to a real number, in Section IV.

Then, the dual problem (DP3) of P3 is

minimize
{λk≥0}Kk=1,{µn≥0}Nn=1

g(λ,µ),

where
g(λ,µ) = sup

P∈FHD
op

L(P,λ,µ) (14)

is the dual function [28].
Note that L(P,λ,µ) in (13) is a concave function in P ∈

FHD
op because 1) η(P) is concave in FHD

op , and 2) fHD
P,k(Pk)

and fHD
I,n(P) are convex, which are shown in Appendix B.

Denote P∗(λ,µ) to be the optimal P ∈ FHD
op that maximizes

L(P,λ,µ) for a given (λ,µ). Then, P∗(λ,µ) can be found
by solving

∂L
∂Pk,j

= 0 (15)

together with the constraint 0 ≤ Pk,j ≤ P ok,j for k ∈ K and
j ∈ B. Since ∂L/∂Pk,j is decreasing in Pk,j ≤ P ok,j , we
can find P ∗k,j(λ,µ) by using the bisection method [29] for
k ∈ K and j ∈ B, where P ∗k,j(λ,µ) is the (k, j)th element of
P∗(λ,µ). The procedure to compute P ∗k,j(λ,µ) is described
in Step 1 of Algorithm 1. After finding g(λ,µ) from (14)
and P∗(λ,µ), we can find the optimal (λ,µ) that minimizes
g(λ,µ) by using the subgradient method [30]. A subgradient
of g(λ,µ) is given by

d(λ,µ) = −



fHD
P,1(P∗1(λ,µ))

...
fHD
P,K(P∗K(λ,µ))

fHD
I,1 (P∗(λ,µ))

...
fHD
I,N (P∗(λ,µ))


, (16)

where P∗k(λ,µ) is the kth row vector of P∗(λ,µ). The pro-
cedures for finding the optimal solution of P2 are summarized
in Algorithm 1.

Now, we consider the computational complexity of Al-
gorithm 1. The complexity is measured in terms of the
computation required to calculate a mathematical expression
such as ∂ηk(Pk)/∂Pk,j . Since the number of iterations for
the bisection method in Step 1 is log2

1
ζ , the complexity of

Step 1 is 2K log2
1
ζ . The complexities of Step 2, 3, and 4

are 2(K + N), 2(K + N), and K + N , respectively. The
number of iteration for Algorithm 1 is 1/σ2. This can be
explained as follows. From Step 3, we have ‖[λnew,µnew] −
[λ,µ]‖ ≤ tl‖d(λ,µ)‖. To make ‖[λnew,µnew]− [λ,µ]‖ < δ,
we need 1/σ2 iterations. From above, the overall complexity
is O(Kδ2 (2 log2( 1

ζ ) + 5) + 5N
δ2 ).

IV. EE POWER ALLOCATION BASED ON SOFT DECISION

In this section, we calculate energy-efficient power alloca-
tion for the CR SBSS system based on soft decision. The SU-
RX first makes a soft decision on the state of the PU-TX based
on the test statistic v ∈ [0,∞), then determines the transmit
powers of the K SU-TXs, {Pk(v)}Kk=1, and finally forwards
it to each SU-TX. With the soft decision, the SU-TXs have
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Algorithm 1
Initialize: Choose initial values of λk ≥ 0 for k ∈ K, µn ≥ 0
for n ∈ N , ζ > 0, and δ > 0.
Repeat:
Step 1) For k ∈ K and j ∈ B

• Set a = 0 and b = P ok,j .
• While |b− a| > ζP ok,j

- Set c = (a+ b)/2 and fc = ∂L
∂Pk,j

∣∣∣
Pk,j=c

.

- If fc > 0 then a = c; else b = c.
end
• Set P ∗k,j(λ,µ) = c.

Step 2) Calculate the subgradient d(λ,µ) by using (16).
Step 3) Update λnew

k = [λk − tldk]+ and µnew
n = [µn −

tldK+n]+, where tl = 1√
l‖d(λ,µ)‖ is the step size for

the lth iteration and dk is the kth element of d(λ,µ).
Step 4) If ‖[λnew,µnew] − [λ,µ]‖ < δ then stop; else λ =

λnew, µ = µnew.
Return: P ∗k,j(λ,µ) for k ∈ K and j ∈ B.

continuous transmit power levels contrary to the hard decision
case, where the SU-TXs have only two discrete transmit power
levels.

During the transmission phase, under the test statistic v, the
K SU-TXs transmit their data to the SU-RX with the transmit
power {Pk(v)}Kk=1. Then, the M ×1 received signal vector at
the SU-RX is

yr =

{∑
k∈K hk

√
Pk(v)xs,k + wr, when H0∑

k∈K hk
√
Pk(v)xs,k + Gpqxp + wr, when H1.

The SU-RX performs zero-forcing detection using U =
(HHH)−1HH . Then, depending on the state of the PU-TX Hi

and the test statistic v, the achievable rates of the kth SU-TX
are

H0 : rk,0(Pk(v)) = ε log2 (1 + ρk,0Pk(v))

H1 : rk,1(Pk(v)) = ε log2 (1 + ρk,1Pk(v)) . (17)

Considering the PDF of v, the average rate of the kth SU-
TX can be written as the functional [31] rk of the function
Pk : R+ → R+, i.e.,

rk(Pk) =
∑
i∈B

∫ ∞
0

fi(v)rk,i(Pk(v))dv. (18)

Then, the average EE of the kth SU-TX can be written as

ηk(Pk) =
∑
i∈B

∫ ∞
0

fi(v)ηk,i(Pk(v))dv

for k ∈ K, where

ηk,i(Pk(v)) =
rk,i(Pk(v))

εPk(v) + Pk,c
(19)

is the instantaneous EE of the kth SU-TX under the state
of PU-TX Hi and the test statistic v. Similar to section
III, we consider user-wise EE rather than system-wise EE

because each SU-TX gets its rate at the cost of its own power
consumption.

We aim at finding optimal transmit power allocation that
maximizes the EEs of the SU-TXs {ηk(Pk)}Kk=1 under the
average transmit power constraints and the average interfer-
ence power constraint, i.e.,

ε

∫ ∞
0

f(v)Pk(v)dv ≤ Pmax,k for k ∈ K (20)

and

ε
∑
k∈K

∫ ∞
0

f1(v)|gk,n|2Pk(v)dv ≤ Imax,n, for n ∈ N , (21)

respectively.
The above problem can be formulated into the following

multi-objective optimization problem (P4):

maximize
{Pk}Kk=1

[η1(P1), · · · , ηK(PK)] (22)

subject to (20) and (21).

Similar to the hard-decision case, we scalarize the objective
function of P4 by forming the weighted sum EE (P5):

maximize
P

η(P) (23)

subject to (20) and (21),

where P = [P1, · · · , PK ]T is vector-valued function and

η(P) =
∑
k∈K

wkηk(Pk)

=
∑
k∈K

∑
i∈B

∫ ∞
0

wkfi(v)ηk,i(Pk(v))dv (24)

is weighted sum EE of the K SU-TXs. Note that η(P) can be
interpreted as an infinite sum of the weighted quasi-concave
functions ηk,i(Pk(v)), which is not a quasi-concave concave
function in general. It can be shown that η(P) is not quasi-
concave using the similar approach in Appendix A. Therefore,
P5 is not a convex optimization problem and fining its globally
optimal solution is a challenging problem.

To find globally optimal solution of P5, we include an
additional power constraint Pk(v) ≤ P ok (v) to P5 for k ∈ K
and v ∈ R+, where

P ok (v) , arg max
Pk(v)

uk(Pk(v)) (25)

with
uk(Pk(v)) ,

∑
i∈B

wkfi(v)ηk,i(Pk(v)) (26)

for k ∈ K and v ∈ R+. Then, we obtain P6:

maximize
P

η(P) (27)

subject to (20) and (21),
P ∈ FSD

op ,

where

FSD
op , {P|0 ≤ Pk,j ≤ P ok,j for k ∈ K and j ∈ B}.

Note that P6 is a convex optimization problem, whose proof
is in Appendix D. Moreover, the optimal solutions of P5 and
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P6 are the same, whose proof is in Appendix E. Since strong
duality holds for P6, we can obtain the optimal solution of P5
using the Lagrange duality method. The Lagrangian of P6 is

L(P,λ,µ) = η(P)−
∑
k∈K

λkf
SD
P,k(Pk)−

∑
n∈N

µnf
SD
I,n(P),

where λ = [λ1, · · · , λK ]T and µ = [µ1, · · · , µN ]T are
Lagrange multipliers, and

fSD
P,k(Pk) ,

∫ ∞
0

f(v)Pk(v)dv − 1

ε
Pmax,k

and

fSD
I,n(P) ,

∑
k∈K

∫ ∞
0

f1(v)|gk,n|2Pk(v)dv − 1

ε
Imax,n

are constraint functionals of P6. Define

G[{Pk(v)}Kk=1] =
∑
k∈K

∑
i∈B

wkfi(v)ηk,i(Pk(v))

−
∑
k∈K

λkf(v)Pk(v)

−
∑
n∈N

∑
k∈K

µnf1(v)|gk,n|2Pk(v).

Then, the Lagrangian can be written as

L(P,λ,µ) =

∫ ∞
0

G[{Pk(v)}Kk=1]dv

+
∑
k∈K

λk
ε
Pmax,k +

∑
n∈N

µn
ε
Imax,n.

The dual problem (DP6) of P6 is

minimize
{λk≥0}Kk=1,{µn≥0}Nn=1

g(λ,µ),

where
g(λ,µ) = sup

P∈FSD
op

L(P,λ,µ)

is the dual function. The optimal vector function P ∈ FSD
op

that maximizes L(P,λ,µ), denoted by P∗λ,µ, can be obtained
by using calculus of variations. We introduce the following
theorem in calculus of variations [31], which will be used for
our analysis.

Theorem 1: Consider the functional J defined by

J [h1, · · · , h(n)] =

∫ x2

x1

G(x, h1(x), · · · , hN (x), h′
1(x), · · · , h′

N (x))dx,

where hj is a function with first order derivatives h′j defined
in the interval [x1, x2] for j = 1, · · · , n. The function G
is also assumed to have continuous first-order and second-
order (partial) derivatives with respect to all its arguments.
A necessary condition for the functional J to have a local
optimum at (h1, · · · , hN ) = (h∗1, · · · , h∗N ) is given by the
following system of equations:

∂G

∂h∗j
− d

dx

∂G

∂h∗j
′ = 0, j = 1, · · · , n,

Algorithm 2
Initialize: Choose initial values of λk ≥ 0 for k ∈ K, µn ≥ 0
for n ∈ N , ζ > 0, and δ > 0.
Repeat:
Step 1) For k ∈ K and v ∈ [0,∞)

• Set a = 0 and b = P ok,j(v).
• While |b− a| > ζP ok,j(v)

- Set c = (a+ b)/2 and fc = ∂G
∂Pk(v)

∣∣∣
Pk(v)=c

.

- If fc > 0 then a = c; else b = c.
end
• Set P ∗k,λ,µ(v) = c.

Step 2) Calculate the subgradient d(λ,µ) by using (30).
Step 3) Update λnew

k = [λk − tldk]+ and µnew
n = [µn −

tldK+n]+, where tl = 1√
l‖d(λ,µ)‖ is the step size for

the lth iteration and dk is the kth element of d(λ,µ).
Step 4) If ‖[λnew,µnew] − [λ,µ]‖ < δ then stop; else λ =

λnew, µ = µnew.
Return: P ∗k,λ,µ(v) for k ∈ K and v ∈ [0,∞).

which are known as Euler-Lagrange equations. When the func-
tion J does not depend on h′j’s the Euler-Lagrange equation
simplifies to

∂G

∂h∗j
= 0, j = 1, · · · , n. (28)

Proof: The proof of this theorem is in [31] (See p.187).

Note that L(P,λ,µ) is a concave functional of P ∈ FSD
op

because 1) η(P) is concave in P ∈ FSD
op and 2) {fSD

P,k(Pk)}Kk=1

and {fSD
I,n(P)}Nn=1 are convex in P, which are shown in

Appendix D. Denote P ∗k,λ,µ to be the kth function of P∗λ,µ.
Then, P ∗k,λ,µ(v) can be found by solving the Euler-Lagrange
equation in (28), i.e.,

∂G[{Pk(v)}Kk=1]

∂Pk(v)
= 0 (29)

together with the constraint 0 ≤ Pk(v) ≤ P ok (v) for k ∈ K
and v ∈ R+. Since ∂G[{Pk(v)}Kk=1]/∂Pk(v) is decreasing in
Pk(v) ≤ P ok (v), we can find P ∗k,λ,µ(v) by using the bisection
method [29]. The procedure to compute P ∗k,λ,µ(v) is described
in Step 1 of Algorithm 2. Then, the optimal (λ,µ) that
minimizes g(λ,µ) can be found by using the subgradient
method [30]. The subgradient of g(λ,µ) is given by

d(λ,µ) = −



fSD
P,1(P ∗1,λ,µ)

...
fSD
P,K(P ∗K,λ,µ)

fSD
I,n(P∗λ,µ)

...
fSD
I,n(P∗λ,µ)


. (30)

The procedures for finding the optimal solution of P5 are
summarized in Algorithm 2.

Now, we consider the computational complexity of Al-
gorithm 2. The complexity is measured in terms of the
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computation required to calculate a mathematical expression
such as ∂G/∂Pk(v). Since the number of iterations for the
bisection method in Step 1 is log2

1
ζ , the complexity of Step

1 is NvK log2
1
ζ , where Nv is the number of quantized levels

of v ∈ [0,∞). The complexities of Step 2, 3, and 4 are
Nv(K+N), 2(K+N), and K+N , respectively. The number
of iteration for Algorithm 1 is 1/σ2. From above, the overall
complexity is O(Kδ2 (Nv log2( 1

ζ ) +Nv + 3) + N
δ2 (Nv + 3)).

V. SIMULATION RESULTS

In this section, we present the simulation result on the per-
formance of the proposed schemes: i) energy-efficient power
allocation based on hard-decision (EE-HD) and ii) energy-
efficient power allocation based on soft-decision (EE-SD),
which are discussed in Section III and Section IV, respectively.
For comparison, we also provide the performance of spectral-
efficient schemes: i) spectral-efficient power allocation based
on hard-decision (SE-HD) and ii) spectral-efficient power al-
location based on soft-decision (SE-SD). The spectral efficient
schemes maximize the weighted sum of the average achievable
throughput of each SU-TX under the transmit power constraint
and the interference power constraint. SE-HD and SE-SD can
be obtained by solving

maximize
{Pk}Kk=1

∑
k∈K

wkrk(Pk)

subject to (7) and (8)

and

maximize
{Pk}Kk=1

∑
k∈K

wkrk(Pk)

subject to (20) and (21),

respectively, where rk(Pk) and rk(Pk) are defined in (4)
and (18), respectively. Since these are convex optimization
problems, their solutions can be found by using the Lagrange
duality method.

For the simulation, we consider K = 2 SU-TXs (cognitive
femto users) and a SU-RX (femto BS) coexisting with N = 1
PU-RX (pico user) and a PU-TX (pico BS). The number
of antennas employed by the SU-RX and the PU-TX are
M = 2 and L = 2, respectively while the SU-TXs and
the PU-RX have a single antenna. The probability that the
PU-TX is active is P (H1) = 0.2. The maximum average
interference power for PU-RX is Imax = −104 dBm.3 For
the EE-HD and SE-HD, the detection thresholds are chosen
to make the detection probability pd = 0.9. We use the system
simulation parameters based on LTE [3]: The bandwidth is 10
MHz. Thermal noise power spectral density is N0 = −174
dBm/Hz. The slot duration is T = 10 ms. We choose the
sensing duration τ = 10 µs. The transmit power of the PU-
TX (pico BS) is σ2

p = 24 dBm. The maximum transmit power
of the SU-TXs (femto users) is Pmax,k = 23 dBm. The circuit
power of each SU-TX is Pk,c = 100 mW [32]. The channel
hk ∼ CN (0, σ2

hI), ck ∼ CN (0, σ2
cI), gk,n ∼ CN (0, σ2

g), and

3This Imax value corresponds to the noise power at the PU-RX. Therefore,
the maximum SNR loss at the PU-RX due to interference from the SU-TXs
is 3 dB.
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Fig. 2. (a) Achievable EE points (η1, η2) of the proposed schemes and (b)
achievable SE points (r1, r2) of the proposed schemes

gp,l ∼ CN (0, σ2
gpI), where gp,l is the lth column of Gp, are

assumed to be with Rayleigh fading. Here, σ2
h and σ2

g are
calculated using the path loss model for the indoor office test
environment in [33] while σ2

c and σ2
gp are calculated using the

path loss model for the outdoor to indoor and pedestrian test
environment in [33].

Fig. 2 (a) shows the achievable EE points (η1, η2) by the
EE-HD, the EE-SD, the SE-HD, and the SE-SD for varying
weight vector w. As shown in the figure, for any weight vector,
the EE point of the EE-SD Pareto dominates that of the EE-
HD. This can be explained by the fact that the EE-SD has
continuous transmit power level depending on the test statistic
v while the EE-HD has only two discrete transmit power levels
depending on whether the PU-TX is detected to be active or
not. Also, as expected, the EE-maximizing schemes (EE-HD
and EE-SD) outperform the SE-maximizing schemes (SE-HD
and SE-SD) in EE. Besides, we provide the performance of
the individual energy-efficient power allocation scheme, where
each SU-TX performs spectrum sensing and transmit power
allocation individually without cooperation with other SU-
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TXs. Here, the maximum average interference power of each
SU-TX is chosen as Imax/K. In the figure, I-HD and I-SD
denote the individual energy-efficient power allocation based
on hard-decision and soft-decision, respectively. As shown in
the figure, the individual power allocation scheme performs
worse than the proposed scheme because it can not exploit the
gain in cooperative sensing and joint power allocation among
the SU-TXs used in the proposed scheme. In Fig 2 (b), we
compare the achievable SE points (r1, r2) of the EE-HD, the
EE-SD, the SE-HD, and the SE-SD for various weight vectors
w’s. As expected, the SEs of the EE maximizing schemes are
worse than those of the SE maximizing schemes.

In Fig. 3, we compare the weighted sum EEs of the EE-HD
and the EE-SD for different values of Imax. We observe that
the weighted sum EE of the EE-SD is greater than that of the
SE-SD. As shown in the figure, the weighted sum EEs of EE-
SD and EE-HD get saturated above at high SNR because they
are limited by the interference power constraint. Moreover, at
high SNR, the weighted sum EE increases as Imax increases.
On the other hands, at the low SNR, since the weighted sum
EE is limited by the transmit power constraint rather than the
interference power constraint, increase of Imax has little effect
on the weighted sum EE.

Fig. 4 plots the PDF of the test statistic and its corre-
sponding power allocation of the proposed schemes. Fig.
4 (a) shows f(v), f0(v), and f1(v). Fig. 4 (b) shows the
transmit power allocation and the added power constraint for
the proposed schemes, i.e., Pk,j and P ok,j for the EE-HD and
Pk(v) and P ok (v) for the EE-SD, versus the test statistic v.
As shown in the figure, the EE-SD has continuous transmit
power allocation while the EE-HD has discrete transmit power
allocation according to the test statistic v.

Besides, we can observe that P ok (v) increases as the test
statistic v increases. This property is proved in Appendix
F and can be intuitively explained as follows. Note that
P ok (v) is the EE optimal transmit power ignoring the transmit-
and interference-power constraint. As the likelihood of H1

increases, it is more likely that the SU-RX will get interference
from the PU-TX. In this case, the SU-TXs need to consume
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Fig. 4. (a) PDF of the test statistic v and (b) transmit power allocation of a
SU-TX

more transmit signal power to overcome the interference from
the PU-TX and maximize the EE.

Fig. 5 shows the transmit power allocations of (a) the
EE-HD and (b) the EE-SD versus the test statistic v

for different sensing channel SNR ρc =
‖Cq‖2σ2

p

Kσ2
t

=

−10 dB,−7 dB,−4 dB. As shown in Fig. 5(a), the detection
thresholds of the EE-HD are γth = 7.6 × 10−14, 8.3 ×
10−14, 9.8 × 10−14 when ρc = −10 dB, −7 dB, −4 dB,
respectively. We observe that the transmit power under Ĥ0,
i.e., Pk,0 is larger when ρc is larger. This can be explained as
follows. Since γth is chosen to make the detection probability
pd = Pr[Ĥ1|H1] = 0.9, as ρc increases the false alarm
probability pf = Pr[Ĥ1|H0] decreases while pd is unchanged.
Then, p00 = P (H0)(1 − pf ) and p01 = P (H0)pf increases
and decreases, respectively while p10 = P (H1)(1 − pd) and
p11 = P (H1)pd are unchanged. Thus, from (5) and (12), the
contribution of uk,0(Pk,0) to the average energy efficiency
ηk(Pk) increases while that of uk,1(Pk,1) decreases. However,
we observe that 1) uk,j(Pk,j) is increasing in Pk,j for Pk,j ≤
P ok,j for j ∈ B in Appendix B, and 2) p10Pk,0 + p11Pk,1 is
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Fig. 5. Transmit power allocation versus v of (a) the EE-HD and (b) the
EE-SD for various sensing channel SNR ρc.

constrained by the average interference power constraint in (8).
Therefore, from above, Pk,0 increases while Pk,1 decreases as
ρc increases. Similarly, from Fig. 5(b), we observe that the
transmit power of the EE-SD increases as ρc increases for a
given v.

Fig. 6 shows the achievable EE points (η1, η2) by the
proposed EE maximizing schemes when the SU-RX has
imperfect channel state information (CSI) on hk and gk,n. The
imperfect channel estimates are expressed by ĥk = hk − ehk
and ĝk,n = gk,n − egk,n, respectively, where ehk and egk,n are
the channel errors. Following the worst-case approach4 [34],
[35], we assume that the channel errors are bounded, i.e.,
‖ehk‖ ≤ φhk and ‖egk,n‖ ≤ φ

g
k,n and the SU-RX only knows the

maximum norm of the channel errors φhk and φgk,n. Denote Ĥ
to be the imperfect channel matrix whose kth column vector is
ĥk. Under (Hi, Ĥj) for the hard-decision case, the achievable
rate of the kth SU-TX in (3) becomes

rk,i(Pk,j) = log2

(
1 +

|uHk hk|2Pk,j∑
l 6=k |uHk hl|2Pl,j + σ2

r,i

)
,

where σ2
r,0 = ‖uk‖2σ2

r , σ2
r,1 = |uHk Gpq|2σ2

p + ‖uk‖2σ2
r , and

uHk is the zero-forcing receiver for the kth SU-TX, i.e, the
kth row vector of Û = (ĤHĤ)−1ĤH . Then, we modify the
objective function of P2, i.e., the weighted sum EE in (10),
based on the following worst-case rate, i.e,

rworst
k,i (Pk,j) = log2

(
1 +

|1− φhk‖uk‖|2Pk∑
j 6=k(φhj )2‖uk‖2Pmax,j + σ2

r,i

)
≤ rk,i(Pk,j).

Also, the interference constraint in (8) is modified such that

4In modeling the imperfect CSI, two popular approaches have been adopted
in the literature: the worst-case approach [34], [35] and the stochastic approach
[36], [37]. This paper adopts the worst-case approach. In the stochastic
approach, the channel error is modeled as a Gaussian random variable and
the transceiver is assumed to know only the statistics of the channel error.
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Fig. 6. Achievable EE points (η1, η2) with imperfect CSI for (a) EE-HD
and (b) EE-SD.

the worst-case interference to PU-RX is limited, i.e.,

ε
∑
k∈K

|gk,n|2
(

1 +
φgk,n
|gk,n|

)2

(p10Pk,0+p11Pk,1) ≤ Imax,n, n ∈ N .

The power allocation for the hard-decision case can be ob-
tained by solving P2 based on the modified objective function
and the modified interference constraint above. The power al-
location for the soft-decision case can be similarly performed.
We perform simulation for φ̄h , φhk/‖hk‖ = 0.05, 0.2, 0.3
and φ̄g , φgk,n/|gk,n| = 0.1. As shown in the figure, as
the channel uncertainty increases, the achievable EE region
reduces for both hard-decision and soft-decision cases.

VI. CONCLUSION

We have considered a scenario for 5G communications,
where multiple cognitive femto users transmit their data using
SBSS to a femto BS having multiple antennas in the presence
of a pico BS and multiple pico users. We have derived the
optimal SBSS power allocation that maximizes the energy
efficiencies of the cognitive femto users in a Pareto sense
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for both hard- and soft-decision cases. To find the Pareto
optimal solutions, we have maximized the weighted sum
of the EEs of the individual femto users. The considered
problem is non-convex because its objective function is a sum
of quasi-concave functions. To resolve the non-convexity of
the original problem, we have included an additional power
constraint to convexity the problem without losing the global
optimality. Simulation results show that the proposed schemes
significantly outperform the existing spectral-efficient designs
in energy efficiency. The proposed power allocation is a
promising scheme to improve the EE of cognitive femto users
for 5G wireless networks where femto users coexist with pico
users operating at the same frequency bands.

APPENDIX A
PROOF FOR NON QUASI-CONCAVITY OF P2

Here, we provide a counter example on the quasi-concavity
of η(P). If η(P) is quasi-concave in P, it satisfies

η(θP(1) + (1− θ)P(2)) ≥ min(η(P(1)), η(P(2)))

for any θ ∈ [0, 1] and any (P(1),P(2)). We set Pc =
0.1, K = 1, ρ0 = 2, ρ1 = 1, (p00, p01, p10, p11) =
(0.72, 0.08, 0.02, 0.18), P(1) = (20, 1), and P(2) = (1, 20).
Then, we have η(P(1)) = 0.4752 and η(P(2)) = 1.1163.
Choose θ = 0.5, then, 0.5P(1)+0.5P(2) = (10.5, 10.5). Since
η(0.5P(1) + 0.5P(2)) = 0.4030 < min(η(P(1)), η(P(2))) =
0.4752, η(P) is not quasi-concave in P.

APPENDIX B
PROOF FOR CONVEXITY OF P3

We show that P3 is a convex optimization problem by
showing that the objective function is concave in its feasible
set and the feasible set is convex.

1) First, we show that the objective function of P3, η(P),
is concave in P ∈ F3, where F3 is the feasible set of P3.
Since F3 ⊂ FHD

op , {P|Pk,j ≤ P ok,j for k ∈ K and j ∈ B},
we only need to show that η(P) is concave in P ∈ FHD

op . Note
that, from (10) and (12), the objective function can be written
as

η(P) =
∑
k∈K

∑
j∈B

uk,j(Pk,j). (31)

We consider the following lemma.
Lemma 1: If the single variable function un(xn) is con-

cave in xn ∈ R for n = 1, · · · , N , the additively sepa-
rable function f(x) =

∑N
n=1 un(xn) is concave in x =

[x1, · · · , xN ] ∈ RN .
Proof: Since f(x) is additively separable, its Hessian

matrix can be written as a diagonal matrix, i.e.,

∇2f(x) = diag [u′′1(x1), · · · , u′′N (xN )] .

Here, u′′n(xn) ≤ 0 because un(xn) is concave in xn ∈ R for
n = 1, · · · , N . Therefore, ∇2f(x) � 0 for x ∈ RN , which
implies that f(x) is concave in x ∈ RN .

From Lemma 1, since η(P) is an additively separable function
of uk,j(Pk,j)’s, we can show the concavity of η(P) in P ∈

FHD
op by showing the concavity of uk,j(Pk,j) in Pk,j ≤ P ok,j

for k ∈ K and j ∈ B.
Now, we prove uk,j(Pk,j) is concave in Pk,j ≤ P ok,j for

any k ∈ K and j ∈ B by using the following lemma.
Lemma 2: Let

f(x) =
n(x)

x+ c

with c > 0. If n(x) satisfies the following conditions

C1) n(x) is strictly concave, i.e., n′′(x) < 0 (32)
C2) c · n′(0)− n(0) > 0 (33)
C3) there exists x̄ such that q(x̄) , (x̄+ c)n′(x̄)− n(x̄) < 0,(34)

then the function f(x) is strictly concave in x ∈ [0, xo], where

xo , arg max
x
f(x).

Proof: Since n(x) is strictly concave from (32), f(x)
is strictly quasi-concave, and therefore, should be one of the
following cases: i) f(x) is strictly increasing in x ∈ [0,∞),
ii) f(x) is strictly decreasing in x ∈ [0,∞), and iii) f(x)
is strictly increasing in x ∈ [0, xo] and strictly decreasing in
x ∈ [xo,∞). From the first order derivative of f(x)

f ′(x) =
1

(x+ c)2
[(x+ c)n′(x)− n(x)]

and two conditions in (33) and (34), we have f ′(0) > 0 and
f ′(x̄) < 0. Therefore, f(x) corresponds to the third case, i.e.,
f ′(x) ≥ 0 for x ∈ [0, x∗]. The second order derivative of f(x)
can be written as

f ′′(x) =
1

x+ c
[n′′(x)− 2f ′(x)] . (35)

From (32), (35), and f ′(x) ≥ 0 for x ∈ [0, xo], we have
f ′′(x) < 0 for x ∈ [0, xo], i.e., f(x) is strictly concave in
x ∈ [0, xo].

From (12), uk,j(Pk,j) can be written as

uk,j(Pk,j) =
nk,j(Pk,j)

Pk,j + 1
εPk,c

,

where

nk,j(Pk,j) =
∑
i∈B

wkpij log2(1 + ρk,iPk,j).

Note that nk,j(Pk,j) satisfies three conditions in Lemma 2,
i.e., C1) nk,j(Pk,j) is concave, C2)

1

ε
Pk,cn

′
k,j(0)− nk,j(0) =

1

ε
Pk,c

∑
i∈B

wkpijρk,i > 0,

and C3) since

qk,j(Pk,j) ,

(
Pk,j +

1

ε
Pk,c

)
n′k,j(Pk,j)− nk,j(Pk,j)

is continuous and limPk,j→∞ qk,j(Pk,j) = −∞, there exists
P̄k,j such that qk,j(P̄k,j) < 0. Therefore, from Lemma 2,
uk,j(Pk,j) is strictly concave in Pk,j ≤ P ok,j for any k ∈ K
and j ∈ B.
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2) Now, we show the convexity of the feasible set of P3.
Since the constraint functions of P3,

(p00 + p10)Pk,0 + (p01 + p11)Pk,1 −
1

ε
Pmax,k , k ∈ K∑

k∈K

|gk,n|2 (p10Pk,0 + p11Pk,1)− 1

ε
Imax,n, n ∈ N ,

Pk,j − P ok,j , k ∈ K and j ∈ B,

are affine functions in P, the feasible set of P3 is convex.

APPENDIX C
PROOF FOR THE EQUIVALENCE OF P2 AND P3

Denote P∗ to be the optimal solution of P2, i.e.,

P∗ = arg max
P∈F2

η(P),

where F2 is the feasible set of P2. Note that P3 is obtained
by adding the constraints, Pk,j ≤ P ok,j for k ∈ K and j ∈ B,
to P2. Therefore, we can prove that the optimal solutions of
P2 and P3 are same by showing P ∗k,j ≤ P ok,j for any k ∈ K
and j ∈ B, where P ∗k,j is the (k, j)th element of P∗.

Suppose that there exists (k, j) such that P ∗k,j > P ok,j , and
define

P̄k,j , min(P ∗k,j , P
o
k,j). (36)

for k ∈ K and j ∈ B,

Φ∗ , {(k, j)|P ∗k,j > P ok,j for k ∈ K and j ∈ B},

and

Φo , (Φ∗)c = {(k, j)|P ∗k,j ≤ P ok,j for k ∈ K and j ∈ B}.

Then, for (k, j) ∈ Φ∗, we have P̄k,j = P ok,j , and uk,j(P̄k,j) =
uk,j(P

o
k,j). Since uk,j(Pk,j) is strictly quasi-concave in Pk,j ≥

0 for k ∈ K and j ∈ B as shown in Appendix B, P ok,j is the
unique maximizer of uk,j(Pk,j) for Pk,j ≥ 0. Thus, (k, j) ∈
Φ∗ implies that uk,j(P ∗k,j) < uk,j(P̄k,j). On the other hands,
for (k, j) ∈ Φo, we have P̄k,j = P ∗k,j , and uk,j(P

∗
k,j) =

uk,j(P̄k,j). Therefore, we have

η(P̄) =
∑

(k,j)∈Φ∗

uk,j(P̄k,j) +
∑

(k,j)∈Φo

uk,j(P̄k,j)

>
∑

(k,j)∈Φ∗

uk,j(P
∗
k,j) +

∑
(k,j)∈Φo

uk,j(P
∗
k,j)

= η(P∗). (37)

From P∗ ∈ F2 and (36), we have
1

ε
Pmax,k ≥ (p00 + p10)P ∗k,0 + (p01 + p11)P ∗k,1

≥ (p00 + p10)P̄k,0 + (p01 + p11)P̄k,1

for k ∈ K and
1

ε
Imax,n ≥

∑
k∈K

|gk,n|2
(
p10P

∗
k,0 + p11P

∗
k,1

)
>
∑
k∈K

|gk,n|2
(
p10P̄k,0 + p11P̄k,1

)
for n ∈ N , which imply that P̄ ∈ F2. Therefore, from the
definition of P∗, we have

η(P∗) ≥ η(P̄). (38)

Since (38) contradicts (37), the assumption that P ∗k,j > P ok,j
for some (k, j) ∈ K × B is not true.

APPENDIX D
PROOF FOR CONVEXITY OF P6

We prove that P6 is a convex optimization problem by
showing 1) its objective functional η(P) is strictly concave
in P ∈ FSD

op , where F6 ⊂ FSD
op , and 2) its feasible set F6 is

convex.
From (24) and (26), we have

η(P) =
∑
k∈K

∫ ∞
0

uk(Pk(v))dv.

Note that η(P) is strictly concave in P ∈ FSD
op if uk(Pk(v))

is strictly concave in Pk(v) ≤ P ok (v) for all v ∈ [0,∞) and
k ∈ K, which can be proved as follows:

θη(P(1)) + (1− θ)η(P(2))

=
∑
k∈K

∫ ∞
0

θuk(P
(1)
k (v)) + (1− θ)uk(P

(2)
k (v))dv

<
(d)

∑
k∈K

∫ ∞
0

uk(θP
(1)
k (v) + (1− θ)P (2)

k (v))dv

= η(θP(1) + (1− θ)P(1)) (39)

for any P(1),P(2) ∈ FSD
op and θ ∈ [0, 1], where (d) follows

from the assumption that uk(Pk(v)) is a strictly concave
in Pk(v) ≤ P ok (v). The strictly concavity of uk(Pk(v)) in
Pk(v) ≤ P ok (v) can be proved by using Lemma 2 in Appendix
B. Also, using the similar approach in (39), the convexity of
constraint functionals can be easily proved.

APPENDIX E
PROOF FOR THE EQUIVALENCE OF P5 AND P6

Denote P∗ = [P ∗1 , · · · , P ∗K ] to be the optimal solution of
P5, i.e.,

P∗ = arg max
P∈F5

η(P), (40)

where F5 is the feasible set of P5. Since P6 is obtained
by adding the constraint P ∈ FSD

op to P5, we prove that
the optimal solutions of P5 and P6 are same by showing
P∗ ∈ FSD

op .
Suppose P∗ /∈ FSD

op , i.e., there exists v such that P ∗k (v) >
P ok (v), and define

P̄k(v) , min(P ∗k (v), P ok (v)) (41)

for k ∈ K = {1, · · · ,K} and v ∈ R+,

Φ∗ , {(k, v)|P ∗k (v) > P ok (v) for k ∈ K and v ∈ R+},

and

Φo , (Φ∗)c{(k, v)|P ∗k (v) ≤ P ok (v) for k ∈ K and v ∈ R+}.

Then, for (k, v) ∈ Φ∗, we have P̄k(v) = P ok (v), and
uk(P̄k(v)) = uk(P ok (v)). Since uk(Pk(v)) is strictly quasi-
concave in Pk(v) ≥ 0 as shown in Appendix D, P ok (v) is
the unique maximizer of uk(Pk(v)) for Pk(v) ≥ 0. Thus,
(k, v) ∈ Φ∗ implies that uk(P ∗k (v)) < uk(P̄k(v)). On the
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other hands for (k, v) ∈ Φo, we have P̄k(v) = P ∗k (v), and
uk(P̄k(v)) = uk(P ∗k (v)). Therefore,

η(P̄) =
∑

(k,v)∈Φ∗

uk(P̄k(v)) +
∑

(k,v)∈Φo

uk(P̄k(v))

>
∑

(k,v)∈Φ∗

uk(P ∗k (v)) +
∑

(k,v)∈Φo

uk(P ∗k (v))

= η(P∗). (42)

From P∗ ∈ F5 and (41), we have

1

ε
Pmax,k ≥

∫ ∞
0

f(v)P ∗k (v)dv

≥
∫ ∞

0

f(v)P̄k(v)dv

for k ∈ K and

1

ε
Imax,n ≥

K∑
k=1

∫ ∞
0

f1(v)|gk,n|2P ∗k (v)dv

>
K∑
k=1

∫ ∞
0

f1(v)|gk,n|2P̄k(v)dv,

for n ∈ N , which implies that P̄ ∈ F5. Therefore, from the
definition of P∗, we have

η(P∗) ≥ η(Po). (43)

Since (42) contradicts (43), the assumption that P ∗k (v) >
P ok (v) for some (k, v) is not true.

APPENDIX F
PROOF

Here, we prove that P ok (v) is an increasing function of v,
when v is in the range of our interest. We define our interest
range of v by V = {v|v > vo}, where vo > 0 is chosen such
that Pr[v < vo] = ε is sufficiently small. From (25), (26), and
the quasi-concavity of uk(x) with respect to x, P ok (v) is the
solution of the following equation

∂uk(Pk(v))

∂Pk(v)
,
∂uk(x)

∂x

∣∣∣∣
x=Pk(v)

= 0,

that is,

q(Pk(v)) , η
(1)
k,0(Pk(v)) + β(v)η

(1)
k,1(Pk(v)) = 0, (44)

where

β(v) =
f1(v)

f0(v)
(45)

and

η
(n)
k,0 (Pk(v)) =

∂nηk,0(Pk(v))

∂(Pk(v))n
,

η
(n)
k,1 (Pk(v)) =

∂nηk,1(Pk(v))

∂(Pk(v))n
.

By differentiating (44) with respect to v, we have

∂Pk(v)

∂v
= −

∂β(v)
∂v η

(1)
k,1(Pk(v))

η
(2)
k,0(Pk(v)) + β(v)η

(2)
k,1(Pk(v))

. (46)

Since uk(Pk(v)) is strictly concave for Pk(v) ≤ P ok (v) as
shown in Appendix D, the denominator of the right hand side
of (46) is negative for Pk(v) = P ok (v).

Now, we show that ∂Pk(v)
∂v ≥ 0 for Pk(v) = P ok (v)

by showing that 1) ∂β(v)
∂v ≥ 0 when v ≥ Kσ2

t

2 and 2)
η

(1)
k,1(P ok (v)) ≥ 0.

1) Show that ∂β(v)
∂v ≥ 0 when v ≥ Kσ2

t

2 . From (1), (2) and
(45), we have

β(v) =
P (H1)

P (H0)

σ0

σ1
e

(v−m0)2

2σ20
− (v−m1)2

2σ21 .

Then, we have

∂β(v)

∂v
≥ 0

⇔ v

(
1

σ2
0

− 1

σ2
1

)
+

(
m1

σ2
1

− m0

σ2
0

)
≥ 0

⇔ v ≥ Kσ2
t

2
,

where the range {v ≤ v0 =
Kσ2

t

2 } is outside of our
interest range because its probability is negligible,
i.e., Pr[v ≤ v0 =

Kσ2
t

2 ] = P (H0)Q
(√

NsK

2
√

2

)
+

P (H1)Q
(√

Ns
2
√

2

√
K +

2‖Cq‖2σ2
p

σ2
t

)
≈ 0. For example,

for the parameters of P (H0) = 0.8, Ns = 100, K = 2,
σ2
p = 0.25, σ2

t = 4 × 10−8 and ‖Cq‖2 = 6.3 × 10−14,
which are used for our simulation in Section V, we have
Pr[v ≤ v0] = 2.87× 10−7.

2) Show that η(1)
k,1(P ok (v)) ≥ 0. Since ηk,1(Pk(v)) in (19)

increases and then decreases in Pk(v), we have

η
(1)
k,i (Pk(v)) =


positive Pk(v) < P thk,i(v)

0 Pk(v) = P thk,i(v)

negative Pk(v) > P thk,i(v),

where
P thk,i(v) = arg max

Pk(v)
ηk,i(Pk(v))

for i ∈ B.
Now, we show that η(1)

k,1(P ok (v)) ≥ 0 by showing P ok (v) ≤
P thk,1(v). Since

q(Pk(v)) = η
(1)
k,0(Pk(v)) + β(v)η

(1)
k,1(Pk(v)) < 0 (47)

for Pk(v) > max(P thk,0(v), P thk,1(v)), we have P ok (v) ≤
max(P thk,0(v), P thk,1(v)). But, from (17), (19), and the fact that
ρk,0 > ρk,1, we have P thk,0(v) ≤ P thk,1(v).
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